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Chapter I. 

Introductory Remarks on the Nature 
and Objects of Mathematics. 

The object of this Treatise is — 1. To 
point out to the student of Mathematics, 
who has not the advantage of a tutor, 
the course of study which it is most ad- 
visatde that he should follow, the extent 
to which he should pursue one part of 
the science before he commences ano- 
ther, and to direct him as to the sort 
of applications which he should make. 
2. To treat fully of the various points 
which involve difficulties and which are 
apt to be misunderstood by beginners, 
and to describe at length the nature 
without going into the routine of the 
operations which have been already dis- 
cussed in the Treatises of Arithmetic, 
Algebra, and Geometry, published by 
this Society. 

No person commences the study of 
mathematics without soon discovering 
that it is of a very different nature from 
those to which he has been accustomed. 
The pursuits to which the mind is usually 
directed before entering on the sciences 
of algebra or geometry, are such as 
languages and history, &c. Of these, 
neither appears to have any affinity with 
mathematics ; yet, in order to see the 
difference which exists between these 
studies, for instance, history and geo- 
metry, it will be useful to ask how we 
come by knowledge in each: suppose, 
for example, we mel certain of a fact 
related in history, such as the murder of 
C»sar, whence did we derive the cer- 
tainty ? how came we to feel sure of the 
general truth of the circumstances of the 
narrative ? The ready answer to this 
question will be, that we have not abso- 
lute certainty upon this point ; but that 
we have the relation of historians, men 
of credit, who lived and published their 
accounts in the very time of which they 
write ; that succeeding ages have re- 
ceived those accounts as true, and that 
succeeding historians have backed them 
with a mass of circumstantial evidence 
which makes it the most improbable 


thing in the world that the aqcount, or 
any material part of it, should be false. 
This is perfectly correct, nor can there 
be the slightest objection to believing the 
whole narration upon such grounds ; nay, 
our minds are so constitutSl, that, upon 
our knowledm of these arguments, we 
cannot help believing, in spite of our- 
selves. But this brings us to the point 
to which we wish to come ; we believe 
that Cmsar was assassinated by Brutus 
and his friends, not because there is any 
absurdity in supposing the contrary, 
since every one must allow that there 
is just a possibility that the event never 
happened: not because we can show 
that it must necessarily have been that, 
at a particular day, at a particular place, 
a successful adventurer must have been 
murdered in the manner described, but 
because our evidence of the fact is such, 
that, if we apply the notions of evidence 
which every-day experience justifies us 
in entertaining, we feel that the impro- 
bability of the contraiy compels us to 
take refuge in the belief of the fact ; and, 
if we allow that there is still a possibility 
of its falsehood, it is because this sup- 
position does not involve absolute absur- 
dity, but only extreme improbability. 

In mathematics the case is wholly 
different. It is true that the facts as- 
serted in these sciences are of a nature 
totally distinct from those of history ; 
so much so, that a comparison of 
the evidence of the two may almost 
excite a smile. But if it be remembered 
that acute reasoners, in every branch of 
learning, have acknowledged the use, 
we might almost say the necessity, of a 
mathematical education, it must be ad- 
mitted that the points of connexion be- 
tween these pursuits and others are 
worth attending to. They are the more 
so, because there is a mistake into which 
several have fallen, and have deceived 
others, and perhaps themselves, by 
clothing some false reasoning in what 
they called a mathematical dress, ima- 
gining that, by the application of mathe- 
matical symbols to their subject, they 
secured mathematical amiment. This 
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could not have happened if they had 
possessed a knowledge of the bounds 
within which the empire of mathematics 
is contained. That empire is sufficiently 
wide, and might have been better known, 
had the time which has been wasted in 
aggressions upon the domains of others, 
been spent in exploring the immense 
tracts wliich are yet untrodden. 

We have said that the nature of ma- 
thematical demonstration is totally dif- 
ferent from all other, and the difference 
consists in this — that, instead of showing 
the contrary of the proposition asserted 
to be only improbable, it proves it at 
once to be absurd and impossible. This 
is done by showing that the contrai 7 of 
the proposition which is asserted is in 
direct contradiction to some extremely 
evident fact, of the tnith of which our 
eyes and hands convince us. In geo- 
metry, of the principles alluded to, those 
which are most commonly used are — 

I. If a magnitude be divided into 
parts, the whole is greater than either of 
those parts. 

II. Two straight lines cannot inclose 
a space. 

III. Through one point only one 
straight line can be drawn, which never 
meets another straight line, or which is 
parallel to it. 

It is on such principles as these that 
the whole of geometry is founded, and 
the demonstration of every proposition 
consists in proving the contrary of it to 
be inconsistent with one of these. Thus, 
in Euclid, Book I., Prop. 4, it is shown 
that two triangles which have two sides 
and the included angle respectively equal 
are equal in all respects, by proving 
that, it they are not equal, two straight 
lines will inclose a space, which is im- 
possible. In the Treatise on Geometry, 
Prop. 4, the same thing is proved in 
the same way, only the self-evident truth 
asserted differs in form from that of 
Euclid, and may be deduced from it, 
thus — 

Two straight lines which pass through 
the same two points must either inclose a 
space, or coincide and tie one and the 
same line, but they cannot inclose a space, 
therefore they must coincide. Either of 
these propositions living granted, the 
other follows immediately ; it is, there- 
fore, immaterial which of them we use. 
We shall return to this subject in treat- 
ing specially of the first principles of 
geometry. 

Such being the nature of mathema- 
tical demoiisIratioD, what wc have before 


asserted is evident, that our assurance of 
a geometrical truth is of a nature wholly 
distinct from that which we can by any 
means obtain of a fact in history or an 
asserted truth of metaphysics. 1 n reality, 
our senses are our first mathematical 
instructors ; they furnish us with notions 
which we cannot trace any further or re- 
present in any other way than by using 
single words, which every one under- 
stands. Uf this nature are the ideas to 
which we attach the terms number, one, 
two, three, &c., point, straight line, sur- 
face ; all of which, let them be ever so 
much explained, can never be made any 
clearer than they are already to a child 
of ten years old. But, liesides this, our 
senses also furnish us with the means of 
reasoning on the things which we call 
by these names, in the shape of incon- 
trovertible propositions, such as have 
been already cited, on which, if any 
remark is made by the beginner in ma- 
thematics, it will probably be, that from 
such absurd truisms as “the whole is 
greater than its part," no useful result 
can possibly be derived, and that we 
might as well expect to make use of 
“ two and two make four." This obser- 
vation, which is common enough in the 
mouths of those who are commencing 
geometry, is the result of a little pride 
which does not quite like the humble 
operation of beginning at the beginning, 
and is rather shocked at being suppos^ 
to want such elementary information. 
But it is wanted, nevertheless ; the low- 
est steps of a ladder are ns useful as the 
highest. Now, the most common re- 
flexion on the nature of the propositions 
referred to will convince us of their truth. 
But they must l)e presented to the un- 
derstanding, and reflected on by it, since, 
simple as they are, it must be a mind of 
a very superior cast which could by 
itself embody these axioms, and proceed 
from them only one step in the road 
pointed out in any treatise on geometry. 

But, although there is no study which 
presents so simple a beginning as that 
of geometry, there is none in which dif- 
ficulties grow more rapidly as we pro- 
ceed, and what may npi>earal first rather 
paradoxical, the more acute the student 
the more serious will the impediments 
in the way of his progress ap|>ear. This 
necessarily follows in a science which 
consists of reasoning from the very com- 
mencement, for it IS evident that every 
student will feel a claim to have his ob- 
jections answered, not by authority, but 
by argument, and that the intelligent 


uigitizod by (jCTOgle 



MATHEMATICS. 


3 


stndent will p«reeiTC more readily than 
another the force of an objection and 
the obscurity arising from an unexplained 
difficulty, as the greater is the ordinary 
light the more willoccasional darkness be 
felt. To remove some of these difficulties 
is the principal object of this Treatise. 

VVe shall now make a few remarks on 
the advantages to be derived from the 
study of mathematics, considered both 
as a discipline for the mind and a key to 
the attainment of other sciences. It is 
admitted by all that a finished or even 
a competent reasoner is not the work 
of nature alone ; the experience of every 
day makes it evident that education de- 
veiopes faculties which would otherwise 
never have manifested their existence. 
It is, therefore, as necessary to leam to 
reason before we can expect to be able 
to reason, as it is to leam to swim or 
fence, in order to attain either of those 
arts. Now, something must be rea- 
soned upon, it matters not much what it 
is, provided that it can be reasoned upon 
with certainty. The properties of mind 
or matter, or the study of languages, 
mathematics, or natural history, may be 
chosen for this purpose. Now, of all 
these, it is desirable to choose the one 
which admits of the reasoning being 
verified, that is, in which we can find 
out by other means, such as measure- 
ment and ocular demonstration of all 
sorts, whether the results are true or not. 
When the guiding property of the load- 
stone was first ascertained, and it was 
necessary to leam how to use this new 
discovery, and to find out how far it 
might be relied on, it would have been 
thought advisable to make many pas- 
sages between ports that were well 
known before attempting a voyage of 
discovery. 8o it is with our reasoning 
faculties ; it is desirable that their powers 
should be exerted upon objects of such 
a nature, that we can tell by other 
means whether the results which we 
obtain are true or false, and this before 
it is safe to trust entirely to reason. N ow 
the mathematics are peculiarly well 
adapted for this purpose, on the following 
grounds 

1. Every term is distinctly explained, 
and has but one meaning, and it is rarely 
that two words are emjiloycd to mean 
the same thing. 

2. The first principles are self-evident, 
and, though derived fiom observation, do 
not require more of it than has been 
made by children in general. 

3. The demonstration is strictly logi- 


cal, taking nothing for granted except 
the self-evident first principles, resting 
nothing upon probability, and entirely 
independent of authority and opinion. 

4. When the conclusion is attained 
by reasoning, its truth or falsehood can 
be ascertained, in geometry by actual 
measurement, in algebra by common 
arithmetical calculation. This gives 
confidence, and is absolutely necessary, 
if, as was said before, reason is not to> 
be the instructor, but the pupil. 

5. There are no words whose mean- 
ings are so much alike that the ideas 
which they stand for may be confounded. 
Between the meanings of terms there is 
no distinction, except a total distinction, 
and all adjectives and adverbs ex|iress- 
ing difference of degrees are avoided. 
Thus it may lie necessary to say “A is 
greater than B but it is entirely unim- 
portant whether A is veiy little or very 
much greater than B. Any proposition 
which includes the foregoing assertion 
will prove its conclusion generally, that 
is, for all cases in which A is greater 
than B, whether the difference be 
great or little. Locke mentions the dis- 
tinctness of mathematical terms, and 
says in illustration, ‘‘ The idea of two is 
as distinct from the idea of three as the 
magnitude of the whole earth is from 
that of a mite. This is not so in other 
simple modes, in which it is not so easy, 
norperhaps possible for us to distinguish 
between two approaching ideas, which 
yet are really different ; for who will 
undertake to find a difference between 
the white of this paper, and that of the 
next degree to it ?" 

These are the principal grounds on 
which, in our opinion, the utility of ma- 
thematical studies may be shewn to rest, 
as a discipline for the reasoning powers. 
But the habits of mind which these stu- 
dies have a tendency to form are valua- 
ble in the highest degree. The most 
important of all is the power of concen- 
trating the ideas which a successful 
study of them increases where it did 
exist, and creates where it did not. A 
difficult position, or a new method of 
passing from one proposition to another, 
arrests all the attention, and forces the 
united faculties to use their utmost exer- 
tions. The habit of mind thus formed 
soon extends itself to other pursuits, 
and is beneficially felt in all the business 
of life. 

As a key to the attainment of other 
sciences, the use of the mathematics is 
too well known to make it necessary 
B2 
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that we should dwell on this topic. In 
fact, there is not in this country any dis- 
position to undervalue them as regards 
the utility of their applications. But 
though tney are now generally consi- 
dered as a part, and a necessary one, of 
a liberal Mucation, the views which 
are still taken of them as a part of 
education byala^ proportion of the 
community are still very confined. 

The elements of mathematics usually 
taught are contained in the sciences of 
aritlimetic, algebra, geometry, and tri- 
gonometry. We have used these four 
divisions because they are generally 
adopted, though, in fiict, algebra and 
geometry are the only two of them 
which are really distinct. Of these we 
shall commence with arithmetic, and 
take the others in succession in the 
order in wliich we have arranged them. 

Chapter II. 

On Arithmetical Notation. 

The first ideas of arithmetic, as well as 
those of other sciences, are derived from 
early observation. How they come into 
the mind it is unnecessaiy to inquire ; 
nor is it possible to define what we 
mean by number and quantity. They 
are terms so simple, that is, the ideas 
which tlwy stand for are so completely 
the first ideas of our mind, that it is im- 
possible to find others more simple, by 
which we may explain them. This is 
what is meant by defining a term ; and 
here we may say a few words on defini- 
tions in general, which will apply equally 
to all sciences. 

Definition is the explaining a term by 
means of others, which are more easily 
understood, and thereby fixing its mean- 
ing, so that it may be distinctly seen 
what it does imply, as well as what it 
does not. Great care must be taken 
that the definition itself is not a tacit 
assumption of some fact or other which 
ought to be proved. Thus, when it is 
said that a square is “ a four-sided 
fi^re, all whose sides are equal, and all 
whose angles are right angles," though 
no more is said than is true of a square, 
yet more is said than is necessary to 
define it, because it can be proved that 
if a four-sided figure have all its sides 
etpial, and one only of its angles a right 
angle, all the other angles must be right 
angles also. Therefore, in making the 
above definition, we do, in fact, aflirm 
that which ought to be proveil. Again, 
the above definition, though redundant 


in one point, is, strictly speaking, defec- 
tive in another, for it omits to state 
whether the sides of the figure are 
straight lines or curves. It should be, 
“ a square is a four-sided rectilinear 
figure, all of whose sides are equal, and 
one of whose angles is a right angle." 

As the mathematical sciences owe 
much, if not all, of the superiority of 
their demonstrations to the precision 
with which the terms are defined, it is 
most essential that the beginner should 
see clearly in what a good definition 
consists. We have seen that there are 
terms which cannot be defined, such as 
number and quantity. An attempt at a 
definition would only throw a dimculty 
in the student's way, which is already 
done in geometry by the attempts at an 
explanation of the terms point, straight 
line, and others, which are to be found 
in treatises on that subject. A point is 
defined to be that “ which has no parts, 
and which has no ma^itude a straight 
line is that which “lies evenly between 
its extreme points." Now, let any one 
ask himself whether he could have 
guessed what was meant, if, before he 
Began geometry, any one had talked to 
him of “ that which has no parts and 
which has no magnitude," and “the 
line which lies evenly between its extreme 
points," unless he had at the same time 
mentioned the words “ point " and 
“ straight line," which would have re- 
moved the difficulty ? In this case the 
explanation is a great deal harder than 
the term to be explained, which must 
always happen whenever we are guilty 
of the absurdity of attempting to make 
the simplest ideas yet more simple. 

A knowledge of our method of reckon- 
ing, and of writing down numbers, is 
taught so early, that the method by 
which we began is hardly recollected. 
Few, therefore, reflect upon the very 
commencement of arithmetic, or ujxm 
the simplicity and elegance with which 
calculations are conducted. We find 
the method of reckoning by fen in our 
hands, we hardly know how, and we 
conclude, so natural and obvious does 
it seem, that it came with our language, 
and is a part of it ; and that we are not 
much indebted to instruction for su sim- 
ple a mft. It has been well observed, 
that if the whole earth spoke the same 
language, we should think that the name 
of any object was not a mere sign cJiosm 
to represent it, but was a sound which 
hail some real connexion with the thing ; 
and that^we should laugh at, and per- 
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haps persecute, any one who asserted 
tliat any otlier sound would do as well 
if we chose to tliink so. We cannot 
fall into this error, because, as it is, we 
happen to know that what we call by 
the sound “ horse," the Romans distin- 
guished as well by that of “ egwis,” but 
we commit a similar mistake with regard 
to our system of numeration, because at 
present it happens to be received by all 
civilized nations, and we do not reflect 
on what was done formerly by almost all 
the world, and is done still by savages. 
The following considerations will, per- 
ha|)s, put this matter on a right footing, 
and shew that in our ideas of arithmetic 
we have not altogether rid ourselves of 
the tendency to attach ideas of mysticism 
to numbers which has prevailed so ex- 
tensively in all times. 

We know that we have nine signs to 
stand for the first nine numbers, and 
one for nothing, or zero. Also, that to 
represent ten we do not use a new sign, 
but comliine two of the others, and de- 
note it by 10, eleven by II, and so on. 
Hut why was the number ten chosen as 
the limit of our separate symbols — why 
not nine, eight, or eleven ? If we recol- 
lect how apt we arc to count on the fin- 
gers, we shall be at no loss to see the 
reason. We can imagine our system of 
numeration formed thus : — A man pro- 
ceeds to count a number, and to help 
the memory he puts a finger dn the table 
for each one which he counts. He can 
thus go as far as ten, after which he 
must begin again, and by reckoning the 
fingers a second time he will nave 
counted twenty, and so on. But this is 
not enough ; he must also reckon the 
number of times which he has done this, 
and as by counting on the fingers he has 
div ided the things which he is counting 
into lots of ten each, he may consider 
each lot as a unit of its kind, just as we 
say a number of sheep is one flock, twenty 
shillings are one pound. Call each lot 
a ten. In this way he can count a ten 
of tens, which he may call a hundred, a 
ten of hundreds, or a thousand, and so 
on. The process of reckoning would 
tlien be as follows: — Suppose, to choose 
an example, a number of faggots is to be 
counted. They are first tied up in bun- 
dles of fen each, until there are not so 
many as ten left. Siipiiose there are seven 
over. We then count the bundles of ten 
as we counted the single faggots, and tie 
them up also by tens, forming new bun- 
dles of one hundred each with some bun- 
dles of ten remaining. Let these last be 


six in number. We then tie up the bun- 
dles of hundreds by tens, making bun- 
dles of thousands, and find that there 
are five bundles of hundreds remaining. 
Suppose that on attempting to tie up the 
thousands by tens, we find there are not 
so many as ten, but only four. The 
number of faggots is then 4 thousands, 
5 hundreds, 6 tens, and 7. 

The next question is, how shall we re- 
present this number in a short and con- 
venient manner ? It is plain that the way 
to do this is a matter of choice. Suppose, 
then, that we distinguish the tens by 
marking their number with one accent, 
the hundreds with two accents, and the 
thousands with three. We may then 
represent this number in any of the 
following ways: — 76'5''4'", 6'75''4"', 
6'4'"5"7, 4"'5"6'7, the whole number of 
ways being 24. But this is more than 
we want ; one certain method of repfe* 
senting a number is sufficient. The 
most natural way is to place them in 
order of magnitude, either putting the 
largest collection first or the smallest ; 
thus 4"'5"C'7, or 7C'5"4"'. Of these we 
choose the first. 

In writing down numbers in this way 
it will soon be apparent that the accents 
are unnecessary. Since the singly ac- 
cented figure will always be the second 
from the right, and so on, the place of 
each number will point out what accents 
to write over it, and we may therefore 
consider each figure as deriving a value 
from the jilace in which it stands. But 
here this difficulty occurs. How are we 
to represent the numbers 3'"3', and 
4"'2'7 without accents ? If we write them 
thus, 33 and 427, th^ will be mistaken 
for 3'3 and 4"2'7. This difficulty will 
be obviated by placing cyphers so as to 
bring each number into the place allotted 
to the sort of collection which it repre- 
sents; thus, since the trebly accented 
letters, or thousands, are in the fourth 
place from the right, and the singly 
accented letters in the second, the first 
numlier may be written 3030, and the 
second 4027. The cypher, which plays 
so important a part in arithmetic that it 
was anciently called the art of cypher, 
or cyphering, does not stand for any 
number in.itsclf, but is merely employed, 
like blank types in printing, to keep 
other signs in those places which they 
must occupy in order to be read rightly. 
We may now ask what would have been 
the case if, instead of ten fingers, men 
had had more or less. For example, by 
what signs would 4507 have been repre- 
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sented, if man had nine fins(er» instead of 
ten ? We may presume that the method 
would have been the same with the 
number nine represented by 1 0 instead of 
ten, and the omission of the symbol 9, 
Suppose this number of faggots is to be 
counted by nines. Tie them up in bun- 
dles of nine, and we shall tind 4 fa^ 
gots remaining. Tie these bundles again 
in bundles of nine, each of which will, 
therefore, contain eighty-one, and there 
will be 3 bundles remaining. These tied 
up in the same way into bundles of 
nine, each of which contains seven hun- 
dred and twenty-nine, will leave 2 odd 


bundles, and, as there will be only six of 
them, the process cannot lie earned any 
further. If, then, we represent, by 1', a 
bundle of nine, or a nine, by 1" a nine of 
nines, and so on, the number which we 
write 4567, must be written 6"' 2" 3' 4. 
In order to avoid confusion, we will 
suffer the accents to remain over all 
numbers which are not reckoned in tens, 
while those which are so reckoned shall 
be written in the common way. The 
following is a comparison of the way in 
which numbers in the common system 
are written, and in the one which we 
have just explained : — 


Counting by tens. ... 1 2 3 4 S 6 7 8 9 10 11 12 13 14 

Counting by nines. .. 1 2 3 4 5 6 7 8 I'O I'l 1'2 1'3 1'4 1'5 


15 16 17 18 19 20 30 40 50 60 70 80 90 100 

1'6 1'7 1’8 2*0 2'1 2'2 3'3 4'4 5'5 6'6 7'7 8'8 1"1'0 l"2'l 


We will now write, in the common how to represent the number 4567 in 
way, in the tens' system, the process that of the nines, thus: — 
wluch we went through in order to find 

9)4567 

9) 507 — rem. 4. 

9) 50 — rem. 3. 

9) 6 — rem. 2. 

0 — rem. 6. Representation required, 6"' 2* 3' 4. 

The processes of arithmetic are the system, anfl in that of the nines. There 
same in principle whatever system of is this difference, that, in the first, the 
numeration is used. To show this, we tens must be carried, and in the second 
subjoin a question in each of the first the nines, 
four rules, worked both in the common 


ADDITION. 


636 

7" 7' 6 

987 

1'"3"1'6 

403 

4" 8' 7 

2026 

2"' 7" 0' 1 


SUBTRACTIO.V. 

1384 

l'» 8" 0'7 

797 

V" 0" V 5 

687 

7" 2' 2 


MULTIPLICATION. 

297 

3" 6' 0 

136 

1" 6' 1 

1782 

3 6 0 

891 

2 4 0 0 

297 

3 6 0 

40392 

6"" l'"3"6' 1 
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633) 75125 (125 
633 

1582 

1266 


3165 

3165 


0 

The student should accustom himself 
to work questions in different systems of 
numeration, which will give him a clearer 
insight into the nature of arithmetical 
processes than he could obtain by any 
other method. When he uses a system 
in which numbers are counted by a num- 
ber greater than ten, he will want some 
new symbols for figures. For example, 
in the duodecimal system, where twelve 
is the number of figures supposed, twelve 
will be represented by I'O ; there must, 
therefore, be a distinct sign for ten and 
eleven, a nine and six reversed, thus, 
g and 5, might be used for these. 

Chapter III. 

Elementary Bides of Arithmetic. 

As soon as the beginner has mastered 
the notation of arithmetic, he may be 
made acquainted with the meaning of 
the algebraical signs +, -, x, =, and 
also with that for division, or the com- 
mon way of representing a fraction. 
There is no difficulty in these signs or in 
their use. Five minutes' consideration 
will make the symbol 5+3 present as 
clear an idea as the words “ 5 added 
to 3.” The reason why they usually 
cause so much embarrassment is, that 
they arc generally deferred until the 
student commences algebra, when he is 
often introduced at the same time to the 
representation of numbers by letters, the 
distinction of known and unknown 
quantities, the signs of which we have 
been s|)eaking, and the use of figures as 
exponents of letters. Either of these 
four things is quite sufficient at a time, 
and tliere is no time more favourable for 
beginning to make use of the signs of 
operation than when the habit of per- 
forming the operations commences. 
The beginner should exercise himself in 


* To tToid too great* nomber of accraU, Roman 
numerals are put inatcad of them { aUo» to avoid 
coofualon, tlte occenU are omitted after the drat 
llnca 


7"*' 3) r3i’0'"4“7'6* (1"4'8 
7 7 3 


4 2 17 
3 4 2 3 


6 8 4 6 
6 8 4 6 


0 

putting the simplest truths of arithmetio 
in this new shape, and should write such 
sentences as the following frequently : — 
2 + 7 = 9, 

6-4 = 2, 

l + 8+4-6 = 4 + 2 + l, 

2X2 + 12X12 = 14X10 + 2X2X2. 

These will accustom him to the meaning 
of the signs, just as he was accustomed 
to the formation of letters by writing 
copies. As he proceeds through the 
rules of arithmetic he should take care 
never to omit connecting each operation 
with its sign, and should avoid con- 
founding operations together, and consi- 
dering tliem as the same, because they 
produce the same result. Thus, 4x7 
does not denote the same operation as 
7x4, though the result of both is 28. 
The first is four multiplied by seven, 
four taken seven times ; the second is 
seven multiplied by four, seven taken 
four times; and that 4x7 = 7x4 is a 
proposition to be proved, not to be taken 
lor granted. Again, x 4 and ^ are 
marks of distinct operations, though 
their result is the sam^ as we shall 
show in treating of fractions. 

The examples which a beginner should 
choose for practice should be simple, and 
should not contain very large numbers. 
The powers of the mind cannot be di- 
rected to two things at once: if the 
complexity of the numbers used requires 
all the student's attention, he cannot 
observe the principle of the rule which 
he is following. Now, at the commence- 
ment of his career, a principle is not 
received and understood by the student 
as quickly as it is explain^ by the in- 
structor. He does not, and cannot, ge- 
neralize at all ; he must be taught to do 
BO ; and he cannot learn that a particular 
fact holds good for all numbns unless 
by having it shown that it holds good 
for some numbers, and that for those 
some numbers he may substitute others, 
and use the same demonstration. Until 
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he can do this himself he does not un- 
derstand the principle, and he can never 
do this except by seeing the rule ex- 
plained, and trying it himself on small 
numbers. He may, indeed, and will, 
believe it on the word of his instructor, 
but this disposition is to be checked. 
He must be told that, whatever is not 
gained by his own thought is not gained 
to any purpose ; that the mathematics 
are put in his way purposely because 
they are the only sciences in which he 
must not trust the authority of any one. 
The superintendence of these efforts is 
the real business of an instructor in 
arithmetic. The merely showing the 
student a rule by which he is to work, 
and comparing his answer with a key to 
the book, jirinted for the preceptor's 
private use, to save the trouble which he 
ought to bestow upon his pupil, is not 
teaching arithmetic any more than pre- 
senting him with a grammar and dic- 
tionary is teaching him .Latin. When 
the principle of each rule has been well 
established by showing its application to 
some simple examples (and the number 
of these requisite will vary with the in- 
tellect of the student), he may then pro- 
ceed to more complicated cases, in order 
to acf^uire facility in computation. The 
four hrst rules may lie studied in this 
way, and these will throw the greatest 
light on those which succeed. 

The student must observe that all 
operations in arithmetic may be resolved 
into addition and subtraction ; that these 
additions and subtractions might be 
made with counters ; so that the whole 
of the rules consist of processes in- 
tended to shorten and simplify (hat 
which would otherwise be long and 
complex. For example, multiplication 
is continued addition of the same num- 
ber to itself — twelve times seven is twelve 
sevens added together. Division is a 
continued subtraction of one numtier 
from another; the division of 129 by 3 
is a continued subtraction of 3 from 129, 
in order to see how many threes it con- 
tains. All other operations are com- 
posed of these four, and are, therefore, 
the result of additions and subtractions 
only. 

The following principles, which occur 
so continually in mathematical opera- 
tions that we are, at length, hardly sen- 
sible of their presence, are the foun- 
dation of the arithmetical rules : — 

I. We do not alter the sum of two 
numbers by taking away any part of the 
first, if we annex that part to the seconiL 


This may lie expressed by signs, in a 
particular instance, thus : — 

(20 — 6) -I- (32-1-6) = 20-1-32. 

II. We do not alter the difference of 
two numbers by increasing or diminish- 
ing one of them, provided we increase 
or diminish the other as much. This may 
be expressed thus, in one instance : — 

(45-1-7) —(22-1- 7) = 45 — 22. 

(45 - 8) — (22 - 8) =45 — 22. 

III. If we wish to multiply one num- 
ber by another, for example 156 hy 29, 
we may break up 156 into any number 
of parts, multiply each of these parts 
by 29, and add the results. For example, 
156 is made up of 100, 50, and 6. Then 

156x29=100x29-1-50x29-1-6x29, 

IV. The same thing may be done 
with the multiplier instead of fhe multi- 
plicand. Thus, 29 is made up of 18,6, 
and 5. Then 

156 X29 = 156X18 + 156x6-1- 156X5. 

V. If any two or more numbers he 
multiplied together, it is indifferent in 
what order they are multiplied, the 
result is the same. Thus, 

10x6x4x.3 = 3X 10X4 X6 = 6X lOX 

4X3, &c. 

VI. In dividing one number by ano- 
ther, for example 156 by 12, we may 
break up the dividend, and divide each 
of its parts by the divisor, and then add 
the results. We may part 156 into 72, 
60, and 24 ; this is expressed thus : — 

156 _ ^ M y 

12 " 12 12 12 

The same thing cannot be’done with the 
divisor. It is not true that 

156 156 156 156 

77 " 3 5 ■ 

The student should discover the reason 
for himself. 

A prime number is one which is not 
divisible by any other number except I. 
When the process of division can be 
performed, it can be ascertained whether 
a given number is divisible by any other 
number, that is, whether it is prime or 
not. This can be done by dividing it by 
all the numbers which are less than its 
half, since it is evident that it cannot be 
divided into a number of parts, each of 
which is greater than its half. This 
process would be laborious when the 

iven number is large ; still it may be 

one, and by this means the number 
itself may be reduced to its prime fac- 
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tort,* as it is called, that is, it may 
either be shewn to be a prime number 
itself or made up by multipWing sever^ 
prime numbers together. Thus, 306 is 
34x9, or 2x17x9, or 2x17x3x3, 
and has for its prime factors 2, 17, and 
3, the latter of which is repeated twice 
in its formation. When this has been 
done with two numbers, we can then see 
whether they have any factors in com- 
mon, and, if that be the case, we can 
tlien find what is called their greatett 
common measure or divisor, that is, the 
number made by multiplying all their 
common factors. It is an evident truth 
that, if a number can be divided by the 
product of two others, it can be divided 
by each of them. If a number can be 
parted into an exact number of twelves, 
it can be parted also into a number of 
sixes, twos, or fours. It is also true 
that, if a numlier can be divided by any 
other number, and the quotient can 
then be divided by a third number, the 
original number can be divided by the 
product of the other two. Thus, 144 is 
divisible by 2 ; the quotient, 72, is divi- 
sible by 6 ; and the original number is 
divisible by 6 x2 or 12. It is also true 
that, if two numbers are prime, their 
product is divisible by no numbers ex- 
cept themselves. Thus, 17x11 is divi- 
sible by no numbers except 17 and 11. 
TTiough this is a simple proposition, 
its proof is not so, and cannot be given 
to the beginner. From these tilings it 
follows that the greatest common mea- 
sure of two numbers (measure being an 
old word for divisor) is the product of all 
the prime factors which the two possess 
in common. For example, the num- 
bers 90 and 100, which, when reduced 
to their prime factors, are 2 x 5 x 3 x .3 
and 2 X 2 X i X 5, have the common 
factors 2 and 5, and are divisible by 
2 X 6, or 10. The quotients are 3x3 
and 2 X 5, or 9 and 10, which have no 
common factor remaining, and 2 x S, or 
10, is the greatest common measure of 
SOandlOO. The same may be shewn 
in the case of any other numbers. But 
the method we have mentioned of resolv- 
ing numbers into their prime factors, 
being troublesome to apply when the 
nunibers are large, is usually abandoned 
for another. It happens fmiuently that 
a method simple in principle is laborious 
in practice, and the contr^. 

When one number is divided by ano- 
ther, and its quotient and remainder 

* The factorM of a number are thoNc nombera 
bjr the mutUplicatloa of which U ia Bade. 


obtained, the dividend may lie recovered 
again by multiplying the quotient and 
divisor together, and adding the remain- 
der to the product. Thus 1 7 1 divided 
by 2 7 gives a quotient 6 and a remain- 
der 9, and 171 is made by multiplying 
27 by 6, and adding 9 to the product. 
That is, 171 = 27 X 6 -j- 9. Now, from 
this equation it is easy to shew that every 
number which divides 171 and 27 also 
divides 9, that is, every common measure 
of 1 7 1 and 27 is also a common measure 
of 27 and 9. We can also shew that 27 and 
9 have no common measures which are 
not common to 171 and 27. Therefore, 
the common measures of 171 and 27 
are those, and no others, which are 
common to 27 and 9 ; the greatest com- 
mon measure of each pair must, there- 
fore, be the same, that is, the greatest 
common measure of a divisor and divi- 
dend is also the greatest common mea- 
sure of the remainder and divisor. Now 
take the common process for finding the 
greatest common measure of two num- 
bers ; for example, 360 and 420, which 
is as follows, and abbreviate the words 
greatest common measure into their ini- 
tials g. c, m. : — 

360 ) 420 ( 1 
360 

60 ) 360 ( 6 
360 

0 

From the theorem above enunciated 
it appears that 

g. c.m. of 420 and 360 is g. c. m. of 60 

and 360 ; 

g. c. m. of 60 and 360 is 60 ; 
because 60 divides both 60 and 360, and 
no number can have a m-eater measure 
than itself. Thus may be seen the rea- 
son of the common rule for finding the 
greatest common measure of two num- 
bers. 

Every number which can lie di- 
vided by another without remainder is 
called a multiple of it. Thus, 12, 18, 
and 42 are multiples of 6, and the last 
is a common multiple of 6 and 7, because 
it is divisible both by 6 and 7. The 
only things which it is necessary to ob- 
serve on this subject are, 1st, that the 
product of two numbers is a common 
multiple of both ; 2d, that when the two 
numbers haveacommon measure greater 
than I . there is a common multiple less 
than their product ; 3d, that when they 
have no common measure except 1, the 
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least common multiple is their product. 
The first of these is evident ; the second 
will appear from an example. Take 10 
and 8, which have the common mea- 
sure 2, since the first is 2 x 5 and the 
second 2x4. The product is 2 x 2 x 4 x 5, 
but 2 X 4 x 5 is also a common multiple, 
since it is divisible by 2 x 4, or 8, and 
by 2 X 5, or 10. To find this common 
multiple we must, therefore, divide the 
product by the greatest common mea- 
sure. The thii^ principle cannot be 
proved in an elementary way, but the 
student may convince himself of it by 
any number of examples. He will not, 
for instance, be able to find a common 
multiple of 8 and 7 less than 8 x 7, or 56. 

Chaptsr IV. 

Arithmetical Fraetiotu. 

When the student has perfected himself 
in the four rules, together with that for 
finding the greatest common measure, 
he should proceed at once to the subject 
of fractions. This part of arithmetic is 
usually supposed to present extraordi- 
nary difficulties ; whereas, the fact is 
that there is nothing in fractions so diffi- 
cult, either in principle or practice, as 
the rule for finding the greatest.common 
measure. We would recommend the 
student not to attend to the distinctions 
of proper and improper, pure or mixed 
fractions, &c. as there is no distinction 
whatever in the rules, which are common 
to all these fractions. 

When one number, as 56, is to be 
divided by another, as 8, the proceu is 
written thus; — By this we mean 
that 56 is to be divided into 8 emial parts, 
^d one of these parts is called the (mo- 
ment. In this case the quotient is 7. But 
it is equally possible to divide 57 into 8 
equal parts ; for example, we can divide 
57 feet into 8 equal parts, but the eighth 
part of 57 feet will not be an exact num- 
ber of feet, since 57 does not contain an 
exact number of eights ; a part of a foot 
will be contained in the quotient , and 

this quotient is therefore called a frac- 
tion, or broken number. If we divide 
57 into 56 and 1, and take the eighth 
part of each of these, whose sum will 
give the eighth part of the whole, the 
eighth of 56 feet is 7 feet ; the eighth of 
1 foot is a fraction, which we write 
and y is 7 -j- -J, which is usually written 
7i. Both of these quantities y, and 7J, 
are called fractions ; the only difference 
is that, in the second, that part of the 


quotient which is'a whole number is 
separated from the part which is less 
than any whole number. 

There are two ways in which a frac- 
tion may be considered. Let us take, 
for example, ^ This means that 5 is to 
be divided into 8 parts, and ^ stands for 
one of these parts. The same length 
will be obtained if we divide 1 into 8 
parts, and take 5 of them, or find ^ x 5. 

To prove this let each of the lines drawn 
below represent ^ of an inch ; repeat 

five times, and repeat the same line 
eight times. 



In each column is Jth of an inch 
repeated 8 times ; that is one inch. 
There are, then, 5 inches in all, since 
there are five columns. But since there 
are 8 lines, each line is the eighth of 5 
inches, or but each line is also -^th of 
an inch; repeated 5 times, or J x 5. 
Therefore, | x 5 ; that is, in order 
to find I inches, we may either divide 
flve inches into 8 parts, and take one of 
them, or divide one inch into 8 parts, 
and take Jive of them. The symbol 4 
is made to stand for both these opera- 
tions, since they lead to the same result. 

The most important property of a 
fraction is, that if both its numerator and 
denominator are multiplied by the same 
number, the value of the fraction is not 
altered; that is, | is the same as 

or each part is the same when we divide 
12 inches into 20 parts, as when we 
divide 3 inches into 5 parts. Again, we 
get the same length by dividing 1 inch 
into 20 parts, and taking 12 of them, 
which we get by dividing I inch into 5 
parts and taking 3 of them. This hardly 
needs demonstration. Taking 12 out of 
20 is taking 3 out of 5, since for every 
3 which 12 contains, there is a 5 con- 
tained in 20. Eveiy fraction, therefore, 
admits of innumerable alterations in its 
form, without any alteration in its value. 

Ihu-s. J =J=^=j = ^S^,&c.;| = 

A ~ A “ ^ 

On the same principle it is shewn that 
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the terms of a fraction may Ire divided by 
any number without any alteration of its 
value. There will now be no difficulty 
in reducing fractions to a common deno- 
minator, in reducing a fraction to its 
lowest terms ; neither in adding nor sub- 
tracting fractions, for all of which the 
rules are given in every book of arith- 
metic. 

We now come to a rule which presents 
more peculiar difficulties in point of 
principle than any at which we nave yet 
arriv^ If we could at once take the 
most general view of numbers, and give 
the b^inner the extended notions which 
he may afterwards attain, the mathema- 
tics would present comparatively few 
impediments. But the constitution of 
our minds will not permit this. It is by 
collecting facts and principles, one by 
one, and thus only, that we arrive at 
what are called general notions ; and we 
afterwards make comparisons of the facts 
which we liave acquired, and discover 
analogies and resemblances which, while 
they nind together the fabric of our 
knowledge, point out methods of in- 
creasing its extent and beauty. In the 
limited view which we first tue of the 
operations which we are performing, the 
names which we give are necessarily 
confined and partim ; but when, after 
additional study and reflection, we recur 
to our former notions, we soon discover 
processes so resembling one another, 
and different rules so linked together, 
that we feel it would destroy the symme- 
try of our language if we were to call 
them by different names. We are then 
induced to extend the meaning of our 
terms, so as to make two rules into one. 
Also, suppose that when we have disco- 
vered and appUed a rule, and given the 
process which it teaches a particular 
name, we find that this process is pnly a 
part of one more general, which applies 
to all cases contained under the first, 
and to others besides. We have only 
the alternative of inventing a new name, 
or of extending the meaning of the for- 
mer one so as to merge the particular 
process in the more general one of which 
it is a part. Of this we can give an 
instance. We began with reasoning 
upon simple numbers, such as 1, 2, 3, 
20, &c. VVe afterwards divided these 
into parts, of which we took some num- 
ber, and which we called fractions, such 
as j, 3, &c. Now there is no iium- 
lier which may not be considered as a 
fraction in as many different ways as we 


please. Thus 7 is ii or — , &c. ; 12 is 
s a 

— f . 1^, See. Our new notion of frac- 

lion is, then, one which includes all our 
former ideas of number, and others be- 
sides. It is then customary to represent 
by the word number, not only our first 
notion of it, but also the extended one, 
of which the first is only a part. Those 
to which our first notions applied we call 
whole numbers, the others fractional 
numbers, but still the name number is 
applied both to 2 and to 3 and 
The rules of which we have spoken 
is another instance. It is called the 
multiplication of fractional numbers. 
Now, if we return to our meaning of the 
word multiplication, we shall find that 
the multiplication of one fraction by 
another appears an absurdity. We muf 
tiply a number by taking it several times 
and adding these together. W hat, then, 
is meant by multiplying by a fraction ? 
Still, a rule has been found which, in 
applying mathematics, it is necessary to 
use for fractions, in all cases where mul- 
tiplication would have been used had 
they been whole numbers. Of this we 
shall now give a simple example. Take 
an oblong figure (which is called a 
rectangle in geometry), such as AB C D. 
and find the magnitudes of the sides 
A B and B C in inches. Draw the line 



£F equal in length to one inch, and the 
square G, each of whose sides is one 
inch. If the lines AB, and BC contain 
an exact number of inches, the rectan- 
gle ABCD contains an exact number of 
squares, each equal 
to G, and the number 

E F of squares contained 

is found by multiply- 
ing the number of 

B inches in A B by the 
number of inches in 
BC. In the present 
case the number of 
squares is 3 x 4, or 
12. Now, suppose 
another rectangle A' B' C' D', of winch 
neither of the sides is an exact number 
of inches ; suppose,^ for example, that 
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A B' IS ^ of an inch, 

C' and that B' C' is ^ 

of an inch. We may 
shew, by reasoning, 
that we can find how 

A' D' much A' B' C' D' is 

of G by forming a 
fraction which has the product of the 
numerators of ^ and for its numerator, 
and the product of their denominators for 
its denominator ; that is, that A'B'C'D' 
contains of G. Here then appears 
a connexion between the multiplication 
of whole numbers, and the formation of 
a fraction whose numerator is the pro- 
duct of two numerators, and its denomi- 
nator the product of the corresponding 
denominators. These operations will 
always come together, that is whenever 
a question occurs in which, when whole 
numbers are given, those numbers are to 
be'multiplied together ; when fractional 
numbers are given, it will be necessary, 
in the same case, to multiply the nume- 
rator by the numerator, and the denomi- 
nator by the denominator, and form the 
result into a fraction, as iibove. 

This would lead us to suspect some 
connexion between these two operations, 
and we shall accordingly find that when 
whole numbers are formed into frac- 
tions, they may be multiplied together 
by this ivery rule. Take, for example, 
the numbers 3 and 4, whose product is 
12. Tlie first may be written as 
and the second as Form a fraction 
from the product of the numerators and 
denominators of these, which will be 
which is 12, the product of 3 

and 4. 

From these considerations it is cus- 
tomary to call the fraction which is pro- 
duced from two others in the manner 
above stated, \he product of those two 
fractions, and the process of finding the 
third fraction, multiplication. We shall 
always find the first meaning of the 
word multiplication included in the 
second, in all cases in which the quanti- 
fies represented as fractions are really 
whole numbers. The mathematics are 
not the only branches of knowledge in 
which it is customary to extend the 
meaning of established terras. When- 
ever we pass from that which is simple 
to that which is complex, we shall see 
the necessity of carrying our terms with 
us, and enlarging their meaning, as we 
enlarge our own ideas. This is the only 
method of forming a language which 


shall approach in any degree towards 
perfection ; and more de]>ends upon a 
well-constructed language in mathema- 
tics than in anything else. It is not that 
an imperfect language would deprive us 
of the means of demonstration, or cramp 
the powers of reasoning. The proposi- 
tions of Euclid upon numbers are as 
rationally established as any others, 
although his terms are deficient in ana- 
logy, and his notation infinitely inferior 
to that which we use. It is the progress 
of discovery which is checked by terms 
constructed so as to conceal resem- 
blances which exist, and to prevent one 
result from pointing out another. The 
higher branches of mathematics date the 

f irogress which they have made in the 
ast century and a half, from the time 
when the genius of Newton, Leibnitz, 
Descartes, and Hariot turned the atten- 
tion of the scientific world to the imper- 
fect mechanism of the science. A slight 
and almost a casual improvement, m^e 
by Hariot in algebraicm language, has 
been the foundation of most important 
branches of the science*. The subject of 
the last articles is of very great import- 
ance, and will often recur to us in explain- 
ing the difficulties of algebraical notation. 

The multiplication of ^ by is equi- 
valent to dividing s into 2 parts, and 
taking three such parts. Because | 
being the same as or 1 divided into 
12 parts and 1 0 of them taken, the half of 
.j is 5 of those parts, or Three 
times this quantity will be IS of those 
parts, or which is by our rule the 
same as what we have called, s multi- 
plied by But the same result arises 
from multiplying | by or dividing 
into 6 parts and taking 5 of them. 
Therefore, we find that J multiplied by 
^ is the same as | multiplied by 3 , or 
f ^ i “ 6 proposition is 

usually considered as requiring no proof, 
because it is received very early on the 
authority of a rule in the elements of 
arithmetic. But it is not self-evident, 
for the truth of which we appeal to the 
beginner himself, and ask him whether 
he would have seen at once that 4 
of an apple divided into 2 parts and 3 of 

* l‘he m»(hrmaticiaD will he nware that 1 allode 
to wrilioi* an equation in the form 

+fw — ft = 0 ; instead of 

x» -f ox s ft. 


Digitized by Google 




MATHEMATICS. 


1.1 


them taken, is the same as ^ of an apple, 
or one apple and a-half divided into six 
parts and 5 of them taken. 

An extension of the same sort is made 
of the term division. In dividing one 
whole number by another, for example, 
12 by 2, we endeavour to find how many 
twos must be added together to make 12. 
In passing from a problem which con- 
tains these whole numbers to one which 
contains fractional quantities, for exam- 
ple j and |, it will be observed that in 
place of finding how many twos make 
12, we shall have to find into how many 
parts f must be divided, and how many 
of them must be taken, so as to give j- 
If we reduce these fractions to a com- 
mon denominator, in which case they 
will be and ; and if we divide the 
second into 8 equal parts, each of which 
will be and take 15 of these parts, 
we shall get -js, or -J. The fraction 
whose numerator is 15, and whose de- 
nominator is 8, or y, will in these pro- 
blems take the place of the quotient of 
the two whole numbers. In the same 
manner as before, it may be shewn that 
this process is equivalent to the division 
of one whole number by another, when- 
ever the fractions are really whole num- 
bers ; for example, 3 is i^, and 15 is 
If this process be applied to 
and >j-, the result is «^, which is 5, or 
the same as 15 divided by 3. Tliis pro- 
cess is then, by extension, called division : 
ijS is called the quotient of ^ divided by 
|, and is found by multiplying the 

numerator of the first by the denomi- 
nator of the second for the numerator 
of the result, and the denominator of the 
first by the numerator of the second for 
the denominator of the result. That this 
process does give the same result as 
ordinary division in all cases where ordi- 
nary division is applicable, we can easily 
shew from any two whole numbers, for 
example, 12 and 2, whose quotient is C. 
Now 12 is 5^, and 2 is y>, and the rule 
for what we have called division of frac- 
tions vi'ill give as the quotient 
which is 6. 

In all fractional investigations, when 
the beginner meets with a difficulty, he 
should accustom himself to leave the 
notation of fractions, and betake him- 


self to their original definition. He 
should recollect that ^ is 1 divided into 

6 parts and five of them taken, or the 
sixth part of 5, and he should reason 
upon these suppositions, neglecting all 
rules until he has established them in 
his own mind by reflection on particular 
instances. These instances should not 
contain large numbers, and it will per- 
haps assist him if he reasons on some 
given unit, for example a foot. Let 
A B be one foot, and divide it into any 
number of equal parts (7, for example) 
by the points C, D, E, F, G, and H. 

Al 1 j 1 1 1 [B 

C D E F G H 

He must then recollect that each of 
these parts is of a foot ; that any two 
of them together are ^ of a foot ; any 3, 3 , 
and so on. He should then accustom 
himself, without a rule, to solve such 
(questions as tile following, by observa- 
tion of the figure, dividing each part 
into several equal parts, if necessary; 
and he may be well assured that he does 
not understand the nature of fractions 
until such questions are easy to him. 

What is t of ^ of a foot ? What is 
of > of J of a foot ? Into how many 
parts must ^ of a foot be divided, and 
how many of them 'must be taken to 
produce J of a foot ? What is J -j- i 
of a foot ? and so on. 

Chaptir V. 

Decimal Fractions. 

It is a disadvantage attending rules 
received without a knowledge of princi- 
ples, that a mere difference of language 
IS enough to create a notion in the mind 
of a student that he is uiion a totally 
different subject 'Very few beginners 
see that in following the rule usually 
called practice, they are working the 
same questions as were proposed in 
compound multiplication ; — that the rule 
of three is only an application of the 
doctrine of fractions ; that the rules 
known by the name of commission, bro- 
kerage, interest. See,, are the same, and 
so on. No instance, however, is more 
conspicuous than that of decimal frac- 
tions, which are made to form a branch 
of arithmetic as distinct from ordinary 
or vulgar tractions as any two parts of 
the subject whatever. Nevertheless, 
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there is no sinele rule in the one which 
is not substantially the same as the rule 
correspondini? in the other, the difference 
oonsistinj; altos;ether in a different way 
of writing the fractions. The beginner 
will observe that throughout the subject 
it is continually necessary to reduce 
fnictions to a common denominator : he 
will see, therefore, the advantage of 
always using either the same denomina- 
tor, or a set of denominators, so closely 
connected as to be very easily reducible 
to one another. Now of all numbers 
which can bej chosen the most easily 
manageable are 10, 100, 1000, &c., 
which are called decimal numtos on 
account of their connexion with the 
number ten. All fractions, such as 
AI-. which have a de- 

cimal number for the denominator, are 
called decimal fractions. Now a deno- 
minator of this sort is known whenever 
the number of cyphers in it are known ; 
thus a decimal number with 4 cyphers 
can only be 10 , 000 , or ten thousand. 
We need not, therefore, write the deno- 
minator, provided, in its stead, we put 
some mark Jupon the numerator, by 
which we may know the number of 
cyphers in the denominator. This mark 
is .for our own selection. Tlie method 
which is followed is to point off from the 
numerator as many /iguret as there are 
eypherg in the denominator. Thus 
VdW “ represented by 17.334; 
thus, .229. We might, had we so 
pleased, have represented them tlius, 
17334», 229>; or thus, 17334,, 229„ or 
in any way by which we might choose to 
agree to recollect that the denominator 


is 1 followed by 3 ephers. In the com- 
mon method this dimculty occurs imme- 
diately. What shall be done when there 
are not as many figures in the nume- 
rator as there are cyphers in tlie deno- 
minator? How snail we represent 
T 0 %n ^ We must here extend our 
language a little, and imagine some me- 
thod by which, without essentially alter- 
ing the numerator, it may be made to 
shevr the number of cyphers in the de- 
nominator. Something of the sort has 
already been done in representing a 
number of tens, hundreds, or thousands, 
&c. ; for 5 thousands were represented 
by 5000, in which, by the assistance of 
cyphers, the 5 is made to stand in the 
place allotted to thousands. If. in the 
present instance, we place cyphers at 
the beginning of the numerator, until 
the number of fipres and cyphers toge- 
ther is equal to the number of cyphers 
in the denominator, and place a point 
before the first cypher, the fraction .j j- 

will be represented thus, .0088 ; by 
which we understand a fraction whose 
numerator is 88, and whose denomina- 
tor is a decimal number containing four 
cyphers. 

There is a close connexion between 
the manner of representing decimal 
fractions, and the decimal notation for 
numbers. Take, for example, the frac- 
tion 217.3426, oriiiJ-<c.«. You will 
recollect that 2173426 is made up of 
2000000+ 100000 + 70000+ 3000 + 
400 + 20 + 6, If each of these parts 
be divided by 10000, and the quotient 
obtained or the fraction reduced to its 
lowest terms, the result is as follows 


2173426 

10000 


= 200+10 + 7 + ^ + 


^ + — H — 

‘ 1000 ' 10000 


100 


We see, then, that in the fraction 
217.3426 the first figure 2 counts two 
hundred : the second figure, 1 , ten, and 
the third 7 units. It appears, then, 
that all figures on the left of the decimal 
poini are reckoned as ordinary numbers. 
But on the right of that point we find 
the figure 3, which counts for 4 
which counts^J^ ; 2, or ; and 6, 
appears, therefore, that 
numbers on the right of the decimal 
point decrease as they move towards the 
right, each number being one-tenth of 


what it would have been had it come 
one place nearer to the decimal point. 
The first figure on the right hand of that 
point is so many tenths of a unit, the 
second figure so many hundredths of a 
unit, and so on. 

The learner should go tlirough the 
same investigation with other fractions, 
and should demonstrate by means of the 
principles of fractions, generally, such 
exercises as the following, until he is 
thoroughly accustomed to this new me- 
thod of writing fractions : — 


.68342 = .6 -h .08 + -003 + .0004 -|- .00002 
68342 6 8 3 4 2 

— ■ ■ -I- . 

100000 100 1000 lOOOO 100000 
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1B34 29 

10 '*’1000 


16342 . 9 , 

(- , &e. 

luu lUUU 


The rules for addition, subtraction, 
and multiplication may now be under- 
stood. In addition and subtraction, the 
keepinft the decimal jxiinls under one 
another is equivalent to reducing the 
fractions to a common denominator, as 
we may shew thus ; — Take two fractions, 
1.5 and 2.125, or and which, 

reducing the first to the denominator of 
the second, may be written Ujj|{ and 
If we add the numerators toge- 
ther, we find the sum of the fractions 
or 3.625 

2125 2.125 


prime number, no multiplication of that 
number, by itself, will make it so. Thus 
1 0 not being divisible by 7, neither 10x10, 
nor 10x10x10, &c. is divisible by 7. 
A consequence of this is, that since 5 
and 2 are the only jirime numbers which 
will divide 10, no fraction can be con- 
verted into a decimal unless its denomi- 
nator is made up of products, either of 
5 or 2, or of both combined, such as 
5 X 2, 5 X 5 X 2, 5 X 5 X 5, 2 X 2, &c. 
To shew that this is the case, take any 
fraction with such a denominator; fur 
13 

example, . Multiply the nu- 


1500 1.5 

3625 3.625 

The learner can now see the connexion 
of the rule given for the addition of 
decimal fractions with that for the addi- 
tion of vulgar fractions. There is the 
same connexion between the rules of 
subtraction. The principle of the rule 
of multiplication is as follows ; — If two 
decimal numbers be multiplied together, 
the product has as many cyphers as are 
in both together. Thus 100 x 1000 ^ 
100000, 10 X 100 = 1000, &c. There- 
fore the denominator of the product, 
which is the product of the denomina- 
tors, has as many cyphers as are in the 
denominators of both fractions, and since 
the numerator of the product is the 
product of the numerators, the point 
must be placed in that product so as to 
cut off as many decimd places as are 
both in the multiplier and multiplicand. 
Thus 


13 12 

100 ^ To 


156 

lOUO 


, or .13 X 1.2 = .156 ; 


4 6 24 

X — , 

lUUU 100 lOUUOU 


or .004 X .06 = .00024, &c. 


merator and denominator by 2, once for 
every 5, which i,s contained in the denomi- 
nator, and the fraction will then become 

13x2x2x2 _ 2x2x2x13 

5X5X5X 2X2X2’ 10 X 10 X lo’ 

which is or .104. In a similar 

way, any fraction whose denominator 
has no other factors than 2 or 5, can be 
reduced to a decimal fraction. We first 
search for such a number as will, when 
multiplied by the denominator, produce 
a decimal number, and then multiply 
both the numerator and denominator by 
that number. 

No fraction which has any other factor 
in its denominator can be reduced to a 
decimal fraction exactly. But here it 
must be observed, that in most parts of 
mathematical computation, a very small 
error is not material. In different spe- 
cies of calculations, more or less exact- 
ness may be required ; but even in the 
most delicate ojierations, there is always 
a limit lieyond which accuracy is useless, 
because it cannot be appreciated. For 
example, in measuring land for sale, an 
error of an inch in five hundred yards is 
not worth avoiding, since even if such 
an error were committed, it would nut 
make a difference which would be con- 


It is a general rule, that wherever the 
number of figures falls short of what we 
know ought to be the number of deci- 
mals, the deficiency is made up by 
cyphers. 

It may now be asked, whether all 
fractions can be reduced to decimal 
fractions ? It may be answered that 
they cannot. It is a principle which is 
demonstrated in the science of algebra, 
»tbat if a number be not divisible by a 


sidered as of any consequence, as in all 
probability the expense of a more accu- 
rate measurement would be more than 
the small quantity of land thereby saved 
would be worth. But in the measure- 
ment of a line for the commencement of 
a trigonometrical survey, an error of an 
inch in five hundred yards would be 
fatal, because the subsequent processes 
involve calculations of such a nature 
that this error would be multiplied, and 
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cause a considerable error in the final 
result Still, even in this case, it would 
be useless to endeavour to avoid an 
error of one-thousandth part of an inch 
in five hundred yards ; first, because no 
instruments hitherto made would sliew 
such an error: and secondly, because if 
they could, no material difference would 
be made in the result by a correction 
of it. Again, we know that almost all 
bodies are lengthened in all directions 
by heat For example : — A brass ruler 
which is a foot in length to-day, while it 
is cold, will be more than a foot to- 
morrow if it is warm. The difference, 
nevertheless, is scarcely, if at all, per- 
ceptible to the naked eye, and it would 
be absurd for a carpenter, in measuring 
a few feet of mahogany for a table, to 
attempt to take notice of it ; but in the 
measurement of the base of a survey, 
which is several miles in length, and 
lakes many days to perform, it is neces- 


sary to take this variation into account, 
as a want of attention to it may produce 
perceptible errors in the result : never- 
theless, any error which has not this 
effect, it would lie useless to avoid even 
were it possibla We see, therefore, 
that we may, instead of a fraction, which 
cannot be reduced to a decimal, substi- 
tute a decimal fraction, if we can find 
one so near to the former, that the error 
committed by the substitution will not 
materially affect the result. We will 
now proceed to shew how to find a series 
of decimal fractions, which approach 
nearer and nearer to a given fraction, 
and also that, in this approximation, we 
may approach as near as we plea.se to 
the given fraction without ever being 
exactly able to reach it. 

Take, for example, the fraction 
If we divide the series of numbers 70, 
700, 7000. See. by It, we shall obtain 
the following results: — 


’ 0 gives the quotient 6, and the remainder 4, and is 6^*j. 

Too, 

j 1 

ft 

63 


7 63,1, 

1 i 

ft 

636 

tl 

4 636, t. 

Too 0 0 
1 1 

1* 

6363 

*f 

7 6363,7,- 

8cc. 


&c. 


&C. 


Now observe, that if two numbers do 
not differ by so much as 1, their tenth 
parts do not differ by so much as their 

hundredth parts by so much as 
their thousandth parts by so much as 


TiAiO* also remember, 

that -,"j. is the tenth jiart of \ ", the hun- 
dredth part of too, and so on. The two 
following tables will now be apparent : — 


does not differ from 6 by so much as I 


w 

It 

G3 

II 

1 

.ToOO 
1 1 ' 

»« 

G36 

II 

I 

1 1 

If 

63G3 

» 

I 

Sec. 


&C. 


Sec. 


Therefore 

.|tj docs not differ from or .6, by so much as or .1 


* 

II 

TVff ‘‘ -G3 

foff 

t’i 

II 


TU05 ” 

IT 

>1 

-iV/A “ •G3'i3 .. 

TgjBff .. -"OOl 

Sec. 


Sec. 

&C. 


We have then a series of decimal frac- 
tions, viz.— .6, .63, .636, .6363, .63636, 
Sec. which continually approach more 
and more near to ,’.j, and therefore in 
any calculation in which the fraction yj. 
appears, any one of these may be sub- 
stituted for it, which is sufficiently near 
to suit the purpose for which the calcu- 
lation is intended. Fur some purjioses 
.636 would be a sufficient approximation; 


for others .63636363 would be necessary. 
Nothing but practice can shew how far 
the approximation should, be carried in 
each case. 

The division of one decimal fraction 
by another is performed as follows : — 
Suppose it requiretl to divide 6.-12 by 
1.213. The first of these is Jo' '‘•"i 
the second.-j-j J . The quotient of these 
by the ordinary rule is 5Jj3J]JJ,or {* 
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This fraction must now be reduced to a which is not so peat as 100 ; but in 
decimal on the principles of the last doini; this wc shall lie nearer the truth 
article, by the rule usually given, either if we say that the regiment consists of 
exactly, or by approximation, according 900 men instead of soo, because 900 
to the nature of the factors in the deno- is nearer to 876 than 800. In tiie same 


minator. 

When the decimal fraction correspond- 
ing to a common fraction cannot be ex- 
actly found, it always happens that the se- 
ries of decimals which approximates to it, 
contains the same number repeated again 
and again. Thus, in the example which 
we chose, is more and more nearly 

represented by the fractions .6, .63, .636, 
.6363, &c., and if we carried the process 
on without end, wc should find a decimal 
fraction consisting entirely of repetitions 
of the figures 63 after the decimal point. 
Thus, in finding i, the figures which are 
repeated in the numerator are 142857. 
This is what is commonly called a cir- 
culating decimal, and rules are given in 
books of arithmetic for reducing them 
to common fractions. We would re- 
commend to the beginner to omit all 
notice of these fractions, as they are of 
no practical use, and cannot be tho- 
roughly understood without some know- 
ledge of algebra. It is sufficient for the 
student to know, that he can always 
either reduce a common fraction to a 
decimal, or find a decimal near enough 
to it for his purpose, though the calcu- 
lation in which he is engaged requires a 
degree of accuracy which the finest mi- 
croscope will not appreciate. But in 
using approximate decimals there is one 
remark of importance, the necessity for 
which occurs continiiaily. 

Suppose that the fraction 2.143876 
has bWn obtained, and that it is more 
than sufficiently accurate for the cal- 
culation in which it is to be employed. 
Suppose that for the object proposed it 
is enough that each quantity employed 
should be a decimal fraction of three 
places only, the quantity 2.143876 is 
made up of 2. 143, as far as three places 
of decimals are concerned, which at first 
sight might appear to be what we ought 
to use, instead of 2 . 143876. But this is 
not the number which will in this case 
give the utmost accuracy which three 
places of decimals will admit of; the 
common usages of life will guide us in 
this case. Suppose a regiment consists 
of 876 men, we should express this in 
what we call round numbers, which in 


manner, it will be nearer the truth to 
write 2.144 instead of 2.143, if wc wish 
to express 2.143876 as nearly as possi- 
ble by three places of decimals, since it 
will lie found by subtraction that the first 
of these is nearer to the third than the 
second. Had the fraction been 2. 14326, 
it would have been liest expressed in 
three places by 2.143; had it tx-en 
2.1435, it would have been equally well 
expressed either by 2.143 or 2.144, 
both being equally near the truth ; but 
2.14351 isahttle more nearly expressed 
by 2.144 than by 2 .143. 

Wc have now gone through the lead- 
ing principles of arithmetical calculation, 
considered as a part of general Mathe- 
matics. With respect to the commercial 
rules, usually considered as the grand 
object of an arithmetical education, it is 
not within the scope of this treatise to 
enter upon their consideration. The 
mathematical student, if he is sufficiently 
well versed in their routine for the pur- 
poses of common life, may postpone 
their consideration until he shall have 
become familiar with algebraical opera- 
tions, when he will find no difficulty in 
understanding the principles or practice 
of any of them. He should, liefore com- 
mencing the study of algebra, carefully 
review what he has learnt in arithmetic, 
particularly the reasonings which he has 
met with, and the use of the signs which 
have been introduced. Algebra is at 
first only arithmetic under another 
name, and with more general symbols, 
nor will any reasoning be presented to 
the student which he has not already 
mot with in establishing the rules of 
arithmetic. His progress in the former 
science depends most materially, if not 
altogether, upon the manner in which 
he has attended to the latter ; on which 
account the detail into which we have 
entered on some things which to an in- 
telligent person are almost self-evident, 
must not lie deemed superfluous. 

When the student is well acquiiinted 
with the principles and practice of arith- 
metic, and not before, he sliould com- 
mence the study of algebra. It is usual 
to begin algebra and geometry together, 
and if the student has sufficient lime, it 


this case would be done by saying how is the best plan which he can adopt, 
many hundred men there are, leaving Indeed, we. see no reason why the 
out of consideration the number 76, elements of geometry should not precede 
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those of algebra, and be studied toge- 
ther with anlhmetic. In this case the 
student should read that part of these 
treatises which relates to geometry, first. 
It is hardly necessary to say that 
though we have adopted one particular 
order, yet the student may reverse or 
alter that order so as to suit the ar- 
rangement of his own studies. 

We now proceed to the first prin- 
ciples of algebra, and the elucidation of 
the difiicullies which are found from 
experience to be most jierplexing to the 
beginner. We suppose him to be well 
acquainted with what has been pre- 
viously laid down in this treatise, par- 
ticularly with the meaning of the signs 
-1-, — , X, and the sign of division. 

Chapter VI. 

Algebraical Notation and Principles. 

Whenever any idea is constantly re- 
curring, the best thing which can be 
done for the perfection of language, and 
conseiiuent advancement of knowledge, 
is to shorten as much as possible the 
sign which is used to stand for that idea. 
All that we have accomplished hitherto 
has been owing to the short and ex- 
pressive language whicli we have used 
to represent numbers, and the opera- 
tions which are performed upon them. 
The first step was to write simple signs 
for the first numbers, instead of words 
at full length, such as 8 and 7, instead 
of eight and seven. The next was to 
give these signs an additional meaning, 
according to the manner in which they 
were connected with one another ; thus 
187 was made to represent one hundred 
added to eight tens added to seven. The 


next was to give by new signs directions 
when to perform the operations of ad- 
dition, subtraction, multiplication, and 
division; thus 5-1-8 was made to re- 
present 8 added to 5, and so on. With 
these signs reasonings were made, and 
truths discovered which are common to 
all numbers ; not at once for every 
number, but by taking some example, 
by reasoning upon it, and by producing 
a result ; this result led to a rule which 
was declared to be a rule which held 
equally good for all numbers, liecause 
the reasoning which produced it might 
have been applied to any other example 
as well as to the one which was chosen. 
In this way we produced some results, 
and might have produced many more ; 
the following is an instance : — half the 
sum of two numbers added to half their 
difference, gives the greater of the two 
numbers. For example, fake 16 and 
10, half their sum is 13, half their dif- 
ference is 3 ; if we add 13 and 3 we get 
16, the greater of the two numbers. We 
might satisfy ourselves of the truth of 
this same proposition for any other num- 
bers, such as 27 and 8, 15 and 19, and 
so on. If we then make use of signs, 
we find the following truths : — 


16-HO 

16-10 

— 16. 

— a~ + 

i 


27-1-8 

2 

27-8 

2 

= 27. 

15-1-9 

1! 

= 15, and so on. 

-r 

2 


If, then, we choose any two numbers, 
and call,them the first and second num- 
bers, and call that the first number 
which is the greater of the two, we have 
the following: — 


First N“d- second N° First N°- second N° 
2 2 


= First N°. 


In this way we might express anything suppose the first N°,the second N°, &c. 
which is true of all numliers, by writing to be any which we please. In this way 
first N°, second N°, &c., for the dif- we might write down the following 
ferent numbers which enter into our assertion, which we should find to 
proposition, and we might afterwards be always true : — 

(First N°-H second N°) multiplied by (First N°— second N°) 

=■ First N° X first N° — Second N“ x second N°. 


When any sentence expresses that 
two numbers or collections of numbers 
are equal to one another, it is called an 
equation, thus 7-t-5 = 12 is an equation, 
and the sentences which have been just 
written down are equations. 

Now the next question is, could we 
not avoid the trouble of writing first 


N°, second N°, &c. so frequently ? This 
is done by putting letters of the alphabet 
to stand for these numbers. Suppose, 
for example, we let x stand for the first 
number, and y for tlie second, the two 
assertions already made will then be 
written thus : — 
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(a;+y) x (x-y) = xxx-yxy. 

By the use of letters we are thus 
enabled to write sentences which- say 
something of all numbers, with a very 
small part only of the time and trouble 
necessary for writing the same thing at 
full length. We now proceed to enume- 
rate the various symbols which are used. 

1. The letters of the alphabet'are used 
aJ + y-t-i = x+z 
lfa = b, then a-l-c = b+c, 

3. The sign — is used for subtraction, 
tions will show its use : — 

X + a — b-c + e = x + a + ’ 
lla=b, a — c = b — c, a 

4. The sign x is used for multiplica- 
tion as in arithmetic, but when two 
numbers represented by letters are mul- 
tiplied together it is useless, since axb 
can be represented by putting a and b 
together thus, a b. Also o x 6 x c is re- 
presented by o ft c a X a X a, for the 
present we represent thus, a a a. Wien 
two numbers are multiplied together, it 
is necessary to keep the sign x ; other- 
wise 7x5 or 35 would be mistaken for 
75. It is, however, usual to place a 
point between two numbers which are 
to be multiplied together ; thus 7x5x3 
is written 7.5.3. But this point may 
sometimes be mistaken for the decimal 
point : this will, however, be avoided by 
always ivriting the decimal point at the 
head of the figure, via. by vrriting g"'' 
thus, 234-Cl. 

5. Division is written, as in arithmetic ; 
thus, ^ signifies that tlie number repre- 
sented by a is to be divided by the num- 
ber represented by ft. 

6. All collections of numliers are 
called expressions ; thus, a+b,a-hb—c, 
aa+bb — d, are algebraical expres- 
sions 


to stand for numbers, and whenever a 
letter is used it means either that any 
number may be used instead of that 
letter, or that the number which the 
letter stands for is not known, and that 
the letter supplies its place in all the 
reasonings until it is known. 

2. The sign -|- is used for addition, 
as in arithmetic. Thus x+z is the sura 
of the numbers represented by x and z. 
The following equations are sufficiently 
evident : — 

+y = y-t-c+j. 

a-l-c-t-d = 6-t-c-f-d, &c. 

as in arithmetic. The following equa- 

e — b — c = a — c+e — b + x. 

— c + (f = A — c + d, &o. 

7. When two expressions are to be 
multiplied together, it is indicated by 
placing them side by side, and inclosing 
each of them in brackets. Thus, if 
(H-ft-t-e is to be multiplied by 

the product is written in any of the fol- 
lowing ways : — 

(o+ft-l-c)(<i+e+/), 

[a-f-ft+c] [d+e+y], 
a-hft-t-c • df+e-h/, 
u-f ft+Ci. 

8. That a is greater than ft is written 
thus, a > b. 

9. That a is less than ft is written 
thus, a <i b. 

1 0. When there is a product in which 
all the factors are the same, such as 
xa-airx,which means tliat five equal num- 
bers, each of which is represented by x, 
are multiplier! together, the letter is only 
written once, and above it is written the 
munber of times which it occurs, thus, 
xxxxx is written of. The following 
table should be carefully studied by the 
student: — 


XXX , . , or « is written x\ and is called the square, or second power of x- 


. . . 

XXX , • 

. 

X'KX'KXXm, . 


a 

j’X jx^xxxa? 

xxxxx . . 

. X*, 

&c. 

&c. 

See. 


There is no point which is so likely to 
create contusion in the ideas of a be^n- 
ner as the likenc.ss Iretween such ex- 
pressions as 4 g- and ar*. On this ac- 
count it would be better for him to omit 


.... cube, or third power of x. 

fourth power of x, 

fifth po-wer of x._ 

&c. 

using the latter expression, and to put 
xxxx in its place until he has aciiuired 
some little facility in the oiierations of 
algebra. If he does not pursue this 
course he must recollect that the 4, in 
C 2 
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these two exjirossions, has different The difference of meaninp; will be appa- 
names and meanins;s. In 4:r it is called rent from the following tables : — 
a coefficient, in ar* an exponent or ijidex. 


2x=x+x 

3X-X+X+X 

Ax=x+x+x+x 

See. 

If x=3 


x'=xxx=^xx, 
x'=x XX XX or XXX, 
x*=xxxxxxx or xxxx, 
&c. 

2t= G x’= 9, 

3x= 9 x'=27, 


4.r=12 ■t‘=8T, 

See. Sec. 

The beginner should freqxiently terite for himself 'such expressions as the 
following : — 

4n b^=aaal/b -i-aaahb + ambb+aaabb 
5a‘ x=aaaax+manx+aaaa.v+aaaax+aaaax 
Oa’ b’'+4ab' = 9aal)bb + 4abbbb 
a'+b" _ aa+bb aa bb aa-cc^bb+cc 

a’ — O’ aa — bb aa— bb aa — bb aa—bb aa — bb 


a' — b' aaa— bbb aa + ab+bb 
a' — 4* aa—bb a+b 


With many such expressions every book 
on algebra will furnish him, and he 
should then satisfy himself of their truth 
by putting some numbers at pleasure 
instead of the letters, and making the 
results agree with one another. Thus, to 

tiy the expression ^ = a? +a6+ft’, 

, . , . aaa — bbb 

or, which IS the same, — = 

a—b 

aa+ab + bb. Let a stand for 6 and b 
stand for 4, then, if this expression be 
, 6.6.6 -4.4.4 

true, =G.6 + 6.4 +4.4, which 

6—4 

is correct, since each of these expres- 
sions is found, by calculation, to be 76. 

The student should then exercise 
himself in the solution of such ques- 
tions as the following : — What is 

a’+6* ^ — a, I. when 

a + b a-b 

a stands for 6, and b for 5, II. when 
a stands for 13, and b for 2, and so on. 
He should stop here until he has, by 
these means, made the signs familiar to 
his eye and their meaning to his mind ; 
nor should he proceed to any further 
algebraical operations until he can rea- 
dily find the value of any algebraical ex- 
pression, when he knows the numbers 
which the letters stand for. He cannot, 
at this period of his course, write too 
many algebraical expressions, and he 
must particularly avoid slurring over the 
sense of what he has before him, and 
must write and rewrite each expression 


until the meaning of the several parts 
forces itself upon his memory at first 
sight, without even the necessity of 
putting it in words. It is the neglecting 
to do this which renders the operations 
of algebra so tedious to the beginner. 
He usually proceeds to the addition, sub- 
traction, &c. of symbols, of the meaning 
of which he has but an imperfect idea, 
and which have been newly introduced 
to him in such numliers that pcrpctu.al 
confusion is the consequence. We can- 
not, therefore, use too many arguments 
to induce him not to mind the drudgery 
of reducing algebraical expressions into 
figures. This is the connecting link be- 
tween tlie new science and arithmetic, 
and, unless that link be well fastened, 
the knowledge which he has previously 
acquired in arithmetic will help him but 
little in acquiring algebra. 

The order of the terms of any alge- 
braical expression may be chang^ with- 
out changing the value of that expres- 
sion. This needs no proof, and the fol- 
lowing are examples of the change : — 
a+b + ab+c+ac—tl—e—de— f 
^a—d+b—e+ab—de + c—f+ac 
=a + h—d—e—de—f+ac +c+ab 
■=ab + ac—de +a+b+c-e-f-d 
When the first term changes its place, 
as in the fourth of these expressions, the 
sign + is put before it, and should, pro- 
perly speaking, be written wherever 
there is no sign, to indicate that the 
term in question increases the result of 
the rest, but it is usually omitted. The 
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negative sign is often written Iwfore the 
first term, as in tlie expression - a+6 : 
but it must be recollected that this is 
written on the supposition that a is sub- 
tracted from what comes after it. 

When an expression is written in 
brackets, with some sign before it, 
such as a-(6— c), it is understood that 
the expression in brackets is to be consi- 
dered as one quantity, and that its re- 
sult or total is to be connected with the 

a— (6-c) = a-6-f c 

Similarly 


rest by the sign which precedes the 
brackets. In this example it is the differ- 
ence of b arid c which is to be subtracted 
from a. If a = 12, 4 = 6, and c=4, this 
is 10 . In the expression a— 4 made by 
subtracting 4 from a, too much has been 
subtracted by the quantity c, since it is 
not 4, but h—c, which must lie sub- 
tracted from a. In order, therefore, to 
make a-— (b —c) c must be added to 
0-4, which gives a—b+c. Therefore, 


o 4 — (c -t- (1 — fi — /) = o -1- 4 - c — d + e -I- / 

(oj*— 4 j -1- c) — (dj« — cx -1-/) = (tr* — 4,r -t- c— (ir- + ex — /. 


When the positive sign is written 
before an expression in brackets, the 
brackets may be omitted altogether, 
unless they serve to show that the 
expression in question is multiplied 
by some other. Thus, instead of 
(a + b + c) + (d+e+/), we may wxite 
a+b+c+d+e+f, which is, in fact, 
only saying that two wholes may be 
adaed together by adding together all the 
p^s of which they are composed. 
But the expression o-|-(4-|-e) (d+c) 
mustnotbewrittenthus:a-)-4+c(d-(-c), 
sincelhc first expresses that (4-t-c) must 
be multiplied by (d-t-e) and the product 
added to a, and the second that c must 
be multiplied by (d-t-e) and the product 
added to o -I- 4. If a, 4, c, d, and e, stand 
for 1, 2, 3, 4, and 3, the first is 46 and 
the second 30. 

When two or more quantities have 
exactly the same letters repeated the 
same number of times, such as 4a’ 4’, 
and 6a* 4’, they may be reduced into one 
by merely adding the coefficients and re- 
taining the same letters. Thus, 2a -1- 3a 
is 5a, 64c— 44c is 24c, 3 (x-t-y)-t-2(x-l-y) 
is 5 (x+y). These things are evident, 
but beginners are very liable to carry 
this farther than they ought, and to at- 
tempt to reduce expressions which do 
not admit of reduction. For example, 
they will say that 34-t-4*is 44 or 44’, 
neither of which is true, except when 
4 stands for 1. The expression 34-1- 4’, 
or 34 44, cannot be made more sii^le 
until we know what 4 stands for. The 
following table will, perhaps, be of 
sei'vice. 

6 o* 4’ -I- 3 a’ 4' is not 9 a“ 4^ 

6 a’ — 4 o* is not 2 a 

2 4 a -1- 34 is not 5 ab 

Such arc the mistakes which beginners 
almost universally make, mostly for 
want of a moment's consideration. They 
attempt to leducc quantifies which can- 


not be reduced, which they do by adding 
the exjxments of letters as well as their 
coefficients, or by collecting several 
terms into one, and leaving out the signs 
of addition and subtraction. The be- 
ginner cannot too often repeat to him- 
self that two terms can never be m.ade 
into one, unless both have the same let- 
ters, each letter being repeated the same 
number of times in hoth, that is, having 
the same index in both. When this is 
the case, the expressions may be reduced 
by adding or subtracting the coetficienU 
according to the sign, and affixing the 
common letters with their indices. When 
there is no coefficient, as in the expres- 
sion a* 4, the quantity represented by 
a’ 4 being only taken once. 1 is called the 
coefficient. Thus, 

3 ab + 4 ab + S ab — ab — 7 ao = 5 ao 
6 xy* + 3 xy* — 5 xy’ -I- xy* = 5 ay’ 
The student must also recollect that he 
is not at liberty to change an index from 
one letter to another, as by so doing he 
changes the quantity represented. Tims 
a*b and a4* are quantities totally distinct, 
the first representing aaaab and the se- 
cond abbbb. Tile difi'erence in all the 
cases which we have mentioned will b« 
made more clear, by placing numbers at 
pleasure instead of letters in the expres- 
sions, and calculating their values ; but, 
in conclusion, the following remark must 
be attended to. If it were asserted that 


.u . a’ + A’ . .. 

the expression - — is the same as 


a -k 4 — 


lab 
2a — b 


a + b 


and we wish to pro- 


ceed to see whether this is always the 
case or no, if we commence accidentally 
by supposing 4 to stand for 2 and a for 4, 
we shall find that the first is the same as 
the second, each being 34. But we 
must not conclude from this that they 
are always the same, at least until we 
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have tried whether they are so. when 
other numbers are substituted for a 
and b. If we place 6 and 8 instead of 
a and b, we shil find that the two ex- 
pressions are not equal, and therefore 
we must conclude that they are not 
always the same. Thus in the expres- 
sions 3 X — 4 and 2 x -t- S, if x stand for 
12, these arc the same, but if it stands 
for any other number they are not the 
same. 

Chapter VII. 

Elementary Rules of Algebra. 

The student should be very well ac- 
quainted with the principles and notation 
hitherto laid down before he proceeds to 
the alsebraical rules for addition and 
subtraction. He should then take some 
simple examples of each, and proceed to 
find the sum and difference by reason- 
ing as follows. Suppose it r^uired to 
add c — d \o a — h. The direction to 
do this may either be written in the com- 
poon way thus : a ~b 
c — d 

Add 

or more properly thus: Find (a — 6) + 
(c — rf). 

If we add c to a, or find a+c, we have 
too much ; first, because it is not a which 
is to be increased by c — d but a ~ b; 
this quantity must therefore be.decrcased 


by b on this account, or must become 
« -I- c — ; but this is still too great, 

because it is not c which was to be 
added but c~ d- it must therefore be 
decreased by d on this account, or must 
become a + c — b—d ora — b-\- o — d. 
From a few reasonings of this sort the 
nde may be deduced ; and not till then 
should an example be chosen so complir 
cated as to make the student lose sight 
for one moment of his demonstration. 
The process of subtraction we have 
already performed, and from a few ex- 
amples of this method the rule may be 
deduced. 

The multiplication of a by c — rf is 
performed thus ; a is to be taken c — 4 
times. Take it first c times or find ac. 
This is too great, because a has been 
taken too many times by d. From ac 
we must therefore subtract d times a, or 
a d, and the residt is that 

a (c— d) = ae — ad. 

This may be verified from arithmetic, in 
which the same process is shewn to be 
correct ; and this whether the numbers 
a, c, and d are whole or fiactionaL For 
example, it will be found that 6(14 — 9) 
or 6 X 5 is the same as6xl4 — 6x9, 
or as 84 — 54. Also that | (| — 7^), 
is ihu same as Jxl-Jx-ft, 
or as 7 ", — tV- Upon similar reasoning 
the following equations may be proved : 


a (b + c — d) = ab + ac — ad. 

(p +pq — or) XX = pxz — pqxz — arxz. 

(a* -b 26*) 6*, or (aa -1- ibb) bb = aabb +2bbbb. 
=cfb*-j-ib*. 


Also when a multiplication has been 
performed, the process may be reversed 
and the factors of it may be given. Thus, 
on observing the expression aA-oc-b a*, 
or ab—ac+aa, we see that in its for- 
ac + ad + be + bd - a{c + d) 
o* — oA* -b 2oic — </c -b 3a = ( 
It is proved in arithmetic that if num- 
bers, whether whole or fractional, are 
multiplied together, the product remains 
the same when the order in which 
they are multiplied is changed. Thus 
6x4x3 =3X6x4 = 4X6X3, See., 
and I X f ^ X ^ &c. Also, that a 
part of the multiplication may be made, 
and the partial product substituted in- 
stead of the factors which produced it, 
thus, 3 X 4 X 3 X 6 is 12X5X6. or 
15x4x6, or 90 X 4. From these 
rules two complicated single terms may 
be multqdted together, and the product 
represented in the most simiile manner 


mation every term has been multiplied 
by a ; that is, it has lieen made by mul- 
tiplying b —c + a by a, or ahy b — c 
-)- a. There will now be no difficulty in 
perceiving that 
+ b(c + d) = (a-|-*Hc-t-d) 
i(a - b> + 3) + dlab - d) 
which the case admits of. Thus if it be 
required to multiply 

6 a" A* c, which is Gaaabbbbc 
by 12a*A“rt/, which is \2aabbhccetl, 
the pnxluct is written thus ; Gaaabbbbc 
\2aabbbccat, which multiplication may 
be performed in the following order: 
6 X \2aaaaabbbbbbbccccd, which is re- 
presented by 72<dlre‘d. A few exam- 
ples of this sort will establish the rule 
for the multiplication of such quantities 
which is usually given in the treatises on 
Algebra. 

It is to be recollected that in every 
algebraical formula which is true of all 
numbers, any algebraitsd expression 
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may be 'substituted for one of the letters, 
provided care is taken to make tlie sub- 
stitution wherever that letter occurs tlius 
from the formula : 

a* — = (a + 6) (a - b) 

we may deduce the following by making 


substitutions for a. Jf this formula 
always true, it is true when a is eqi 
tp p + q, that is, it is true if p -t- ^ be 
put instead of a wherever that letter 
occurs in tlie formula. Therefore, 


p-j-q,' -b>z=(p + q-\-b) (p-j-q - b). 
^Similarly, A + ml* — b* = {2b-^m)m 


*+y -(X - yi\ 

= 4xy, and so on. 

We have already established the formula, 

(p — q)a = ap — aq. 


Instead of a let us put r — and this formula becomes 


(P - 9) (r — *) = f - ijp - r - s']q. 

But r — ^p -=pr - ps, and r - s' q = qr - qs. 
Tbarefore p - 9I r - s' = pi — ps - (qr — qs) 

= pr - ps —qr + qs 

By reasoning in the same way we may prove that , 


P - <r ’■ + * -P^~rP^ - qr - qs. 


A few examples of this sort will esta- 
blish what is called the nde of signs in 
multiplication ; viz. that a term of the 
multiplicand multiplied by a term of the 
multiplier has the sign-|- before it ifthe 
terms have the same sign, and - if they 
have different signs. But here the stu- 
dent must avoid using an incorrect mo<Ie 
of expression, which is very common, 
viz. the saying that -f- multiplied by 
-j- gives -f-; - multiplied by -|- gives 
- ; and so on. He must recollect that 
the signs -f- and - are not quantities, 
but directions to add and subtract, and 
that, as has been well said by one qf the 
most luminous writers on algebra m our 
language, we might as well say, that take 
away multiplied by take away gives add, 
as that — multiplied by - gives -)- *. 

The only way in which the student 
should accustom himself to state this 
nde is the following: “ In multiplying 
two algebraical expressions, multiply 
each term of the one by each term of the 
other, and wherever two terms are pre- 
ceded by the same sign put -|- before the 
product of the two ; when the signs are 
different put the sign - before their 
product." 

If the student should meet with an 


• Krcntl, Principlei of Aljfebra, Tke JiatlKw of 
tbiii treati»p U far from agr^tOfT with the work 
wbirb He hu fiaotM in the rejertioD of the isoUied 
nentirr ttljpa which preraila ihrouffhout it. btit 
fulijr coDcom in what t* there said of the methods 
tbeu in use for expiaioicg the dlfficuities of tlie orga- 
tiTc sign. 


eiquation in which positive and negative 
signs stand by themselves, such as 
~j-ab X — c — — abc. 
let him, for the present, reject the exam- 
ple in which it occurs, and defer the 
consideration of such equations until 
he has read the explanation of them to 
which we sliall soon come. Atmve all, 
he must reject the definition still some- 
times given of the quantify - a, that it 
is less than nothing. It is astonishing 
that the human intellect should ever 
have tolerated such an absurdity as the 
idea of a quantity less th.in nothing; 
above all, that the notion should have put- 
lived the belief in judicial astrology and 
the existence of witches, either of which 
is ten thousimd times morp possible. 

These remarks do not apply to such 
an expression as — 6 -b a, which we 
sometimes write instead of o — 6, as long 
as it is recollected that the pne is merely 
used to stand for the other, and for the 
present a must be considered as greater 
than b. 

In writing algebraical expressions, we 
have seen that various arrangements 
may be adopted. Thus a.r* — 
may be written as c -f- or* — or 
— ox -b c + a.r*. Of these three the 
first is generally chosen, Ixjcause the 
higircst power of x is written first ; the 
highest but one comes next ; and last of 
all the term which contains no power of 
X. When written in this way the ex- 
pression is said to be arranged in 


Digitized by Google 


e-y tS 



34 


STUDY OF 


descending; powers of x; had it been 
written thus, c — Ax + or*, it would 
have been arranged in ascending powers 
of x; in either case it is said to be 
arranged in powers of x, which is called 
the princijial letter. It is usual to arrange 
all expressions which occur in the same 
question in powers of the same letter, 
and practice must dictate the most con- 
venient arrangement. Time and trouble 
is saved by this operation, as will be 
evident from multiplying two unarranged 
expressions together, and afterwards 
doing the same with the same expres- 
sions properly arranged. 

Multiply , . . 

By. . . . 

The product is . 


In multiplying two arranged expres- 
sions together, while collecting such 
terms into one as will admit of it, it will 
always be evident that the first and last 
of all the products contain powers of 
the principal letter which are found 
in no other part, and stand in the 
product unaltered by combination with 
any other terms, while in the interme- 
diate products there are often two or 
more which contain the same power of 
the principal letter, and can be reduced 
into one. This will be evident in the 
following examples : 


x« - 3 X* + x‘ 

X* — 2 X* -t- X 
xio_ 3 -p a* 

— 2 X* -P 6 X’ - 2 x« 

+ xr - 3 x» + x» 


Or 


x'O-3 xs - x« -P 7 x7. - 5 *0 -t- x». 


Multiply . . 
By . . . 


The product is 


Or ... . 


ax“ + Ax* -p cx 
dx- • + ex -p / 

odx* -P Af/x* + cdx* 

-P «ex‘ -P bea^ -P cex* 

q/x* -p -p cfx 

a/x* + (Ad -p ae) .r* -P (C(< -P Ac + u/) x“ -P (ce + A/) X* -P cfr. 


It is plain from the rule of multiplica- 
tion, that the highest power of x in a 
product must l>e formed by multiplying 
the higliest power in one factor by ttie 
highest power in the other, or when the 
two factors have l)een arranged in de- 
scending powers, the first power in one 
by the first power in the other. Also, 
that the lowest power of x, .or should it 
so happen, the term in which there is no 
power of X, is made by multiplying the 
last terms in each factor. These being 
the higliest and lowest, there can be no 
other such power, consequently neither 
of these terms can coalesce with any 
other, as is tlie case in the intermediate 
products. Tliis remark will be of most 
convenient application in division, to 
which we now come. 

Division is in all respects the reverse 
of multiplication. In dividing a by A 
we find the answer to this question ; — if 
a be divided into A equal parts, what is 
the magnitude of each of those parts ? 
The quotient is, from the definition of a 

fraction, the same ns the fraction 7, and 

A 

all that remains is to see whether that 
fraction can be represented by a simple 
algebraical expre>sion without fractions 
or not ; just as in arithmetic the division 


of 200 by 26 is the reduction of the frac- 
tion g,vo to a whole number, if possible. 

But we must here observe that a dis- 
tinction must be drawn between alge- 
braical and arithmetical fractions. For 
a + A 

example, ^ ^ is an algebraical fraction. 


that is, there is no expression without 
fractions which is always equal to ^ 

But it does not follow from this that 
the number which represents, is 


always an arithmetical fraction ; the 
contrary may be shown. I.et a stand 

for 12, and A for 6, then is 3. 

a—b 

Again, a*+aA is a quantity which does 
not contain algebraical fractions, but it 
by no means follovis that it may not re- 
present an ai'ithmetic,il fraction. To 
show that it may , let a = X and A = 2, then 
o’-|-aA= 1.J or -J, Other examples will 
clear up this point if any doubt j'et exist 
in the mind of the student. Never- 
theless, the following propositions of 
arithmetic and algebra, which only differ 
in this, that “ whols number " in the 
arithmetical proposition is replaced by 
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“ timplf erpreinon" * in the alf^ebraical 
one, connect the two subject!) and render 
those demonstrations which are in aritb- 

The sum, difference, or product of 
two whole numbers, is a whole number. 

One number is said to be a measure 
of another when the quotient of the two 
is a whole number. 

The greatest common measure of two 
whole numbers is the greatest whole 
number which measures both, and is 
the product of all the prime numbers 
whicfi will measure both. 

When one number measures two 
others, it measures their sum, difference, 
and product. 

In the division of one number by 
another, the remainder is measured by 
anynumberwhich measures tlie dividend 
and divisor. 

A fraction is not altered by multiply- 
ing or dividing both its numerator and 
denominator by the same quantity. 

In the term simple expression are in- 
cluded those quantities which contain 
arithmetical fractions, provided there is 
no algebraical quantity, or quantity re- 
presented by letters in the denominator ; 
thus J o6-l-4 is called a simple expres- 
sion. We now proceed to the division 
of one simple expression by another, 
and we will take first the case where 
neither quantity contains more than one 
term. For example, what is 42 a't^c 
divided by 6 o' 6c ? that is, what quan- 
tity must be multiplied by 6 a* be, in 
order to produce 42 a* 6" c. This 
last expression written at length, is 42 
aaaa bbb c, and 42 is 6 x 7. We can 
then separate this expression into the 
product of two others, one of which 
shall be 6 at 6c, or G oa 6c ; it will then 
be G aa be X 7 aa bb, and it is 7 oa 66 
which must be multiplied by 6 oa 6c in 
order to produce 42 a'lf c. A few ex- 
amples worked in this way, will lead the 
student to the rule usually given in all 
cases but one, to which we now come. 
We have rroresented cc, ccc, cccc, &c. 
by c*, f4, c*, eu;., and have called them 
the second, third, fourth, &c. powers of 
c. The extension of this rule would 
lead us to represent c by <4, and call 
it the first i»wer of c. Again, we have 
represented c+c, c+c+c, c-hc-l-c-|-c, 
&c. by 2c, 3c, 4c, and have called 


* U/ a simple exprcit<vioa is meaitt oae which tlo^s 
Dn( cuntiiia the letter ia tb*: deuouiui4tor 

oi any fraction. 


metic confined to whole numbers, equally 
true in algebra as far as regards simple 
expressions : — 

The sum, difference, or product of two 
simple expressions is a simple expression. 

Une expression is said to be a measure 
of another when the quotient of the two 
is a simple expression. 

The greatest common measure of two 
expressions is the common measure 
which has the highest exponents and 
coefiicients, and is the product of all 
^me simple expressions which measure 

When one expression measures two 
others, it measures their sum, difference, 
and product. 

In the division of one expression by 
another, the remainder is measured by 
any egression which measures the 
dividend and divisor. 

A fractional expression is not altered 
by multiplying or dividing both its nu- 
merator and denominator by the same 
expression. 

2, 3, 4, Sic. the coefficients of c. The 
extension of this rule would lead us 
to write c thus, 1 c, or, rather, if we at- 
tend to the last remark, lc‘. This in- 
stance leads us to observe the gradual 
progress of our language. We liegin 
with the quantity c by itself ; we pro- 
ceed in our course, shortening by new 
signs the more complicated combi, 
nations of c, and the original quantity 
c forces itself anew upon our atten- 
tion as a part of the senes, 

c, 2c, 3c, 4c, &c,, and 
r, c“, (4, c*, &c. 

in each of which, except the first, there 
is a distinct figure, which is called a 
coefficient or exponent, according to its 
situation. We then deduce rules in 
which the terms coefficient or exponent 
occur, but which, of course, cannot 
apply to the first term in each series, 
because, as yet, it has neither coefficient 
nor exponent. Among such rules are the 
following ; — 

To add two terms of the first series, 
add the coefficients, and affix to the sum 
the letter c. Thus 4c+ 3c= 7c. 

To multiply two terms of the second 
series, add the exponents, and make this 
sum the exponent of c. Thus c'xc*=<4. 

To divide a term of the second series 
by one which comes before it, subtract 
the exponent of the divisor from the ex- 
ponent of the dividend, and make this 
difference the exjmnent of c. Thus, 
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These rules are inielligible for all 
terms of the series except the first, to 
which, nevertheless, they will apply if 
we ap;rec that 1 c* shall represent c, as 
will be evident by applying either of 
r* 

them to find 4c+c, c*xe, or We 
0 

therefore agree that Ic* shall stand for c, 
and although c is not written thus, it 
must be remembered that c is to be con- 
sidered as having the coefficient 1 and 
the exponent 1 , which is an amendment 
and enlargement of our algebraical lan- 
guage, derived from experience. It may 
be said that this is all superfluous, be- 
cause, if o' stand for cc, and c> for ccc, 
what can c‘ stand for but c? But it 
must be reoollecled that, since the sym- 
bol rt has not yet received a meaning, 
we are at liberty to make it stand for 
anything which we please, for example, 

fur * ^ or c — c>, or any other. If 
c 

we did this, there would, indeed, be a 
great violation of analogy, that is, what 
c' stands for would not be as like that 
which c* has been made to stand for, as 
the meaning of cP is to that of c* ; but, 
nevertheles.s, we should not l>e led to 
any incorrect results as long as we re- 
membered to make c' always stand for 
the same thing. These remarks are 
here introduced in order to show the 
manner in which analogy is fallowed in 
extending the language of algebra, and 
to prove that, after a certain period, we 
may rather be said to discover new sym- 
bols than to make them. The immense 
imjwrtance of this branch of the subject 
m^es it necessary that it should be 
fully and early understood by all who 
intend to pursue their mathematical stu- 
dies to any depth. To illustrate it still 
further, we sulyoin another instance, 
which has not been noticed in its proper 
place. 

The signs + and — were first used to 
connect one quantity with others, and 
to show what arithmetical operations 
were i>erformed on other quantities by 
means of the first. But the first quan- 
tity on which we begin the operation is 
not preceded by any sign, not being 
considered as added or subtracted to any 
|)rcvious one. Kules were afterwards 
deduced for the addition and subtraction 
of the total result of several expressions 
in which these signs occur, as follows : 

To add two expressions, Ibrui a third, 
which has all the quantities in the first 
two, with the same signs. 


To subtract one expression from ano- 
ther, change the sign of each term of 
the subtrahend, and proceed as in the 
last rule. 

The only terms in which these rules 
do not apply are those which have no 
sign, viz. the prst of each. But they 
will apply to those terms, and will pro- 
duce correct results, if we place the 
sign + before each of them. We are 
thus led to see that an algebraical term 
which has no sign is equivalent in all 
operations to one which is preceded by 
the sign -b. We, therefore, consider 
this sign as prefixed, though it is not 
always written, and thus we are fur- 
nished with a method of containing 
under one rule that which would other- 
wise require two. 

From these considerations the follow- 
ing appears to be the best and most na- 
tural course of proceeding in the inven- 
tion of additional symbols. When a 
rule has been discovered which is not 
quite general, and which only fails in 
its application to a few instances, annex 
such additional symbols to those already 
in use, or change and modify these so as 
to make the rule applicable in all cases, 
provided always this can be done with- 
out making the same symbol stand for 
two different things, and without any 
violation of analogy. If the rule itself, 
by its application to any case, should 
produce a new symbol hitherto unex- 
plained, it is a sign that the rule has 
been applied to a case which was never 
intend^ to fall under it when it was 
made. For the solution of this case we 
must have recourse to first principles, 
but when, by these means, the result 
has been found, it will lie best to agree 
that the new symbol furnished by the 
rule shall stand for the result furnished 
by tlie principle, by which means the 
generality of the rule will be attained 
and the analogy of language will not be 
iqjured. Of this the following is a re- 
markable instance : — 

To divide c» by c> the rule tells us to 
subtract h from 8, and make the result 
the exponent of c, which gives the quo- 
tient c®. If we a])ply the same rule to 
divide c* by <fi, since fi subtracted from 6 
leaves 0, the result is <p, a new symbol, 
to which we have attached no meaning. 
The fact is that the rule was formed 
from observation of different powei-s of c, 
and was never intended tdapply to the di- 
vi.sion of a power of c by the same pow er. 
If we apply the common principles to the 
division of efi by <fi, the result is 1. IVe, 
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therefore, agi^ that e shall stand for 1 , 
and the least inspection will show that 
this agreement does not affect the truth 
of any result derived from the rule. If, 
in the solution of any problem, the 
symbol c" should appear, we must con- 
sider it is a sign that we have, in the 
course of the investigation, divided a 
power of c by itself by the common rule, 
without remarking that thecjuotient is 1. 
We must, therefore, replace by 1, but 
it is entirely indifferent at what stage of 
the process this is done. 

Several extensions might be noticed, 
which are made almost intuitively, to 
which these observations will apply. 
Such, for example, is the multiplication 
and division of any number by 1, which 
is not contemplated in the definition of 
these operations. Such is also the con- 
tinual use of 0 as a quantity, the addition 
and subtraction of it from other quanti- 
ties, and the multiplication of it by 
others, neither of which were contem- 
plated when these operations were first 
thought of. 

We now proceed to the principles on 
which more complicated divisionsare per- 
formed. The question proposed in uivi- 
sion,and the manner of answering it, may 
be explained in the following manner, 
lait A be an expression which is to be 
divided by H, and let Q be the quotient qf 
the two. By the meaning of division, if 
there be no remainder A ~ Q H, since 
the quotient is the expression which 
must multiply the divisor, in order ta 
produce the dividend. N ow let the quo- 
tient be made up of different terms, 
o, 6, c. Sec., let it be « + 6 — c + d. 
That is, let 

A=QH (1) 

Q=a-(-6-c+<i (2) 

By putting, instead of Q in (1), that 
which is equal to if in (2), we find 
A = (a-t-6— c+-j)H = 
all-bAH-cH + dH (3) 

N ow suppose that we can by any method 
find the term a of the quotient, that is, 
that we can by trial or othenvise find 
one term of the quotient. In (3), when 
the term a is found, since H is known, 
the term aH is found. Now if two 
quantities are equal, and from them we 
subtract the same quantity, the remain- 
ders will be equal. Subtract all from 
the equal quantities A and oH + 6 H — 
cH + d H, and we shall find 

A-aH = 6H-cH-bdH = 

0 — c + (I) H. (4) 

It then, we multiply the term of the 


quotient found by the divisor, and sub- 
tract the product from the dividend, and 
call the remainder B ; then 

B = (6 - c + rf) H. (5) 

That is, if B be made a dividend, and H 
still continue the divisor, the quotient is 
6 — c + d, or all the first quotient, ex- 
cept the part of it which we have found. 
We then proceed in the same manner 
with this new dividend, that is, we find 
b and also 6H, and subtract it from B, 
and let B — i H be represented by C, 
which gives by the process which has 
just been explained 

C = (-c-l- d)H = -cH +dH. (6) 

We now come to a negative terra of 
the quotient. Let us supjxise that we 
have found c, and that its sign in the 
quotient is — , If two quantities are 

equal, and we add the same quantity to 
both, the suras are equal. Let us there- 
fore add c H to both the equal quantities 
in (6), and the equation will become 

C + oH=dH; (?) 

or if we denote 0 -1- c H by D, this is 
D = dH. 

There )s only one terra of the quotient 
remaining, and if that can be found the 
rocess is finished. But as we cannot 
now when we have come to the last term, 
we must continue the same process, 
that is, subtract d H frorft I), m doing 
which we shall find th.it d H is equ3 
to I), or that the remainder is nothing. 
This indicates that the quotient is now ex- 
hausted and that the process is finished. 

We will now apply this to an exam- 
ple in which tlie quotient is of the same 
form as that in the la.st process, namely, 
consisting of four terms, the third of 
which has the negative sign. Tliis is the 
division of 

a'*— + J^y + ixy’hyx—y, 

Arrange the first quantity in descending 
powers of x which will make it stand 
thus — 

x* + x*y — Sai'y'+'i xy* — y* (A) 

One term of the quotient can be found 
immediately, for since it has been shewn 
that the term containing the highest 
power of a in a product, is made up of 
nothing but the product of the terms 
containing the highest powers of x which 
occur in the multiplier and multiplicand, 
and considering that the expression ( A) 
is the product ofx — y and the quotient, 
we shall recover the highest power of x 
in the quotient by dividing a*, the highest 
power of X in (A), by x, its highest 
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power in X — y. This division gives with each line is put the corresponding 
as the first term of the quotient. The step of the process above explained, of 
following is the common process, and which this is an example : — 


(oH) 

(B) 
(&H) 

(C) 
(cH) 

(D) . 
(<iH) 


(H) (A) (a) 

X — y) X* + x’ y — 3 X* y® + 2 .ry* - y‘ (*' 
Subtract x*.— x’y 


(A) 

Second dividend . . 2 x’y — 3 X*y* + 2xy’— y* (+ 2 x’y 
Subtract. . 2x»y — 2 3-*y- 

(c) 

Third dividend — x* y* + 2 ,ry ' — y* ( — xy* 

Subtract . . . . _ x* y* + xy’ 

(d) 

Fourth dividend xy’ — y* (+ 

Subtract xy' — y* 

0 


The whole quotient is therefore x* + 2 x’ y — xy* + y*. 


The second and following terms of the 
quotient are determined in exactly the 
same manner as the first. In fact this 
process is not the finding of a quotient 
directly from fhe divisor and dividend, 
but one term is first found, and by means 
of that term another dividend is oDtained, 
which only differs from the first in 
having one term less in the quotient, viz, 
that which was first found. From this 
second dividend one term of its quotient 
is found, and so on until we obtain a 
dividend whose quotient has only one 
term, the finding of which finishes the 
process. It is usual also to neglect all 
the terms of the first dividend, except 
those winch are immediately wanted, 
taking down the others one by one as 
they become necessaiy. This is a very 
good method in practice, but should be 
avoided in explaining the principle, since 
the first subtraction is made from the 
whole dividend, though the operation 
may only affect the form of some part 
of it. 

• If the student will now read atten- 
tively what has been said on the greatest 
common measure of two numbers, and 
then examine the connexion of whole 
numbers in arithmetic and simple ex- 
pressions in algebra, with which we 
commenced the subject of division, he 
will see that the greatest algebraical 
common measure of two expressions 
may be found in exactly the same man- 
ner as the same 0 ]ieration is performed 
in arithmetic. He must also recollect 
that the greatest common measure of 
two expressions A and B is not altered 
by multiplying or dividing either of them, 
A for example, by any quantity, provided 


that quantity has no measure in com- 
mon with B. For example, the greatest 
common measure of a* — x* and 
ba' — Ax’ is the same with that of 
2 o’ — 2x* and o’ — x’, since though a 
new measure is now introduced into the 
first, and taken away from the second, 
nothing is introduce or taken away 
which is common to both. The same 
observation applies to arithmetic also. 
For example, take the numbers 162 and 
180. We may, without altering their 
greatest common measure, multiply the 
first by 7 and the second by 1 1 , &c. 
The rule for finding the greatest com- 
mon measure should be practised with 
great attention hy all who intend to pro- 
ceed lieyond the usual stage in algeWa. 
To others it is not of the same import- 
ance, as the necessity for it never occurs 
in the lower branches of the science. 

In proceeding to the subject of frac- 
tions, it must be observed that, in the 
same manner as in arithmetic, when 
there is a remainder which cannot be 
further divided by the divisor, that is, 
where the dividend is so reduced that 
no simple term multiplied by the first 
term of the divisor will give the first 
term of the remainder, as in the case 
where the divisor is a’x •+• Ax’ and the 
remainder ox + A ; in this case a frac- 
tion must be added to the quotient, 
whose numerator is this remainder, and 
whose denominator is the divisor. Thus 
in dividing a' -t- A* by a -fi A, the quotient 
is o’ —a'o -1-aA* + 1?, and the remainder 
2A*, whence 


o’ — A* 
a -1- A 


x>-«’A-t-aA”-A’-t- 


2A’ 
u + A 


Digitized by Google 



MATHEMATICS. 


29 


The arithmetloil rules for the addition, 
8cc. of fractions hold equally Rood when 
the numerators and denominators are 

a 1 

themselves fractions. Thus ^ and ’ are 

T a 

added, &c., exactly in the same way as 
f and the sum of the second being 
7 X 2 + .9 X .9 
5x7 

and that of the first 

J X j 1 X i 

T X J 

The rules for the addition, Jke. of alge- 
braic fractions are exactly the same as 
in arithmetic ; for both the numerator 


and denominator of every algebraic frac- 
tion stands either for a whole number 
or a fraction, and therefore the frac- 
tion itself is either of the same form as 

^ or- j. Nevertheless the student should 

attend to some examples of each opera- 
tion upon atobraic fractions, by way of 
practice in the previous operations. As 
the subject is not one which presents 
any peculiar difficulties, we shall now 
pass on to the subject of equations, con- 
cluding this article with a list of formulae 
which it is highly desirable that the 
student should commit to memory before 
proceeding to any other part of the sub- 
ject. 


<a + b} + (a — b) = la 

(1) 

ia + b) — (a — b) = 2b 

(■2) 

a — (a — b) = b 

(3) 

(a + 6)’ = o’ + 2ab + b' 

(4) 

(a — 6)* = a‘ — 2ab -1- 6’ 

(5) 

(2ax + i)* = 4a’*' -1- 4ab.r -1- 6' 

(G) 

(a -h A) (n — 6) = a* — A’ 

(7) 

(a- + a) -1- A) = a-’ -1- (a -1- A) * -t- oA ^ 
(X— a) (X — b) = X* — {a + b) X + ab > 

(8) 

a ma 

(9) 

11 

ll 

c ad+c c ad - c 

(10) 

a+j— . j 

d d d d 

rt c ad-\~bc a c ad - be 

b ^ d bd b d bd 

(11) 

a ac a a c ae 

(12) 

b'^d~bd 

(1 a 


b ^ ^ ^ 

c be b 

(13) 

n a 


T _ ad - _ 7 
be t 

(14) 

d d 


! 


it a 

(15) 


a 


Chapter VIII. 

Equation* of the First Degree. 

We have already defined an ec^uation, 
and have come to many equations of 
different sorts. But all of them had this 
character, that they did not depend upon 
the particular number which any letter 
stood for, but were equally true, what- 
ever numbers might be put in place of 


the letters. For example, in the equation 



the truth of the assertion made in this 
algebraical sentence is the same, whe- 
ther a be considered as representing 
1, 2, 2J, fkc., or any other number or 
fraction whatever. The second side of 
this equation is. in fact, the result of the 
operation pointed out on the first side. 
On the first side you are directed to 
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divide a’ - 1 by a + I • the second side its two sides ere but different ways of 
shews you the result of that division, writing down the same number. This 
An equation of this description is Called will be more clearly seen in the identical 
an identical equation) because, in fact, equations 

a + (1 = 2(1, 7a - 3a + ft = 4a - 36 + 46, and x 6 = a. 

6 


The whole of the formula; at the end 
of the last article are examples of iden- 
tical e<juations. There is not one of 
them which is not true for all values 
which can be given to the letters which 
enter into them, provided only that what- 
ever a letter stands for in one part of an 
equation, it stands for the same in all 
the other parts. 

If we take, now, such an equation as 
a-t- 1 =8, we have an aquation which is 
no longer true for every value which can 
be given to its algebraic quantities. It 
is evident that the only number which a 
can represent consistently with this 
equation is 7, as any other supposition 
involves absurdity. This is a new siai- 
cies of equation, which can only exist in 
some particular case, which parlieitlar 
case can be found from the equation 
itself. The solution of every problem 
leads to such an equation, as will be 
shown hereafter, and, in the elements of 
algebra, this latter species of equation 
is of most importance. In order to dis- 
tinguish them from identical equations, 
they are called equations qf condition, 
because they cannot be true when the 
letters contained in them stand for any 
number whatever, and their very exist- 
ence makes a condition which the letters 
contained must fulfil. The solution of 
an equation of condition is the process 
of finding what number the letter must 
stand for in order that the equation may 
lie true. Every such solution is a pro- 
cess of reasoning, which, setting out 
with supposing the truth of the equation, 
proceeds by self-evident steps, making 
use of the common rules of arithmetic 
and algebra. We shall return to the 
subject of the solution of equations of 
condition, after showing, in a few in- 
stances, how we come to them in the 
solution of problems. In equafions of 
condition, the quantity whose value is 
determined by the equation is usually 
represented by one of the last letters of 
the alphal>ct, and all others by some of 
the first. This distinction is necessary 
only for the beginner ; in time he must 
learn to drop ii, and consider any letter 
as standing for a quantity known or un- 
known, according to the conditions of 
the problem. 


In reducing problems to algebraical 
equations no general rule can be given. 
The problem is some property of a 
number expressed in words by which 
that number is to be found, and this pro- 
])erty must be written down as an equa- 
tion in the most convenient way. As 
examples of this, the reduction of the 
following problems into equations is 
given 

I. What number is that to which, if 
5C be added, the result will be 200 dimi- 
nished by twice that number ? 

Let X stand for the number which is 
to lie found. 

Then .t-(-56 = 200-2x. 

If, instead of o6, 200, and 2, any other 
given numbers, a, 6, and c, are made 
use of in the same manner, the equation 
which determines x is 

xJra=b-cx. 

II, Two couriers set out from the 
same place, the second of whom goes 
three miles an hour, and the first two. 
The first has been gone four hours, 
when the second is sent after him. How 
long will it be before he overtakes him .’ 

Let X be the number of hours which, 
the second must travel to overtake 
the first. At the time when this event 
takes place, the first has been gone 
a- -f 4 hours, and will have travelled 
(.r-l-4)2, or 2x4-8 miles. The second 
has been gone x hours, and will have 
travelled 3x miles. And, when the 
second overtakes the first, they have 
travelled exactly the same distance, and, 
therefore, 

3x=2x4-8. 

If, instead of these numbers, the first 
goes a miles an hour, the second 6, and 
c hours elapse before the second is sent 
after the first, 

6x=ax4-ac. 

Four men. A, B, C; and D, built a 
ship which cost 2607f„ of which B paid 
twice as much as A, U (raid as much as 
A and U, and D as much os C and B. 
M'hat did each pay ? 

Suppose that A paid x pounds, 
then B paid 2.r . . . 

C! paid x4-2x or 3x’ . . . 
U paid 2x-t-3.r or 5x . • . 
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All toeether paid x+2x+3x or 
ll;r, therefore 

lla:=2607. 

There are two cocks, from the first of 
which a cistern is filled in 12 hours, and 
the second in IS. How lonp would they 
be in filling it if both were opened toge- 
ther ? 

Let X be the number of hours which 
would elapse before it was filled. Then, 
since the first cock fills the cistern in 
12 hours, in one hour it fills of it, in 
two hours -jSj, &c., and in x hours . 
Similarly, in x hours, the second cock 
fills j-'j of the cistern. When the two 
have exactly filled the cistern, the sum 
of these fractions must represent a whole 
or 1, and, therefore, 


Tf the times in which the two can fill 
the cistern are a and 6 hour.s, the equa- 
tion becomes 


A person bought 8 yatds of cloth for 
3l. 2*., giving 9*. a yard for some of it 
and Ts. a yard for the rest ; how much 
of e.ach sort did he buy ? 

Let .T be the number of yards at 7*. 
Then 7x is the number of shillings they 
cast. Also 8 —X is the number of yards 
at 9«., and 8 — i'9, or 72 — 9x, is the 
number of shillings they cost. And the 
sum of these, or 7x‘+72 — 9x, is the 
whole price, which is 3l. 2s.) or 62 shil- 
lings, and, therefore, 

7J‘+72 — 9a;=62. 

These examples will l>e sufficient to 
show the method of reducing a problem 
to an equation. Assuming a letter to 
stand for the unknown quantity, by 
means of this letter the same quantity 
must be found in two different forms, 
and these must be connected by the 
sign of equality. However the reduc- 
tion into equations of such problems as 
are usually given in the treatises on al- 
gebra rarely occurs in the applications 
of mathematics. The process is a use- 
ful exercise of ingenuity, but no student 
need give a great deal of time to it. 
Above all, let no one suppose, because 
he finds himself unable to i^uce to 
equations the conundrums with which 
such books are usually filled, that, there- 
fore, he is not made for the study of 
mathematics, and should give it up. His 
future progress depends in no degree 
upon the facility with which be disco* 


vers the equations of problems ; we 
mean as far as power of comprehending 
the subsequent sciences is concerned. 
He may never, perhaps, make any con- 
sidcralile step for himself, but, without 
doing this, he may derive all the benefits 
which the study of mathematics can 
afford, and even apply them extensively. 
There is nothing which discourages be- 
ginners more than the difficulty of re- 
ducing problems to equations, and yet, 
as respects its utility, if there be any- 
thing in the elements which may be dis- 
pensed with, it is this. We do not wish 
to depreciate its utility as an exercise for 
the mind, or to hinder all from attempt- 
ing to conquer the difficulties which pre- 
sent themselves ; but to remind evciy 
one that, if he can read and understand 
all that is set before him, the essential 
benefit derived from mathematical stu- 
dies will be gained, even though he 
should never make one step for himself 
in the solution of any problem. 

We return now to the solution of 
equations of condition. Of these there 
arc various classes. Equations of the 
fii-st degree, commonly called simple 
equations, are those which contain only 
the first power of the unknown quantity. 
Of this class are all the equations to 
which we have hitherto come in the so- 
lution of problems. The principle by 
which they are solved is, that two equal 
quantities may be increased or dimi- 
nished, multiplied, or divided by any 
quantity, and the results will be the 
same. In algebraical language, if a=6 
o-t-c = 6 + c,a-e = 6- ctic = 6c and 

— = In every elementary book it is 

stated that any quantity may be removed 
from one side of the equation to the 
other, provided its sign be changed. 
This is nothing but an application of the 
principle just stated, as may be shown 
thus : — Let a + 6 — c = d, add c to both 
quantities, then 

a + 6— c-t-c = d + cora-t-ft 
Again subtract A from both quantities, 
thenn-|-6-e-A=d — A, or a—c = d — b. 
Without always repeating the principle, 
it is derived from observation, that its 
effect is to remove quantities from one 
side of an equation to another, changing 
their sign at the same time. But the 
beginner should not use this rule until 
he is perfectly familiar with the manner 
of using the principle. He should, until 
he has mastered a good many examples, 
continue the operation at full length, 
instead of using tlie rule, which is an 
abridgment of it. In fact it wouid.be 
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belter, and not more prolix, to abandon 
the received phraseolo^’, and in the ex- 
ample just cited, instead of saying “ bring 
the term b to the other side of the equa- 
tion," to say “subtract b from both 
sides," and instead of saying “ bring c to 
the other side of the equation," to say 
“ add c to both sides." 

Suppose we have the fractions 
and /V- If multiply them all hy tlie 
product of the denominators 4x7x14, 
or 392, all the products will tie whole 

1. m. II u 3x392 1x392 

numbers. They will be , , 

4 7 

,5x392 

and — - — , and since 392 is measured 
4 

by 4, 3 X 392 is also measured by 4, and 
3 X 392 

— : — is a whole number, and so on. 
4 

But any common multiple of 4, 7, and 
14 will serve as well. The least com- 
mon multiple will therefore be the most 
convenient to use for this purpose. The 
least common multiple of 4, 7, and 14, 
is 28, and if the three fractions be mul- 


tiplied by 28, the results will be whole 
numbers. The same also applies to 
<1 c 

algebraic fractions. Thus j-. t. and 
b ae > 



they are multiplied by bxdexb<^, or 
b‘d‘ef. But the most simple common 
multiple of b, de, and bdf, is bdef, which 
should be used in preference to b^d‘ef. 

This being premised, we can now re- 
duce any equation which contains frac- 
tions to one which does not. For ex- 
ample, take the equation 

£ ^ _ 7 3—2® 

3 T “ To " 6~‘ 

If we multiply both these equal quan- 
tities by any other, the results will be 
equal. We choose, then, the least quan- 
hty, which will convert all the fractions 
into simple quantities, that is, the least 
common multiple of the denominators 
3, 5, to, and 6, which is 30. If we mul- 
Uply both equal quantities by 30, the 
equation becomes 


30® , 60® 210 30(3 — 2®) 

~ = To 

„ . 30® . 30 60® . 60 

But — IS Y X ®, or 10®, ~ IS — XX, or 12®, &c, ; so that 

we have 10® ■+ 12® = 21 — 5 (3 _ 2x), 
or 10® + 12® = 21 - (15 - 10.®), 
or 10® -t- 12®= 21-15-1- 10®. 


( 2 ) 

(3) 

(D 


Beginners very commonly mistake this 
process, and forget that the sign of sub- 
traction, when it is written before a 
fraction, implies that the whole result 
of the fraction is to be subtracted from 
the rest. As tong as the denominator 
remains, there is no need to signify 
this by putting the numerator lietween 
brackets, but when the denominator is 
taken away, unless this be done, the 
sign of subtraction belongs to the first 
terra of the numerator only, and not to 
the whole expression. The way to avoid 
this mistake would be to place in brackets 
the numerators of all fractions which 
have the negative sign before them, and 
not to remove those brackets until the 
operation of subtraction has been per- 
formed, as is done in eijuation (4). 

The following operations will afford 
exercise to the .student,sufficient, perhaps, 
to enable him to avoid this error : — 

, b - c + d - e af-\-b-c-\-d-e 

, + — — . 

^ 2xi _‘j__ 3-2X 

3^5 10 “ 6 


b 

a 


-c + d —e 

J 


af -b-\-c-d + e 

7 


a-l- ft -I- 


g -ftj» 
a +b 


2 g*-l-2 ft* 
a -(-ft 


a -1- ft - 



a +b 


,4ab 
• g-f-ft 


We can now proceed with the solution 
of the equation. Taking up the equation 
(4) which we have deduced from it, suli- 
tract 10 ® from both sides, which gives 
10®-(-12 ®— 10®=21 — 15, or 12® = 6: 
divide these equal quantities by 1 2, which 

gives = or® = +. Tlus IS the 

12 12 

only value which ® can have so as to 
make the given equation true, or, as it is 
called, to satixfy the equation. If, in- 
stead of ® we substitute we shall find 
that — 




L 1 . 

10 o’ 
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tills we find to be true, since ^ is 

G 5 30 

^ 7 2 22 ,11 22 , ,, 

B.id — , and — = — . Intnese 

10 6 60 30 GO 


equations of the first degree there is one 
unknown quantity, and all the others 
are known. These known quantities 
may be represented by letters, and, as 
we have said, the first letters of the al- 
phabet are commonly used for that 


purpose. We will now take an equation 
of exactly the same form as the last, 
putting letters in place of numbers : — 

X ^ d f—gx 
ace h ' 

The solution of this equation is as 
follows : multiply both ((uanlities by 
aceh, the most simple multiple of the de- 
nominators, it then becomes, — 


acehx 

a 


+ 


abeehx 

c 


acdeh aceh ( f —gx) 

~~e h ’ 


or, cehx -t- aiehx = acdh — ace (f—gx), 
or, cehx + abehx = acdh — acef + acegx. 

Subtract acegx from both sides, and it becomes 

cehx + abehx - acegx = acdh - acef 
or ceh + abeh-~ aceg\x = ocd/» — acef. 

Divide both sales by ceh -t- abeh — aceg, which gives 
_ acdh — acef 
^ ~ ceh + abeh— aceg. 

The steps of the process in the second to find the solution of the equation first 
case are exactly the same as in the first ; given, we must substitute 3 for a, 2 for 
the same reasoning establishes them 6, 5 for c. 7 for <<,10 for e, 3 for/, 2 for 
both, and the same errors are to lie g, and 6 for A, which gives for the value 
avoided in each. If from this we wish of *, 


3X5X7X6~3X5X10X3 3x5x1 2 180 

5x 10 XC-t-3x2x 10X0-3X5X10X2’ 3 X 2 X 10 X 6’ ” 360’ 


which is the same as before. 

If in one equation there are two un- 
known quantities, the condition is not 
sufficient to fix the vtdues of the two 
quantities; it connects them, never- 
theless, so that if one can be found 
the other can be found also. For 
example, the equation a; + y = 8 ad- 
mits of an infinite number of solutions, 
for lake x to represent any whole num- 
ber or fraction less than 8, and let y 
represent what x wants of 8, and this 
equation is satisfied. If we have another 
equation of condition existing between 
tlw same quantities, for example, 
3 a: — 2 y = 4 ; this second equation 
by itself has an infinite number of solu- 
tions : to find them, y may tie taken at 
4 4* 2 V 

pleasure, and x = — ^ — -. Of all the 

solutions of the second equation, one 
only is a solution of the first ; thus there 
is only one value of x and y which 
satisfies both the equations, and the 
finding of these values is the solution of 
the equation. But there are some par- 
ticular cases in which every value of x 
and y which satisfies one of the equa- 


tions satisfies the other also ; this hap- 
pens whenever one of the equations can 
be deduced from the other. For ex- 
ample, when x+y = 8, and 4 x — 29 
= 3 — 4y, the second of these is the 
same, as 4 ar-+-4 y =3-1-29, or 4 a:-f-4 y 
= 32, which necessarily follows from the 
first equation. 

If the solution of a problem should lead 
to two equations of this sort, it is a sign 
that the problem admits of an infinite 
number of solutions, or is what is called 
an indeterminate problem. The solu- 
tion of equations of the second degree 
does not contain any peculiar difficulty ; 
we shall therefore proceed to the con- 
sideration of the isolated negative sign. 

Chapter IX. 

On the Negative Sign, (§x. 

Ip we wish to say that 8 is greater 
than 5 by llie number 3, we write this 
equation 8-5 = 3. Also to say that 
a exceeds b by c, we use the equation 
a - b = c. As long as some numbers 
whose value we know arc subtracted 
from others equally known, there is no 
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fear of our atfempfinf; to subtract the 
greater from the less ; of our writing 
3 - 8 for example, instead of 8 - 3. But 
in jirosecuting invcstications in which 
letters occur, we are liable, sometimes 
from inattention, sometimes from igno- 
rance as to which is the greater of two 
quantities, or from misconception of some 
of the conditions of a problem, to re- 
verse the quantities in a subtraction, for 
example to write a - b where b is the 
greater of two quantities, instead of 
b - a. Had we done this with the sum 
of two quantities, it would have made 
no ditference, because a + i and 6 f a 
are the same, but this is not the case 
with a - b and b - a. For example, 
8 - 3 is easily understood ; 3 can be 
taken from 8 and the remainder is S ; 
but 3 - 8 is an impossibility, it requires 
you to take from 3 more than there is 
in 3, which is absurd. If such an ex- 
pression as 3 - 8 should be the answer 
to a jiroblem, it would denote either that 
there was some absurdity inherent in the 
problem itself, or in the manner of 
putting it into an equation. Never- 
theless, as such answers will occur, the 
student must be aware what sort of 
mistakes give rise to them, and in what 
manner they affect the process of in- 
vestigation. 

We would recommend to the beginner 
to make experience his only guide in 
forming his notions of these quantities, 
that is, to draw his rules from the ob- 
servation of many results, not from any 
theory. The difficulties which encom- 
pass the theory of the negative sign 
are explained at liest in a manner which 
would embarrass him : probably he would 
not see the difficulties themselves ; too 
easy belief has always been the fault of 
young students in mathematics, and it is 
a great point gained to get them to start 
an objection. We sliall observe the 
effect of this error in denoting a sub- 
traction on every species of investigation 
to which we have hitherto come, and 
shall deduce rules which the student 
will recollect arc the results of experi- 
ence, not of abstract reasoning. The ex- 
tensions to which he will be led have ren- 
dered Algebra much more general than 
it was Ijefore, have made it competent 
to the solution of many, very many 
questions which it could not have 
touched, had they not been attended 
to. They do, in fact, constitute part 
of the groundwork of modem Algebra, 
and should be considered by the student 
who is desirous of making his way into 


the depths of the science with the 
highest degree of attention. If he is 
well practised in the ordinary rules which 
have hitherto been explained, few diffi- 
culties can afterwards embarrass him, 
except those which arise from some con- 
fusion in the notions which he has 
formed upon this part of the subject. 

For brevity's sake we hereafter use 
this phrase. Where the signs of eveiy 
term in an expression are changed, it is 
said to have changed its form. Thus 
+ a - 6 and + b - a are in different 
forms, and if a be greater than b, the 
first is the correct form, and the second 
incorrect. An extension of a rule is 
made, by which such a quantity as 3 - 8 
is written in a different way. Suppose 
that d- 3 -[8 is connected with any 
other numbw thus, 56-1-3—8. This 
maybe written 56 -I- 3 -(3 -1-5), or 56-1- 
3 - 3 - 5, or 66 - 5. It appears, then, 
that -1-3 - 8, connected with any number 
is the same as - 5 connected with that 
number ; from this we say that -1-3-8, 
or 3 - 8 is the same thing as - 5, or 
3 - 8 = - 5. This is another wav of 
writing the equation 8-3 = 5, and in- 
dicates equally that 8 is greater than 6 
by 3. In the same way, a - 6 = - c 
indicates that b is greater than a by the 
quantity c. If a be nothing, this 
equation becomes - b = — c, which in- 
dicates that b = e, since if the equation 
a ~ b s= -c be written in its true form 
b-a—c, and if a=0, then i=c. We 
can now understand the following 
equations : — 

a-b+e-d= -e 
br 6-fd-‘-o-c=e 

2a4 -cf -If = -d-e 
or 0 * -t-6* -iab=d-\-e. 

We must not commence any opera- 
tions upon such an equation be a- b = 
-c, until we have satisfied ourselves of 
the manner in which they should be 
))erfonned, by reference to the correct 
form of the equation. This correct form 
is 6 - a = c. This gives d + b - a 
d + c, or d - ia — b) — d c. Write 
instead of a - 4 its symbol — c, and then 
d - (- c) =d -1- c. Here we have per- 
formed an operation with a - b, which 
is no quantity, since a is less than 4, but 
this is done because our present object is, 
in applying the common rules to such 
expressions, to watch the results, and 
exhibit them in their real forms. The 
first side n - ( - e), is in a form in which 
we can attach no meaning to it, and the 
second side gives its real form d + e. 
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The meaninj; of this expression is, that 
if with a -b, which we think to be a 
quantity, but which is not, since a is less 
than b, we follow the al|;ebraical rule in 
subtracting a - b fixtm d, we shall 
thereby ^t the same result as if we had 
added the real quantity b - atod. If 
we make use of the form d - ( - c), it 
is because we can use it in such a 
manner as never to lose si^ht of its con- 
nexion with its real form d -1- c, and be- 
cause we can establish rules which will 
lead us to the end of a process without 
any error, except those which we can 
correct as certamly at the end as at the 
heginning. 

The rule by which we proceed, and 
which we shall establish numerous 
examples, is, that wherever two like signs 
come together, the corresponding part 
of the form has a positive sign, 
and wherever two unlike ingns come 
together, the real form has a negative 
sign. Thus the real form of d - ( - c) 
is d -I- e. Again, take the real form 
6 - a = e of the equation a - b = - e, 
and it follows that a - (6 -o)=d-c, 
or d -b+a=d-c, or d-t-a- b=d~e, 
or d+ (a-b)=d- c. This is d-|-( -c) 
^ d - c, another case in which the 
rule is verified. Again, multiply toge- 
ther a - b and m - n, the product is 


am-an-bm + bn. This is the same 
product as arises from multiplying b-a 
by n-m, written in a different order. 
If, then, b - a ■=■ c, and n - m = p, or 
a — b - c, and m - n = - n, we find 
that (- c) X ( - p) = c p. By which 
result we mean that a mistake, in the 
form of both a - b and m - n, will 
not produce a mistake in the form of 
their product, which remains what it 
would have been had the mistake not 
been made. Again 
(n-m) (b-a)= bn-bm-an+am 
(n-m)(a-b)^ an - am - bn + bm 

If the first product be real and equal to 
F, the second is represented by - R The 
first is c p, the second is ( - c) xp, which 
gives 

(-c)xpz=-cp. 

That is, a mistake in the form of one 
factor only alters the form of the pro- 
duct. To distinguish the right form from 
the wrong one, we may prefix -I- to the 
first, and - to the second, and we may 
then recapitulate the results, and add 
others, which the student will now be 
able to verify. 

The sign + placed before single quan- 
tities shows that the form of the quantity 
is correct ; the sign — shows that it has 
- been mistaken or changed. 


o-K + 6) = o-t-6 a+l~b)=a~b 

a-i + b)=a-b a-(-b)=a+b 

(+a)x(+b)=+ab (+a)x(-b)= -ab 

(-a)x(-b)= +ab = (+a)x(+b) 


-ha _ , a 
+b~ ^ d 
+a a _ -a 

rj = ” 6 “ -(-6 



-ox -a 
— ox -ox -o 
-ax -ox -ox - 0 = 
See. 

’ We see, then, that a change in the 
form of any quantity changes the form 
of those powers whose exponent is an 
odd numW, but not of those whose 
exponent is an even number. By these 
rules we shall be able to tell what 
changes would be made in an expression 
by altering the forms of any of its let- 
ters. It may be foirly asked whether 


+a 

-i-o’x-o =-flP 

-o*x-fl =+ 0 * 

&c. 

we are not changing the meaning of tlie 
signs-l-and-, in making-ho stand for 
an expression in which we do not alter 
the signs, and- o for one in which the 
signs are altered. The change is only 
in name, for since the rule of addition is, 
“Btmex the expressions which are to 
be added without altering the signs of 
either," or “ annex the expressions with- 
Di 
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out alterinf^ the form of either;” the 
quantity a+b, which is the sum of the 
two expressions a and b, stands for the 
same as + o+6, in which the new notion 
of thesifrn +is used. viz. the expressions 
a and b are annexed with unaltered 
forms, which is denoted by writing toge- 
ther -h a and -I- b. Again, the rule for 
subtraction is, “change the sign of the 
subtrahend or expression which is to be 
subtracted, and annex the result to the 
other expression," or “ change the form 
of the subtrahend and annex it to the 
other," which, the expressions being 
a and b, is written a-b, which answers 
equally well to the second notion of the 
sign -, since + a — b indicates that 
a and 6 are to be annexed, the first with- 
out, the second with a change of form. 
These ideas of the signs -f- and - give, 
therefore, in praotice, the same results 
as the former ones, and, in future, the 
two meanings may be used indiscri- 
minately. But when a single term is 
used, such as -I- a or - a, the last ac- 
uired notions of + and - are always un- 
erstood. 

This much being premised, we can 


see, by numberless instances, that, if 
the form of a quantity is to be changed, 
it matters nothing whether it is changed 
at the beginning of the process, or xvhe- 
ther we wait till the end, and then follow 
the rules abovementioned. This is evi- 
dent to the more advanced student, from 
the nature of the rules themselves, but 
the beginner should satisfy himself of 
this fact from experience. We now 
give a proof of this, as far as one ex- 
pression can prove it, in the solution of 
the equations, — 


,0* (fix . 

and T - ax= — a-b 
b b 

which two equations only differ in the 
form in which a appears. For, if the 
form of a in the first equation be altered, 

that of j- and -j- is unaltered, -t-ox be- 
b b 

comes -a.r, and-f-a becomes -a. We 
now solve the two equations in opposite 
columns. 


+ ax = —r-+a — b 
b b 

a’ + abx =o*x 4-06-6* 

(f-ab+lfi^cfix-dbx 

<^{€fi-ab)x 

a* — id)+lfi 

* (fi-ab 


- ax = 
b 


■a-b 


efi - abx = (fix -ab-b' 
a* 4- o 6 4- 6* = o*a?4- o6a? 

= (a’H-o6)a: 


0*4-064-6* , 

o’ 4- 06 


The only difference betw’cen these ex- 
pressions arises from the different form of 
o in the two. 1 f, in cither of them, - o be 
put instead of + a, and the rules laid 
down be followed, the other will be pro- 
duced. We see, then, that a simple 
alteration of the form of o in the ori- 
ginal equation produces no other change 
in the result, or in any one of the steps 
which lead to that result, exce]^ a simple 
alteration in the form of a. From tliis 
it follows that, having the solution of 
an equation, we have also the solution 
of all the equations which can be formed 
from it, by altering the form of the dif- 
ferent known quantities which are con- 
tained in it. And, as all problems can 
be reduced to equations, the solution of 
one problem will lead us to the solution 
of others, which differ from the first in 
producing equations in which some of 
the known quantities are in different 


forms. Also, in every identical equation, 
the form of one or more of its quantities 
may be altered throughout, and the 
equation will still remain identically 
true. For example, 

(fi — lfi 

j-=a*-4a64-6* 

a-b 

Change 4- 6 into - 6, and this equation 
will bwome 


0 * 4 - 6 * 

0+6 


=o’-o6-l-6’. 


which last, common division will show to 
be true. 


Again, suppose that when a, 6, and c 
are in a given form, which we denote by 
4-0, -h 6, and 4-c, the solution of a 
problem is, 

6* - 4oc 
X — — " ■ ' 

o-f-c-6. 
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The following fable will show the alterations which take place in ,t when 
the forms of a, b, and e are changed in different manners, and the verification of 
it will be an exercise for the student. 


Form* of A, and e. 

Value* of jr. 

+ o, + A, +c 

A* - 4ac 
a + c- 6 

+ 0, t- A, - c 

+ 4nc 
a — c— b 

+ a, - A, - c 

6* + 4(k 
a - c +6 

~ a, + b, - 0 

- 4ac 
b + a +c 

-a, - A, ~e 

b* — 4ac 
b-a-c 


Also, the expression for .r may be written in the following different ways, the 
forms of a, b, and c remaining the same, 

A* — 4oc A* - 4oc Aac— A* 4<ic— A* 

a+c-h b—a—e a+c-A b-a-c 

We now proceed to apply these principles to the solution of the following 
problems 

C A BHD 


Two couriers, A and B. in the course 
of a journey between the towns C and D, 
are at the same moment of time at A 
and B. A goes m miles, and B, n miles 
an hour. At what point between C and 
D are they together ? It is evident that 
the answer depends upon whether they 
are going in the same or opposite direc- 
tions, whether A goes faster or slower 
than B, and so on. But all these, as we 
shall see, are included in the same gene- 
ral problem, the difference between them 
corresponding to the different forms of 
the letters which we shall have occasion 
to use. After solving the different cases 
which present themselves, each upon its 
own principle, we shall compare the 
results in order to establish their con- 
nexion. Let the distance AB lie called a. 

Case first. — Sup^Mse that they are 
going in the same duection from C to D, 
and that m is greater than n. TIict will 
then meet at some point between B and 
D. Let that point be H, and let AH he 
called T. Then A travels through AH, 
or X, in the time during which B travels 
through BH ory-a. But, since A 


goes m miles an hour, he travels the 

X 

distance x m — hours. Again, B tra- 
vels the distance x - a in — — ^ hours. 

n 

These times are the same, and, there- 
fore. 


X _x—a ma 

m n m—n 


AH 


and X— a = = BH 

m—n 

The time which elapses before they 

. . .X a 

meet is — or • 

m m - n 

Case second. — Suppose them now 
moving in the same direction as before, 
but let B move faster than A. They 
never will meet after they come to A 
and B, since B is continually gaining 
upon A, but they must have met at 
some point before reaching A and B. 
Let that point lie H, and, as before, let 
AH=x. 


Cl 


-I- 

H 


- 1 - 

A 



P 
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Then since A travels thron{;h H A or 
X in the time during which B travels 
through H B, or.T+o, in the same man- 
ner as in the last case, we show that 


X X + n ma 

m n n~m~ 


and X -t- a = = 

n—m 


The time elapsed is . . 

n—m 


AH 

BH 


Case third. — If they are moving from 
D to C, and if B moves faster than A, 
the point H is the same as in the last 
case, since, ifhaving in tlie last case ar- 
rived at A and B, they move hack again 
at the same rate, they will both arrive at 


the point H together. The answers in this 
case are therefore the same as in the last. 

Case fourth.— Similarly, if they are 
moving from D to C, and A moves faster 
than B, the answers are the same as in 
the first case, since this is a reverse of 
the first case, as the third is of the second. 
We reserve for the present the case in 
which they move equally fast, as another 
species of difficulty is involved which 
has no connexion with the present sub- 
ject. We shall return to it hereafter. 

Case fifth. — Suppose them now 
moving in contrary directions, viz. : 
A towards D and B towards C. Whe- 
ther A moves faster or slower than B, 
they must now meet somewhere between 
A and B, as before let them meet in H, 
and let A H = x. 


I i, i 1 


Then A moves through AH, orx, in the 
same time as B moves through B H, or 

a-x. Therefore —■= ^ — or 
m n 

_ ma 

m+ n 


m-)-n 

The time elapsed is = — - — 
m + n 


Case axth. — Let them be moving in 
contrary directions, but let A be moving 
towards C, and B towards D. They 
will then have met somewhere between 
A and B, and as this is only the reverse 
of the lart case, just as the fourth is of 
the first, or the third of the second, the 
answers are the same. We now exhibit 
the results of these different cases in a 
table, stating the circumstances of each 
case, and also whether the time of meet- 
ing is before or after the instant whick 
finds them at A and B. 


Circamst*Do«8 of the Ca&e. 

j (Both move from C to D, 
lA moves faster than B. 

2 (Both move from C to D, 
lA moves slower tlian B. 

» f Both move from D to C, 

“■ lA moves slower than B. 

. fBoth move from D to C, 
■ lA moves faster than B. 

, f A moves towards D and 
iB towards C. 

« ( A moves towards C and 
iB towards D. 


Direction of 
the poiotH. 

Between 
B and D. 

Between 
A and C. 

Between 
A andC. 

Between 
B and D. 

Between 
A and B. 

Between 
A and B. 


VaIio of 
AH. 

ma 

Vftlae of 
BH. 

na 

Time of 
a 

meeting. 

after 

m —n 

m - n 

m — n 

ma 

na 

a 

before. 

n — m 

« — m 

n - w 

ma 

na 

a 

after. 





n - m 

n - m 

n - m_ 

4 

ma 

na 

a 

before. 

m — n 

m — n 

m - n 

ma 

na 

a 

after. 

fn + n 

m + n 

m + » 

ma 

na 

a 

before. 

m + n 

m + n 

m + n 


Now — — and — - — are the same 
m — ft n ^ 771 

quantity written in different forms, for 
n — mis — (m — n); and according to 

the rules is - — - — . Similarly 

n — m m — n 


ma ma 

= , and so on. We see 

n - m m - n 

also, that in the first and second 
cases, which differ in this, that A H falls 
to the right in the first, and to the left 
in the second, the forms of AH are differ- 


Digilized by Google 



MATHEMATICS. 


89 


ffld 

ent, there being in the first, and 

771 — U 

— ~ in the second. Again, in the 
m~ n 

lame cases, in the first of which the time 
of meeting is <^fer, and in the second 
befoTt the moment of being at A and B, 
we see a difference of form in the value 

of that time ; in the first it is — - — , and 
m —n 

in the second — — - — ,or — - — . The 

m — n n — m 

same remarks apply to the third and 
fourth examples. Again, in the first 
and fifth cases, which only differ in this, 
that B is moving towards D in the first, 
and in the contrary direction towards C 
in the fifth, the values of A H, and of 
the time, may be deduced from the first 
by changing the form of n, and writing 
+ n, in.stead of - n. The expression for 
B H in the first, if tiie form of n be like- 
wise changed, becomes which 

Is the value of B H in the fifth, but in a 
different form. But we oljserve, that 
B H falls to the left of B in the fifth, 
whereas it fell to the right in the first 
Again, in the first and sixth examples, 
which differ in this, that A moves towards 
D in the second and towards C in the 
sixth, the value of A H in the sixth may 
be deduced from that of A H in the first, 
by clianging the form of m, which change 

makes A H become 

— m — n 


— mo ma ,, ,, 

— — — , or — ; — . If we alter the 

— (m + ») m + n 

value of the time in the first, in the 
same manner, it becomes — , or 


T — .which is of a different form 

m+n 

from that in the sixth ; but it must also 
be observed, that the first is after and 
the other before the moment when they 
are at A and B, In the fifth and sixth 
examples which differ in this, that the 
direction in which both are going is 
changed, since in the fifth they move 
towards one another, and in the sixth 
away from one another, the values of 
A H and B H in the one may be de- 
duced from those in the other by a 
change of form, both in m and n, which 
gives the same values as before. But if 


m and n change their forma in the ex- 
pression for the time, the value in the 

■ lu .a a • 

sixth case is , or : — . 

- m - n tn + n 

Also the time in the fifth case is after 
the moment at which they are at A and 
B, and in the sixth case it is liefore. 
Prom these comparisons we deduce the 
following general conclusions : — 

1 . If we take the first case as a stand- 
ard, we may, from the values which it 
gives, deduce those which hold good in 
all the other oases. If a second case be 
taken, and it is required to deduce an- 
swers to the second case from those of 
the first, this is done by changing the 
sign of all those quantities whose direc- 
tions are opposite in the second case to 
what they are in the first, and if any an- 
swer should appear in a negative form, 

such as , 'when m is less than n, 
m - n 

ma 1 

which may be written thus , 

it is a sign that the ejuantity which it re- 
presents is different in direction in the 
first and second cases. If it be a right 
line measured from a given point in all 
the cases, such as A H, it is a sign that 
A H falls on the left in the second case, 
if it fell on the right in the first case, and 
the converse. If it lie the time elapsed 
betsveen the moment in which the cou- 
riers are at A and B and their meeting, 
it is a sign that the moment of meeting 
is before the other, in the second case, 
if it were alter it in the first, and the con- 
verse. We see, then, that the.se six cases 
can be all contained in one if we apply 
this rule, and it is indifferent which of 
the cases is taken as the standard, pro- 
vided the corresponding alterations are 
made to determine answers to the rest. 

This detail has been entered into, in 
order that the student may establish, 
fi-om his own experience, the general 
principle, which will conclude this part 
of the subject. Further illustration is 
contained in the following problem : — 

A workman receives a sliillings a day 
for his labour, or a proportion of a shil- 
lings for any part of a day which he 
works. His expenses are b shillings 
every day, whether he works or no, and 
after m days he finds that he has gained 
c shillings. How many days did he 
work ? Let x he that mimber of days, 
T being either whole or fractional, then 
for his work he receives ax shillings, 
and during the m d,ays his expenditure is 
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hm shi11in;;s, and since bis gain is the 
difference Iwtween his receipts and ex- 
penditure ; — 

ax-hm—c 


a 

Now suppose that he had worked so 
little as to lose c shillings instead of 
gaining anything. The equation from 
which X is derived is now 
bm-ax=c 

which, when its form is changed, becomes 
ax -bm= - c, 

an equation which only differs from 
the former in having - c written instead 
of c. The solution of the equation is 

x= — — - which only differs from the 
a 

former in having -c instead of -l-c. It 
appears then that we may alter the solu- 
tion of a problem which proceeds upon 
the supposition of a gain into the solu- 
tion of one which supposes an equal loss, 
by changing the form of the expression 
which represents that gain ; and also 
that if the answer to a problem which we 
have solved upon the supposition of a 
gain should happen to be negative, sup- 
pose it ~c, we should have proceeded 
upon the supposition that there is a loss 
and should in that case have found a loss, 
c. When such principles as these have 
been established we have no occasion to 


to determine those of all the others. By 
observation then the student must ac- 
quire his conviction of the truth of these 
rules, reserving all metaphysical discus- 
sion upon such quantities as +cand -c 
to a later stage, when he will be better 
prepared to understand the difficulties 
of the subject. We now proceed to 
another class of difficulties, which are 
generally, if possible, as much miscon- 
ceived by the beginner as the use of the 
negative sign. 

Take any fraction Suppose its nu- 
merator to remain the same, but its 
denominator to decrease, by which means 
the fraction itself is increa^. For ex- 
5 5 

ample,— is greater than —or the twelfth 

part of 5 is greater than its twentieth 
21 2i 

part. Similarly — ’ is greater than 

&c. If, then, b be diminished more and 

more, the fraction ^ becomes greater and 

greater, and there is no limit to its pos- 
sible increase. To show this, suppose 

that 4 is a part of o, or that 4=—. Then 
m 

^ or ° is m. Now since 4 may diminish 


correct an erroneous solution by recom- 
mencing the whole process, but we may, 
by means of the form of the answer, set 
the matter right at the end. The prin- 
ciple is, that a negative solution indicates 
that the nature of the answer is the very 
reverse of that which it was supposed to 
be in the solution ; for example, if the 
solution supposes a line measured in feet 
in one direction, a negative answer, such 
as - c, indicates that c feet must be mea- 
sured in the opposite direction ; if the 
answer was thought to be a number of 
days after a certain epoch, the solution 
shows that it is c days tiefore that epoch ; 
if we supposed that A was to receive a cer- 
tain number of pounds, it denotes that he 
is to pay e pounds, and so on. In deducing 
this principle we have not made any sup- 
position as to what - c is ; we have not 
asserted that it indicates the subtraction 
of c from 0 ; we have derived the result 
from observation only, which taught us 
first to deduce rules for making that 
alteration in the result which arises from 
altering +c into -cat the commence- 
tnent ; and secondly, how to make the 
solution of one case of a problem serve 


so as to be equal to any part of a, how- 
ever small, that is, so as to make m any 

number, however great, 4 which is = m 
4 

may be any number howeger great. 
This diminution of 4, and the consequent 
a 

increase of may be carried on to any 

extent, which we may stale in these words: 
As the quantity 4 becomes nearer and 

nearer to 0, the fraction ^ increases, and 

in the interval in which 4 passes from its 

first magnitude to 0, the fraction ^ passes 

from its first value through every pos- 
sible greater number. Now, suppose 
that the solution of aproblem in its most 

general form is but that in one parti- 
cular case of that problem 4 is =0. We 

have, then instead of a solution, A a sym- 
0 

bol to which we have not hitherto given 
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a meaning!;. To take an instance: return 
to the problem of the two couriers, and 
suppose that they move in the same direc- 
tion from C to D (Case first) at the same 
rate, or that m = n. We find that A H 

ma ma ma , 

= or or — . Onlookmgat 

m-n m-n 0 

tlie equation which produced this result 

, X T-a 

we find that it becomes - = , ora:= 

m ni 

x-(i, which is impossible. On looking 
at the manner in which this equation was 
formed, we find that it was made on the 
supposition that A and B are toother 
at some point, which in this case is also 
impossible, since if they move at the same 
rate, the same distance which separated 
them at one moment will separate them 
at any other, and they will never be to- 
gether, nor will they ever have been toge- 
ther on the other side of A. The con- 
clusion to be drawn is, that such an 

equation as a: = - indicates that the sup- 
position from which x was deduced can 
never hold good. Nevertheless in the 
common language of algebra it is said 
that they meet at an infinite distance, 

and that ^ is infinite. This phrase is 

one which in its literal meaning is an ab- 
surdity, since there is no such thing as 
an infinite number, that is a number 
which is greater than any other, because 
the mind can set no bounds to the mag- 
nitude of the numbers which it can con- 
ceive, and whatever number it can ima- 
gine, however great, it can imagine the 
next to it. But as the use of the phrase 
is very general, the only method is to 
attach a meaning which shall not in- 
volve absurdity or confusion of ideas. 
The phrase used is this. When c=A 

= - and is infinitely great. Tlie 
c—b 0 • 

student should always recollect that this 
is an abbreviation of the following sen- 
tence. “ The fraction becomes 

c-b 

greater and greater as c approaches more 
and more near to b ; and if c, setting out 
from a certain value, should change gra- 
dually until it becomes equal to 4, the 

fraction-^-rsetting out also from a cer- 
c-b 

C 


tain value, will attain any magnitude 
however great, licfore c becomes equal 
to b." That is, before a fraction can 

assume the form , it must increase 

without limit. The symbol m is used to 
denote such a fraction, or in general any 
quantity which increases without limit 
The following equation will tend to elu- 
cidate the use of this .symbol, in the 
problem of the two couriers, the equa- 
tion which gave the result — was * = 
0 m 

x~a 

, or x= x-a, which is evi- 

771 

dently impossible. Nevertheless, the 
larger x is taken the more near is this 
equation to the truth, as may be proved 
by dividing both sides by x, when it be- 
comes 1=1— ^,'_which is never exactly 

true. But the fraction - decreases as 

X 

X increases, and by taking x sufficiently 
great may l>e reduced to any degree of 
smallness. For example, if it is required 

that - should be as small as — ? 

X luuouooo 

of a unit, take x as great as 10000000a, 


and the fraction becomes ; , or 

IDUOOUOUa 

! . But as - becomes smaller 

lOOOOUOU X 

and smaller, the equation 1=1 - - be- 


comes nearer and nearer the truth, 
which is expressed by saying tliat when 


1 = 1 — or X = X - a, the solution 

X 

is X = oc. In the solution of the problem 
of the two couriers this does not appear 
to hold good, since when m = n and 


X = the same distance a always 


separates them, and no travelling will 
bring them nearer together. To show 
what is meant by saying that the greater 
X is, the nearer will it be a solution of the 
prolilem, suppose them to have tra- 
velled at the same rate to a great dis- 
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tanee from C. They can never come 
tosrether unless C A becomes equal to 
CB, or A coincides withB, which neva 
happens, since the distance A B is 
always the same. But if we suppose 
that they have met, though an error 
always will arise from this false suppo- 
sition, it will become less and less as 
they travel further and further from C, 
For example, let CA = 10000000 A B, 
then the supposing that they have met, 
or that B and A coincide, or that BA = 0, 
is an error which involves no more than 

5 of A C : and though A B is 

10000000 ’ ® 

always of the same numerical magnitude, 
it grows smaller and smaller in compa- 
rison with A C, as the latter grows 
greater and greater. 

Let us suppose now that in the pro- 
blem of the two couriers they move in 
the same direction at the same rate, as in 
the case we have just considered, but 
that moreover they set out from the 
same point, that is, let a = 0. It is now 
evident that they will always be together, 
that is, that any value of x whatever is 
an answer to the question. On looking 

at the value of A H, or ■, we find 
m-n 

the numerator and denominator both 
equal to 0, and the value of AH appears 

in the form ^ . But from the problem 

we have found that one value cannot be 
assigned to A H, since every point of 
their course is a point where they are 
together. The solution of the following 
equation will further elucidate this. Let 
ax-\-by = c 
=/ 

from which, by the common method of 
solution, wc find 

gg - y of -cd 
ae ~ bd^ ~ ae - bd' 

Now, let us suppose that ce = bf and 
ae = bd. Dividing the first of these by 

, c* V of 

the second, we find — = r^, or 

ae bd ad 

or erf = af. The values both of x and 

y in this case assume the form ^ ; to find 

the cause of this we must return to the 
equations. If we divide the first of these 
by c, and the, second by/, we find tliat 



J-+7V 


But the equations ce = bf and ed = <tf 

. be , a rf 
give us - = — and that is, these 


/’ 


two are, in fact, one and the same equa- 
tion repeated, from which, as has been 
explained before, an infinite number of 
values of x and y can be found j in fact, 
any value may be given to a: provided « 
be then found from the equation. We 
see that in these instances, when the 
value of any quantity appears in the 


form - that quantity admits of an infinite 


number of values, and this indicates 
that the conditions given to determine 
^at quantity are not sufficient But this 
is not the only cause of the appearance 

of a fraction in the form — . Take the 
0 

identical equation 

o* - J* _ a + A 
c(o — A) c ' 

When a approaches towards A, a A 
approaches towards 2 A, and o' - A* and 
a - A approach more and more nearly 
towards 0. If a = A the equation 
assumes this form : 


1 -^ 

0 c ’ 

"^is may be explained thus : if we mul- 
tiply the numerator and denominator of 

the fraction g- by a - A (which does 

not alter its value) it becomes ~ 

Ba - BA 

If in the course of an' investigation this 
has been done when the two quantities a 
and A are equal to one another, the frac- 

A Aa - AA . 

tion g or g-^ — g-^ will appear in the 

form; But since the result would have 

been g had that multiplication not been 

performed, this last fraction must be 
used instead of the unmeaning form 
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— , Thus the fraction ~ or 
0 c(a—d) 

(a+i)(a—6). ^ a+ 6 

: ; IS the fraotion 

c (a — 0 ) c ■ 

after its numerator and denominator 
have been multiplied by a — 6, and may 
be used in all cases except that in which 

a = 6. When the form occurs, the 

protdem must be carefully examined in 
order to ascertain the reason. 

Chapter X. 

'Equations of the Second Degree. 
Every operation of algebra is connected 


wi^ Mother which is exactly c^posite 
to it in its effects. Thus addition and 
subtraction, multiplication and division, 
are reverse operations, that is, what is 
done by the one is undone by the other. 

Thus a 6 — A is a, and ^ is a. Now 
0 

in connexion with the raising of powers 
is a contrary operation called the ex- 
traction of roots. The term root is thus 
explained ; We have seen that oo, or cf, 
is called the square of a ; from which a 
is called the square root of a*. As 169 
is called the square of 13, 13 is called 
the square root of 169. The following 
table will show how this phraseology is 
carried on. 


a is called the square root of a’, which is denoted by tja' 


a ... . cube root of a* 

a ... . fourth root of a*, 

a , fifth root of a‘, . . 

&c. &C. See. 


If A stand for a*, ij A stands for a, and 
the foregoing, table may be represented 
thus: 

If a’ = A ; a = tjb 

0* = A o = 

The usual method of proceeding, is to 
teach the student to extract the square 
root of any algebraical quantity imme- 
diately after the solution of equations of 
the first degree. We would rather re- 
commend him to omit this rule until he 
is acquainted with the solution of ^na- 
tions of the second degree, except in the 
cases to which we now proceed. In 
arithmetic, it must be observed, that 
there are comparatively very few num- 
bers of which the square root can be 
extracted. For example, 7 is not made 
by the multiplication either of any whole 
number or fraction by itself. The first 
is evident ; the second cannot be readily 
proved to the beginner, but he may, by 
taking a number of instances, satisfy 
himself of this, that no fraction which 
is really such, that is whose numerator 
is not measured by its denominator, 
will give a whole number when mul- 
tiplied by itself, thus ^ x | or V is not a 
whole number, and so on. The number 
7, therefore, is neither the square of a 
whole number, or of a fraction, and, pro- 
perly speaking, has no square root 


Nevertheless fractions can be found 
extremely near to 7, which have square 
roots, and this degree of nearness may 
be carried to any extent we please. Thus 
if required between 7 and 7 insssSass* 
could be found a fraction which has a 
square root, and the fraotion in the last 
might be decreased to any extent what- 
ever, so that though we cannot find a 
fraction whose square is 7, we may 
nevertheless find one whose square is as 
near to 7 as we please. To take another 
example, if we multiply 1'4142 by itself 
the product is 1'99996164, which only 
differs from 2 by the very small fraction 
.00003826, so that the square of 1‘4142 
is very nearly 2, and fractions might be 
found where squares are still nearer to 
2. Let us now suppose the following 
problem. A man buys a certain number 
of yards of stuff for two shillings, and 
the number of yards which he gets is 
exactly the numto of shillings which he 

S 'ves fora yard. Howmany yards does 
! buy ? Let x be this number, then 

2 2 
- is the price of one yard, and x = - 

or X* = 2. This, from what we have 
said, is impossible, that is, there is no 
exact number of yards, or parts of yards, 
which will satisfy the conditions ; never- 
theless I'4142 yards will nearly do it, 
1.4142136 still more nearly, and if the 
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problem were ever proposed in practice, 
there would be no difficulty in solving it 
with sufficient nearness for any purpose. 
A problem, therefore, whose solution 
contains a square root which cannot be 
extracted, may be rendered useful by 
approximation to the square root. 

Equations of the second degree, com- 
monly called quadratic equations, are 
those in which there is the second power, 
or square of an unknown quantity; 
such asa^ — 3 = 4 t*- 15, ct^+ 3 x = 
^x* — x- I,&c. By transposition of 
their terms, they may always be reduced 
to one of the following forms : 
ox* + i = 0 
ax*— 6=0 
ax* + 6x+c=0 
ax* - 6x+c=0 
a.r*+6x-c=0 
ax* - 6x - c = 0 

For example, the two equations given 
above, are equivalent to 3 x* - 12= 0, 
and X* - 4x - 1 = 0, which agree in 
form with the second and last. Ih order 
to proceed to each of these equations, 
first take the equation x* = a*. This 
equation is the same as x* - a* = 0, or 
(X +a) (X - a) = 0. N ow, in order that the 
product of two or more quantities may 
be equal to nothing, it is sufficient that 
one of those quantities be nothing, and 
therefore a value of x may be derived 
from either of the follosving equations : — 
x-a = 0 
orx-l-a = 0 

the first of which gives x= a, and the 
second x = - a. To elucidate tills, find 
.T from the following equation : — 
3x-t-ol(a* +js>) = (x*+ax)(o*-t-ax+2x*) 
develop this equation, and transpose all 
its terms on one side, when it becomes 
X* - 2u*x*-t-a* + 2a’x- 2ax*=0 
orfi*-a* )*-2ax(x*-a*)=0 
or (x* - 0*) (,r* - 2ax - a*) = 0. 

This last equation is true when x* - a* = 0, 
or when x* = a’, which is true cither 
w hen X = + a, or X = - a. If in the 
original equation + o is substituted in- 
stead of X, the result is 4ax2u*=2a*x 
4o* ; if - a be substituted instead of x, 
the result is 0 = 0, which show that +a 
and - a are both correct values of.x. 
We have here noticed, for the first time, 
an equation of condition, which is ca- 
pable of being solved by more than one 
value of X. Vie have found two, and 
shall find more when we can solve the 
equation x*-2ax-a* = 0, or x*-2ax 


=a*. Every equation of the second 
degree, if it has one value of x, has 
a second, of which x* = a* is an in- 
stance, where x = i; a, in which by tlie 
double sign ± is meant, that either of 
them may be used at pleasure. We now 
proceed to the solution of aX* - 6x + c = 0. 
In order to understand the nature of 
this equation, let us suppose that we 
take for x such a value, that ax*- 
6x-l-c, instead of being equal to 0, is 
equal to y, that is 

y = ax* - 6x-f-c* (1); 

in which the value of y depends upon 
the value given to x, and changes when 

X changes. Let m be one of those 
quantities which, when substituted in- 
stead of X, make ox* - 6x-)-c equal to 
nothing, in which case m is called a root 
of the equation, 

ox* — 6x-|-c = 0 (2); 

and it follows that 

am* - 6m -|- c = 0 (3). 

Subtract (3) from (1), the result of 
which is 

y = a (X* - m*) - 6 (X - m) 

= X - m\ (ax-^-m - 6) 

Here y is evidently equal to 0, when 

XI = m, as we might expect from the 
supposition which we made ; but it is 
also nothing when a (x 4- m) - 6 = 0 ; 
there is, therefore, anotW value of x, 
for which y = 0 ; if we call this n wo 
find it from the equation a (n + m) 
-6 = 0 , 

^ 6 

or B + m = - (4). 

o 

In (3) substitute for 6 its value derived 
from (4 ), from which 6 = a (n -)- m) ; it 
then becomes 

am* - am(n-{-m)-{-c = 0, 
or c - amn = 0, 


which gives mn = — (5). 

Substitute in (1) the values of 6 and c 
derived from (4) and (5), which gives 
y = aX* - a(m-|-n)x-f amn 
= a(x* - m-^-n X + mn). 

Now the second factor of this expression 
arises from multiplying together x — m 


• In the )iivr*ti>t«licmfi which follow. b, *nd 
Arc ronkidcml n% having the which 5» marked 
before them, anil no change form u »ap|»o»eU ip 
-take plac^ 
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and a: - n ; thf wfore, 

y = a (T - m) (X — n) (G). 

To take an example of this, let y = 4.r* 
- 5a' + 1. Here when x = l,y = 4- 
5 + 1=0. ami therefore m = 1. If we 
divide 4a* - Sa" + 1 by x - I, the 
•luotient (which is without remainder) 
is 4a; - I, and therefore 

y = (X- 1) (4,r- 1). 

This is also nothing when 4x — 1 = 0, 
or when a- is Therefore n = ^, and 
y=4 (x -1) (x - .J), a result coinciding 
with that of (6). If, therefore, we can 
find one of the values of x which satisfy 
the equation oa-* - 6r -j- c = 0, we can 
find the other and can divide at* -6x + c 

Let y : 
Then 0 = 
from which y = 


I.,et — - be called n, 

a 


into the factors a,x - m and x - n, or 
ax' - bx + c = a(x — m) (x - n). 

If we multiply x-f»i by x-j-n, the 
only ditference lietween x-f- x+ n) 

and X - m^x - ri\ is in the sign of the 
term which contains the first power of x 
If, therefore, 

oa* - ix + c = a (,r — ni) (x — n), 
it follows that 

ox* + 4x-j-c = a(x-|-ni) (x-f- «). 
We now take the expression ax' — 
bx — c. If there is one value of xwhich 
will make this quantity equal to 0, let 
this be m, and 

ar* — bx — c 
am' — bm — e, 
a{j* — m') — b (x — m) 

X — m (ax -t m — b) 

X —m (ax + am — b). 
ir let am — 4 = an; then 


y = X — m (ax + an) 

= a (X — w) (x + n). 

As an example, it may be shown that 

3x’ - X - 2 = 3(x - 1) (X + J). 

Aga in, with regard to ax* -{- bx—c, since x + m x — n only differs from x— m 
X + n in the sign of the term which contains the first power of x, it is evident that 
if ax' — bx — c = a (x — m) (x + n) 
ax' bx — c = a (X + m) (x — n). 

Results similar to those of the first case may he obtained for all the others, and 
these results may be arranged in the following way. In the first and third, m is a 
quantity, which, when substituted forx, makes y = 0, and in the second and fourth 
m and n are the same as in the first and third. 

1st. y = or* — 4x + c = o (X — m) (X — n) m + n = - mn = -. 

a a 

2d. y = ax' + bx + c = a (X + m) (x + n) m + n = - inn = — . 

. “ o 


3d. y = ax' — bx — c = a (X— m) (X + n) m—n 
4th. y = ax* + bx — c = a (x + m) (x — n) nt — n 


b c 

- mn = — . 

a a 

b c ' 

— mn = — . 

a a 


We must now inquire in what cases 
a value can be found for x, which will 
make y = 0 in these different expres- 
sions, and in this consists the solution of 
equations of the second degree. 

Let y = ax* — fix + c (I), 


and observe that (2ar — fi)* = 4a’x4 
- 4afix + A*. Multiply both sides of 
(1) by 4a, which gives 

4ay = 4a*x* — 4oAx + 4ac (2). 
Add i* to the first two terms of the 
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second side of (2), and subtract it from 
the third, which will not alter the whole, 
and this ^ives 

iay = 4a’.r* — iabx + i* + iac — 6* 

= (2oj; - 6)* + 4oc - 6* (3). 

Now it must be recollected that the 
square of any quantity is positive whe- 
ther that quantity is positive or ne- 
gative. This has been already suffi- 
ciently explained in saying that a 
change of the form of any expression 
does not change the form of its square. 
Common multiplication shows that 

e-if and are the same thing ; 
and, since one of these must be posi- 
tive, the other must be also positive. 
Whenever, therelore, we wish to say 
that a quantity is positive, it can be 
done by supposing it equal to the square 


of an algebraical quantity. In equation 
(3) there are three distinct cases to be 
considered. 

I. When i* is greater than 4oc, that 
is, when 6* - 4ac is positive, let 
i* - 4oc = A*, which expresses the 
condition. 

Then 4oy = (2ar-- 6)* - A* (4) 
and we determine those values of ir, 
which make y^O, from the equation, 
(2ax‘-6)*-A‘ = 0. 

We have already solved such an 
equation, and we find that 
iax - A = i A, 

where either sign may be taken. This 
shows that y or or-* — bx-k-c is equal to 
nothing either when 


instead of x is put 

2a 




the second values are formed by putting, i+A b—k ' 

, / n — ; — on. therefore -- — and are both 

mstead of A its value v v—iac. They 2a 2a 

are both positive quantities, because A* positive. These are the quantities which 
being equal to 4ac is greater than we have called m and n in the former 
A", and therefore A is greater than A, investigations, and, therefore. 


a**- Ax-(-c=a (x— m)(x 


—n)=a ^x — 


Ad- A* — 4oc 


) 


b~ ^ A* — 4ac^ 
2a > 


actual multiplication of the factors will A*— 4ac=0 and A=0. In this case the 
show that this is an identical equation, values of m and n are equal, each being 

II. When A*, instead of being greater ^ , 

than iac, is equal to it, or when 2a “ 

y=ax* — Ax-)-c=a(x— OT) nl = a ( x~~\* 

\ 2a/ 

In this case y is said, in algebra, to be III. When A* is less than 4ac, or 
a perfect square, since its square root when A* — 4ac is negative and 4ac — A« 

j\ positive, let 4ac — A*=A*, and equation 


can be extracted, and 




Arithmetically speaking, this would not 
be a perfect square unless a was a num- 
ber whose square root could be ex- 
tracted, but in algebra it is usual to call 
any quantity a perfect square with re- 


(3) becomes 

4ay = 2ox — A l*-(- A*. 

In this case no value of x can ever 
make y = 0, for the equation t** + it" = 0 
indicates that is equal to le* with a 
contrary sign, which cannot be, since 


cm* \JUCWiWI* a atiufuc *»|UI H L aV . mi 

spect to any letter, which, when reduced, have the same sign. The 

does not contain that letter under the ^ this case, to be 

#“ rrru* la • L- i_ ax JOipossible, and it indicates that there is 

sign V. This result IS one which oiien something absurd or contradictory in 
occurs, and it must be" recollected that the conditions of a problem which leads 
when A*— .4oc = 0, ox^ — Ax -h c is a to such a result. Having found that 
perfect square. whenever 


Digitized by Google 



MATHEMATICS, 

03^ — bx+c=a (x—tn} (x — n), 
it follows that iic* + i.r+c=a (x+m) (x+n). 
I. We know that when i* is greater than 4oc, 


4f 


ox*+6x+c 


=a ^x ■ 


b+ aJ — 4oc 
2a 


) (" 


b — tj A* — 4(k;^ 


2a 


/ A \i 

II. WhenA*=4of, ax*+ix+c = a ( x "h ^ y a perfect square. 

III. When A* is less than 4oc, ox*+4x+c cannot be divided into factors. ’ 

Now, lety = ox* — Ax — c ( 1 ) 

As before, 4ay=4a* x* — 4aAx+A* — 4oc — A* 

= (2ox — A)* — (A*+4 oc) (2) 

Let A*+4ac = A*. Then 

4ay = (2ox — A)* — A*. (3) 


Therefore y is 0 when 2ox — Al* = A*, or when 2ox — A= ± A; 

A + A A+;^A* + 4ac 
2a 2a 


That is, m < 


A — A A — A* + 4oc 


2<t 


2u 


Now, because A* is less than A*+4oc, A is less than ^ A*+4oc, therefore n is a 
negative quantity. Leaving, for the present, the consideration of the negative 
quantity, we may decompose (3) into factors by means of the general formula 
/>• — g* = p — q p + g, which gives 


4oy = 2ox-A-A 2ux — A + A 
= 4a*(x-*^) + 


from which y or 

ax--Ax-c=g(x- . 


,J b^+ Aac — b 
2a 


) 


Therefore, from what has been proved before, 
ax' +Ax 


-e=a(x+ 


The following are some examples, "of the truth of which the student 'should 
satisfy himself, both by reference to the one just established, and by actual 
multiplication : — 

„ „ / 7+ >^49 — 24\ / 7 — V49 — 24\ 

2x«- 7x + 3=2 [x j ^x y- ^ 

= 2 (x-3) (x—j) 

5 J x' - 22,r + 22 = 5^ (X— 2)' 

V221— 9> 


6x* + 9x 


. V , V221+A / V221— A 

- ' = — To—/ 


* Recollect that 


Vs4=V6x4=V6xV4=sV«. 
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If wo collect to^'lher llie different vesulls at which we have arrived, to which 
species of tabulation the student should take care to accustom himself, we have 
the following : — 


ua* 

-f A.r + c = a 

/ A4V''*-4acs 


/ \\ 

-ia 1 

r + 2a } 


a a* 

- A .r + c = a 


( h — ijb* — 

(B) 

V J 

V J 

«.!'* 

+ Ax - c = a 


+ - 6"^ 
\ 2a ) 

(C) 

a a. ® 

br c-a 

( ij b* ■‘r 4ae b\ 

/_ 1 VA’-h4ac-A\ 

(D) 


V ' 2« ; 

r+ ... ) 


These four cases may l>e contained in 
one, if we apply those rules for the 
change of signs which we have already 
established. For example, the first side 
of (Cj is made from that of (A), by 
changing the sign of c; the second 
side of (C) is made from that of (A) in 
the same way. We have also seen the 
necessity of taking into account the ne- 
gative quantities which satisfy an equa- 
tion, as well as the positive ones ; if we 
take these into account, each of the 
four forms of at’+bx+ccaahe made 


equal to nothing by two values of x. 
For example, in (1), when 

a 2 * + bx-y c=0 


. , , b- Jtf — iac 

either x+ — ■ = 0 

2a 


, b+ tjb^ ~4uc 

or x-t- — - = 0 

2a 


If we call the values of x derived from 
the equations m and n, we find that 


— b+ ‘Jb‘ - 4ac 
2a 


n = 


- 6 - - iac 

2a 


(A') 


In the cases marked (B) (C) and (D), 
b+ -4ac 


-i+ 

m — ^ n — 

2a 

A-f jjb*-\‘4ac 

m = . n = 

2a 

and in all the four cases the form of 
ax* -1-A.I--I- c which is used, is the 
same as the corresponding form of 
a(x-m) (x-n) 

and the following results may lie easily 
obtained. In (A'), both m and n, if 
they exist at all, arc negative, I say, if 
they exist at all, because it has been 
shown that if A*-4ac is negative, the 
quantity ox* -t- Ax -t-c cann ot be divid ed 
into faclors at all, since ^A*-4aeis 
then no algebraical quantity, either po- 
sitive or negative. 

In (B'), both, if they exist at all, are 
positive. 

In tC') there are always real values 
for m and n, since A* -1- 4 a c is always 


the results are 


h — 

2a 

(B'l 

-6 - ^/»*+4ac 
2a 

(C') 

b~ 

2a 

(D-) 


positive ; one of these values is positive, 
and the other negative, and the negative 
one is numerically the greatest. 

In (D') there are also real values of 
m and n, one positive, and the other 
negative, of which the positive one is 
numerically the greatest. Before pro- 
ceeding any further, we must notice an 
extension of a phrase which is usually 
adopted. The words greater and less, 
as applied to numbers, oiler no diffi- 
culty, and from them we deduce, that if 
o tie greater than A, a - c is greater 
than A - c, as long as these subtractions 
ai-e possible, that is, as long ns c can be 
taken both from a and A. This is the 
only case which was considered when 
the' rule was made, but in extending the 
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meanini; of the word subtraction, and 
usin^ the Kvmbol - 3 to stand for 5-8, 
the principle tlmt if a )>e ^eater than b, 
a — e is (greater than b — c, leads to the 
following results. Since 6 is greater 
than 4,6-12 is greater than 4 - 12, or 

- 6 is greater than - 8 ; again 6 - 6 is 
greater than 4 - 6, or 0 is greater than 

- 2. These results, particularly the 
last, are absurd, as has been noticed, if 
we continue to mean by the terms 
greater and less, nothing more than is 
usually meant by them in arithmetic; 
but in extending the meaning of one 
term, we must extend the meaning of all 
which arc connected with it, and we are 
obliged to apply the terms greater and 
less in the following way. Of two 
algebraical quantities with the same or 
different signs, that one is the greater 
which, when both are connected with a 
number numerically greater than either 
of them, gives the greater result. Thus 

- 6 is said to be greater than - 8, be- 
cause 20-6 is greater than 20 - 8, 0 
is greater than - 4, because 6 -H 0 is 
greater than 6-4; +12 is greater 

- 30, because 40-f-I2 is greater than 
40 - 30. Nevertheless - 30 is said to 
be numerically greater than -f- 12. be- 
cause the number contained in the first 
is greater than that in the second. For 
this reason it was said, that in (O'), the 
negative quantity was numerically 
greater than the positive, because any 
positive quantity is in algebra called 
greater than any negative one, even 
though the number contained in the first 
should be less than that in the second. 
In the same way - 14 is said to lie 
between 3 and - 20, being less than 
the first and greater than the second. 
The advantage of these extensions is the 
some as that of others ; the disadvan- 
tage attached to them, which it is not 
fair to disguise, is that, if used without 
proper caution, they lead the student 
into erroneous notions, which some 
elementary works, far from destroying, 
confirm, and even render necessary, by 
adopting these very notions as defi- 
nitions ; as for example, when they say 
that a negative quantity is one which is 
less than nothing ; as if there could be 
such a thing, the usual meaning of the 
word less being considered, and as if the 
student had an idea of a quantity less 
than nothing already in his mind, to 
which it was only necessary to give a 
name. 


The product x - m x - n i$ posi- 


49 


tive when x - rn and x - n have the 
same, and negative when they have dif- 
ferent signs. This last can never 
happen except when x lies between m 
and n, that is, when x is algebraically 
greater than the one, and less than the 
other. The following table will exhiliit 
this, where different products are taken 
with various signs of m and n, and 
three values are given to x one after the 
other, the first of which is less than 
both tn and n, the second between both, 
and the third greater than both. 

Valae of 


Product. 

Value of s. 

product wi 

iu elfo. 

X - 4 X - 7 

+ 1 

+ 18 

m = + 4 

+ 5 

- 2 

n = + 7 

+ 10 

+ 18 

X + 16 X — 3 

- 12 

+ 30 

m = - 10 

- 7 

- 30 

n = + 3 

+ 4 

+ 14 

X + 2 .T + 12 

- 13 

+ 9 

m = - 2 

- 6 

- 24 

n = - 12 

- 1 

+ 11 


The student will see the reason of this, 
and perform a useful exercise in making 
two or three tables of this description 
for himself. The result is that x - m 
X — n is negative when x lies between 
m and n, is nothing when x is either 
equal to m or to n, and positive when x 
is greater than both, or less than both. 
Consequently, a (x - m) (x - n) has 
the same sign as a when x is greater 
than both m and n, or less than both, 
and a different sign from a when x lies 
between both. But whatever may be 
the signs of a, b, and c, if there are 
two quantities m and n, which make 
ax^ + bx + c = a(x - m)(x - n), 
that is, if the equation ax’ i.r + c = 0 
has real roots, the expression or’-j- 
bx-{-c always has the same sign ns 
a for all values of x, except when 
X lies between these roots. 

It only remains to consider those cases 
in which (ir* + bx + c cannot be decom- 
posed into different factors, which ha]>- 
pens whenever b’ - \ac is 0, or negative. 
In the first case when b'— 4oc = 0, we 
have 

<ud+ Jx-f c = a y 

ax' - bx-{-c = a(x - ^ 

E 
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and as these expressions are composed 
of factors, one of which is a square, and 
therefore positive, they have always the 
same sii^ as the other factor, which is 
a. When 6' — 4ac is negstive, we liave 
proved that if y = iay 

= (2(tr ± b)' + k‘-, wliere k’ = 4ac- b*, 
and tlicrefore 4ay beinjj the sum of 
two squares is always positive, that is, 
or * ± -f- has the same sign as a, 

whatever may be tlie value of x. When 
c = 0, the expression becomes ar*+ bx, 
or X (ax + 6), which is nothing either 
when = 0, or when <tc + 6 = 0 and 

a- = - the general expressions for m 


and n become in this ceise 


2a 


and ^''® ®®™® 

results. 

When ft = 0, the expression is re- 
duced to ax* + c = 0, which is nothing 


when X 



which is not 


possible, except when e and a have dif- 
ferent sign.s. In this case, that is, when 
the expression assumes the form ax!‘ - c, 
it is the same as 


The same result might be deduced by 
making ft = 0 in the general expressions 
for m and n. 

When a = 0, the expression is re- 
dueed to bx + c, which is made equal 
to nothing by one value of x only, that 

is — y. If we take the general expres- 
sions for m and n, and make a = 0 in 

them, that is, in — ^ and 

2a 

— ft — b'— 4ac . , 

7, , we find as the results 

2a 

0 , - 2ft 

- and - ^ . These have been already 

explained. The first may either indi- 
cate that any value of x will solve the 
problem which produced the equation 
ax* + bx + r = 0, or that we have ap- 
plierl a rule to aca.se which was not con- 
templated in its formation, and have 
thereby created a factor in the numerator 
and denominator of r-, which, in attempt- 
ing to apply the rule, becomes equal to 
nothing. The student is referred to the 
problem of the two couriers, solved in 


the preceding part of this treatise. The 
latter is evidently the case here, because 
in returning to the original equation, we 
find it reduced to ftx -t- c = 0, which 
gives a rational value for x, namely. 


C 

- T* The second value, or - — , 
ft 0 

which in algebraical language is called 
infinite, may indicate, that tliough there 


is no other value of X, except - which 

solves the equation, still that the greater 
the number which is taken for x, the 
more nearly is a second solution ob- 
^ned. The use of these expressions 
is to point out the cases in which there 
is anything remarkable in the general 
problem ; to the problem itself we must 
resort for further explanation. 

The importance of the investigations 
connected with the expression or* -I- 
bx + c, can hardly be over-rated, at 
least to those students who pursue ma- 
thematics to any extent. In the higher 
branchra, great familiarity with these 
results is indisi)ensable. The student is 
therefore recommended not to proceed 
until he has completely mastered the de- 
tails here given, which nave been hitherto 
too much neglected in English works on 
algebra. 

In solving equations of the second de- 
gree, we have obtained a new species of 
result, which indicates that the problem 
cannot be solved at all. We refer to those 
results which contain the square root of 
a negative quantity. We find that by 
multiplication the squares of c —d and 
of d — c are the same, both being c* — 
2cd + ifi. Now either e — d or d - c 
is positive, and since they both have the 
same square, it appears that the squares 
of all quantities, whether positive or ne- 
gative, are positive. It is therefore 
absurd to suppose that there is any 
quantity which x can represent, and 
which satisfies the equation x* = — a*, 
since that would be supposing that x*, 
a positive quantity, is equal to the nega- 
tive quantity — a*. The solution is then 
said to be impossible, and it will t>e easy 
to show an instance in which such a re- 
sult is obtained, and also to show that it 
arises from the absurdity of the problem. 

Let a number a be divided into any 
two parts, one of which is greater than 
the naif, and the other less. Call the 

first of tliese -I- x, then the second 


must be — - X, since the sum of both 

aw 
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pjirts must be a. M ultiply these parts to- 
gether, which gives 

or — ,r*. As X diminishes, this 

product increases, and is greatest of all 
when X = 0, that is, when the two parts. 


into which a is divide<I, are — and -, or 
•2 2 

when the number a is halved. In this 
a a 

case the product of the parts is — x - , 

or - , and a'number a can never be 
4 

divided into two parts whose product is 

greater than — . This being premised, 

suppose that we attempt to divide the 
number a into two parts, whose product 
is b. Let X be one of these parts, then 
u - X is the other, and their product is 
ox - X*. 

We have, therefore, 

ox — X* = 6 
or X* —ox -1-6=0. 

If we solve this equation the two roots 
arc the two parts required, since from 
what we have proved of the expression 
X* — ox -1- 6 the sum of the roots is a 
and their product b. These roots are 

2 - \/j -**. 


which are 


impossible when 6 

4 


is negative, or when b is greater than 
o* . . 

which agrees with what has just 

been proved, viz. that no number is 
capable of being divided into two parts 

q9 

whose product is greater than . 

4 

We have sliown the symbol — a 
to be void of meaning, or rather 
self-contradictory and absurd. Never- 
theless, by means of such symlxils, a 


• The geDeral exprefeions for m and n glee 
— ^ aa the roola of — ox + 5=0. 


part of algebra is established which is 
of great utility. It depends upon the 
fact, which must be verified by experi- 
ence, that the common rules of algebra 
inav be applied to these expressions 
wit bout leading to any false resulls. An 
appeal to experience of this nature ap- 
peal's to be contrary to the first princi- 
ples laid down at the beginning of this 
work. We cannot deny that it is so in 
reality, but it must be recolleeteti that 
this is but a small and isolated part of an 
immense subject, to all other liram bes 
of which these principles apply in their 
fullest extent. Tliere have not been 
wanting some to assert that these sym- 
bols may be used as rationally as any 
others, and that the results derived from 
them are as conclusive as any reasoning 
could make them. I leave the student to 
discuss this question as soon as he has 
acquired sufficient knowledge to under- 
stand the various arguments: at pre- 
sent, let him proceed with the subject as 
a part of the mechanism of algebra, on 
the assurance that by careful attention 
to the rules laid down, he can never be 
led to any incorrect result. The simple 
rule is, apply all those rules to such cx- 

pre.ssions as ^J—a o-b 6, &e.which 
have been proved to hold good for such 
quantities as >/a « + V Such 

expressions as Ihe first of these are 
called imaginary, to distinguish them 
from Ihe second, which arc called real ; 
and it must always be recollecled that 
there is no quantity, either positive or 
negative, which an imaginary expression 
can represent. 

It is usual to write such symbols 
as — 6 in a different form. To the 
equation — 6 = A x ( — 1) apply the 
rule derived from the equation = 
•J~x X which gives aJ — b = 

a/ A X <s/ — 1, of which the first factor 
is real and the second imaginary. Let 
,Jb = c, then ,J-~b = c,J — In 
this way all expressions may be so 
arranged that — 1 shall be the only 

imaginary quantity which appears in 
them. Of this reduction the following 
are examples : 

E 2 
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24 = ^/24 '/- 1 = 2^6 
— a* =0 V. — 1 
J — a y. -J — a = — a 
•Jiab — cf—b' = (a — b) •J - \ 

V - o* X V - = a^r^xi V - 1 = -“*• 


The following tables exhibit other applications of the rules: 


c = a 

c» = - 0* 


c* = a» — 1, &c. c‘"-> = o4’~* V “ 1 

c»=— o«, &c. = -a<”-* 


<:■=— o^V — 1 cl = —al - I, 
c* = a* c* = o*. See. 


c‘*-‘ = - a<"-‘ V - 1 
c»“ = O'*'. 


The powers of such an expression as a ^ — 1 are therefore alternately real and 
imaginary, and are positive and negative in pairs. 

(o + = o* - i* + 2aiV - • 

(a - - lab^'^ 

(a + b^~U (a - bj~) = a* + 4* 


o -|-4;^ — 1 _ o* - 4* 2abjJ — 1 

a-i^Tl “ a* + 4* a* + 4* 

(a + bi/ — I) (c + dij — 1) = ac — bd + (ad + cb)ij — I 


Let the roots of the ^uation oi* 4" 

+ c = 0 be impossible, that is, let 
4^ — Aac be negative and equal to — A*. 
Its roots, as derived from the rules esta- 
olished when 4* — 4oc was positive, are 


-4fV-A« 

2a 

4 


and 


V- A* 


2a 


- , — r , * A > — 

2o ~ 2a’' 2a 2a'' 

Take either of these instead of x ; for 
example, let 

X = — - — h — V — 1. 

2a 2a 

rru , l)k A* 

Then a®* = ^ — V— 1 — 

4a 2« 4a 

. 4* 4A — 

4® = — — • + — 1 

2a 2a ^ 


4* A’ 

Therefore, a®* + 4x + c= 

4a 4a 

4* 

— 4- c. in which, if 4oc - 4* be substi- 
2a ‘ 


ordinary rules be applied, produce the 
same results as the roots. They are 
thence called imaginary roots, and we 
say that every equation of the second 
degree has two roots, either both real or 
both imaginary. It is generally true, 
that wherever an imaginary expression 
occurs, the same results will follow from 
the application of these expressions in 
any process as would have followed had 
the proposed problem been possible and 
its solution real. 

When an equation arises in which 
imaginary and real expressions occur 

together, such as a+ b J — I = c + 

d tj — when all the terms are trans- 
ferred on one side, the part which is 
real and that which is imaginary must 
each of them be equal to nothing. The 
equation just given when its left side is 

transposed become a — c -1- 4 — — I 

= 0. Now, if 4 is not equal to d, let 

b — d = e; then a — c4-e — 1 = 0. 

and — 1 = ; that is, an ima- 

e 


tnted instead of A', the result is 0. It 
appears, then, that the imaginary expres- 
sions which take the place of the roots 
when 4* — 4oc is negative, will, if the 


ginary expression is equal to a real one. 
which is absurd. Therefore, 4 = d and 
the original eijuation is thereby reduced 
to a = c. This goes on the supposition 
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that a, b, c, and d are teal. If they are 
not so there is no necessary absurdity in 

J — \ ^ If, then, we wish to 

^ e 

express tliat two possible quantities a 
and b are respectively equal to two 
others c and d, it may be done at once 
by the equation 

a-|-4;^— 1 =c-\-d^—\ 

Tile imaginary expression ^ — o and 
the negative expression — b have this 
resemblance, that either of them occur- 
ring as the solution of a problem in- 
dicates some inconsistency or absur- 
dity. As far as real meaning is 
concerned, both are equally imaginary, 

since 0 — o is as inconceivable as ^—a. 
What, then, is the difference of signifi- 
cation ? The following problems will 
elucidate this. A father is fifty-six, and 
his son twenty-nine years old; when will 
the father be twice as old as the son? 
Let this happen x years from the pre- 
sent time ; then the age of the father 
will be 56 -f- r, and that of the son 
29 -)- a; ; and therefore, 56 -j- a; = 
2 (29 -)- T) = 58 -j- 2a:, or a; = — 2. 
This result is absurd; nevertheless, if 
in the ecpiation we change the sign of x 
throughout it becomes 56 — x=58 — 2a, 
ora=2. This equation is the one be- 
longing to the problem ; a father is 56 
and his son 29 years old ; when tau the 
father twice as old as the son ? the 
answer to which is, two years ago. In 
this case the negative sign arises from 
too great a limitation in the terms of 
the problem, which should have de- 
manded how many years have elapsed 
or will elapse before the father is twice 
as old as his son ? 

Again, suppose the problem had Ireen 
given in this last-mentioned way. In 
order to form an equation, it will 
be necessary either to suppose the 
event past or future. If of the two sup- 
positions we choose the wrong one, this 
error will be pointed out by the negative 
form of the result. In this case the 


negative result will arise from a mistake 
in reducing the problem to an equation. 
In either case, however, the result may 
be interpreted, and a rational answer to 
the question may be given. This, how- 
ever, is not the case in a problem, the 
result of which is imaginary. Take the 
instance above solved, in which it is re- 
quired to divide a into two parts, whose 
product is b. The resulting equation is 
x’ — ox -t- 6 = 0 



the roots of which are imaginary when 
b is greater than — . If we change the 

sign of X in the equation it becomes 
X* + ax + b = 0 



and the roots of the second are imagi 
nary, if those of the first are so. There 
is, then, this distinct difference between 
the negative and the imaginary result. 
When the answer to a problem is nega- 
tive, by changing the sign of x in the 
equation which produced that result, we 
may either discover an error in the 
method of forming that equation or 
show that the question of the problem 
is too limited, and may be extended so 
as to admit of a satisfactory answer. 
When the answer to a problem is ima- 
ginary this is not the case. 


Chapter XI. 

On Roott in general, and Logariihmt. 

The meaning of the terms square root, 
culie root, fourth root, &c. has already 
been defined. We now proceed to the 
difficulties attending the connexion of 
the roots of o with the powers of a. 
The following table will refresh the 
memory of the student with respect to 
the meaning of the terms : — 


Name of x. Knme of x. 


Square of a 

- 

- x = aa 

Square Root of a 

- XX «a 

Cube .... 

- 

- x^aaa 

Cube Root .... 

- XXX =a 

Fourth Power - 

- 

- xssQoaa 

Fourth Root ... 

- xxxx =a 

Fifth Power 

- 

«• x=aaaaa 

Fifth Root 

- xxxxx^a 


The different powers and roots of a have hitherto been expressed in the fol- 
lowing way : — 
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Powers o* o’ 0 * 
Roots \J g. 

which series are connected together by 
the following equation, (>^a)" = “• 
There has hitherto been no connexion 
between the manner of expressing pon ers 
and roots, and we have found no pro- 
perties which are common both to powers 
and roots. Nevertheless, by the exten- 
sion of rules, we shall he led to a method 
of denoting the raising of jxjwers, the 
extraction of roots, and combinations of 
the two, to which algebra has been most 
peculiarly indebted, and the importance 
of which will justify the length at which 
it will be treated here. 

Suppose it required to find the cube 
of Za'b'': that is, to find 2a* 6‘x 2a* 6*X 
2a* ly. The common rules of multipli- 
cation give, as the result, 8a* 6*, which 
is expressed in the following equation, 

(2a* 6*)’ = 8a« Ifi 
Similarly (3a* Ir')' = 81a'* 4'* 

/ 1 A* \» _ I A*‘ 

\2 a / ~ M ^ 

and the general rule by which any single 
term may be raised to the power whose 
index is n, is, raise the coefficient to the 

f lower », and multiply the index of every 
etter by », that is, 

(a' b< e’ )" = a*e A"* c". 

In extracting the root of any simple 
term, »e arc guided by the manner in 
which the corresponding power is found. 
The rule is, extract the required root of 
(he coefficient, and divide the index of 
each ielter by the index of the root. 
Where these divisions do not give whole 
numbers as the quotients, the expression 
svhose root is to be extracted does not 
admit of the extraction without the in- 
troduction of some new symbol. For 
example, extract the fourth root of 

16a” A* c*, or find V Itia'* A* c*. The 
expression here given is the same as 
the following; — 

2a* A* c X 2a* A* c X 2a> A’ cx 2a* A* c, 

or (2a* A* c)*, the fimrth root of which is 
2a> Ac, conformably to the rule. 

Any root of a product, such as AB, 
may be extracted by extracting the 
root of eaoh of its. factors. Thus, 

* The 3 Is u^aalljr omitted, aod the Hqaare root >i 
writteo thos ^ 


.. a- .. ar+*,8cc. 

Va Va " ' Va> 

= V A . V B- For.raise l/K 
to the third power, the result of which iy 
i/A ya X V A V B X y A y'BIor 

y A y A y"A X y B y¥ y b, or 

AB. In the same way it may be proved 
generally, that y ABC= \ A V B V C. 
The most simple way of representing 
any root of any expression is the dividing 
it into two factors, one of which is the 
highest which it admits of whose root 
can be extracted by the rule just given. 

For example, in finding V 1 6a* A? c we 
must observe that 1 6 is 8 x 2, a* is a* x a, 
A? is A* X A, and the expression is 
So* A* X 2oAc, the cube root of which, 
found by extracting the cube root of 
each factor, is 2oA* y 2aAc. The second 
factor has no cube root which can be 
expressed by means of the symbols 
hitherto used, but when the numbers 
which a. A, and c stand for are known, 
y 2aAc may be found either exactly, or, 
when that is not possible, by ap- 
proximation. 

We find that a power of a power is 
found by affixing, as an index, the product 
of the indices of the two powers. Thus 

(a*/or a* X o* X a* X a* is a", or o***. This 
is the same as (o')’, which is a‘xa*, or 

■ m 

a*. Therefore, generally (a”) = (a*) 
= a”'. In the same manner, a root of 
a root is the root whose index is the 
product of the indices of the two roots. 

Thus >/ 1! a = For since a = 
ija Ua !/a x tja Va tja, the square 
root of a is l/a Va X/a, Hie cube root 
of which is XJa- This is the same as 

and generally 

y/ X/a — s/X/a = 

Again, when a power is raised and a 
root extracted, it is indifferent which is 
done first. Thus is the same thing 

as ( y7()*- For since a* = o x a, the 

cube root may be found by taking the 
cube root of each of these factors, that is 

yo* = y« X = ( V“)*, and ge. 
nerally 
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X/a- = (V5)- 

In the expression both n or m 

may be multiplied by any number, 
without altering the expression, that is 

To prove this, 

recollect that 

But a"r is (® and by definition, 

(u”)r — a”. Therefore ' 

= Va" • This multiplication is equiva- 


lent to raising a power of !^a“, and 

afterwards reducing the result, to its 
former value, by extracting the corre- 


sponding root, in the same way as 


mp 

np 


signifies that - has been multiplied by p, 

and the result has been restored to its 
former value by dividing it by p. 

The following e<iuations should be 
established by the student to familiarize 
him with the notation and principles hi- 
therto laid down. 


V(a-i)-* X *V (a-6)» = a-h 


"+V(a-|-6jv- 


"'V (“ — *)*+*• = (a*— i”) 



• /ah 

s/ cd~ 


'tjab _ "ija _ 


VS 


■V c 


Vrf 


</\ 



a _ Va*""‘ 
b b~^ 

The quantity Va“ simple expres- 
sion when tn can be divided by n, with- 
put remainder, for example Va" = 

Vii^ = a'> and, in general, whenever m 
can be divided by n without remainder. 

V<?" = a” . This symbol, viz. a letter 
which has an exponent appearing in a 
fractional form, has not hitherto l>een 
used. We may give it any meaning 
wliich we please, provided it be such 

that when — is fractional in form only, 
n 

and not in reality, that is, when m is 


a 

b 

m 

divisible by n, and the quotient is p, a” 
shall stand for o'", or aaa (p)*. It 

will bo convenient to let a" always stand 

for V^ > if which case the condition al- 

, »• - 
luded to is fulfilled, sincewhen— =p a« 

or Vu” = a e. This extension of a rule, 
the advantages of which will soon he 
apparent, is exemplified in the following 
table, which will tamiliarize the student 
with the different cases of this new nota- 
tion : — 



ai stands for 

l/a' or V“ 

a ^ stands for 


a* » 

v« 

pT^“ „ 


a* .. 

Va 



o* - „ 
0* .. 

Ifa' or (j/a^ 
Vi? or (\/a) 




• This '*•: B notBlioQ IB COIH1D011 BBC, BBil oieBin, itint iiaa U toba CDOtinacU until it hns 

Imm repeateil c timea. Thu* 

a+a + a + (f) = p a 

ttXaXo 
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The results at which we have ar- 
rived in this chapter, translated into this 
new language, are as follows : — 


oy = CxO"' = ^ 

(1) 

ABC^« = A* B* C* 

(2) 

(ot)r = J, 

(3) 

(.■> - QT - / 

(4) 

- — mif 
a* " a 

(5) 


The advantages resulting from the 
adoption of this notation, are, 1st, that 
time is saved in writing algebraical ex- 
pressions ; 2dly, all rules which have been 
shown to hold good for performing 
operations upon such quantities as a", 
hold good also for performing the same 

operations upon such quantities as a-' 
in which the exponents are fractional. 
The truth of this last assertion we pro- 
ceed to establish. 


Suppose it required to multiply toge- 

M * ^ . — 

ther oJ and a* , or and From 

^ wi-H 

(2) this is ^a” x o' , or ^ 0 "+“, or a • . 
Suppose it now required to midtiply 

o“ and 0 * . From (5) the first of these 

is the same as ow, and tlie second is 

the same as <rt. The product of these 

"tHs j— - 

by the last case is a w , or w a ’ ’ ' , 

But is ” 4 - ■£. and therefore 

nq '>9 

« t - S. 

a* X <w = O' f (6) 

This is the same result as was ob- 
tained when the indices were whole 
numbera The rule is ; — to multiply to- 
gether two powers of the same quantity, 
add the indices, and make the sum the 
index of the product. It follows in the 
same way that 


_ ' -t-r* _ "V «n-r» 
t “ 0" ~ o ”1 “ ^ a 

Of 


or, to divide one power of a quantity by 
another, subtract the index of the di- 
visor from that of the dividend, and 
make the difference the index of the 
result. 


Suppose it required to find 


UY. 

It is evident that a'xo"=a" ’ = 

/ 2\* / "X* 

a",orio"j = a". Similarly \o"/ = 

— / "\r ?? 

. o" , and so on. Therefore \a") = a " . 

Again to find (a*)", or Let 

* ^ 
this be o'. Then \/ o’, or 

= o", or a» = o’ . Therefore 
1 

y n’ or y ~ nq’ and Vo"/ = o’*. 

Again to find Co".)* ot s/C7. 


Apply the last two rules, and it appears 



therefore ^ ^ ^;x-' 


And the rule is ; — to raise one power of a 
quantity to another power, multiply the 
indices of the two powers together, and 
make the product the index of the result 
All these rules are exactly those which 
have been shown to hold good when the 
indices are whole numbers. But there 
still remains one remarkable extension, 
which will complete this subject. 

We have proved that whether m and 

n be whole or fractional numbers. — = 

o" 

a"~" . The only cases which have been 
considered in forming this rule arc those 
in which m is greater than n, being the 
only ones in which the subtracted indi- 
cated is possible. If we apply the rule 
to any other case, a new symbol is pro- 
duced, which we proceed to consider. 
For example, suppose it required to find 
a> 

-j. If we apply the rule, we find the 
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result a»-», or a-*, for which we have 
hitherto no meanine;. As in former 
cases, we must apply other methods to 
the solution of this case, and when we 
have obtained a rational result, a~' may 
be used in future to stand for this result. 

fl® 1 

Now the fraction -r is the same as 

o’ a* 

which is obtained by dividing both its 
numerator and denominator by a*. 

Therefore i- is the rational result, for 
<r 

which we have obtained a** by applying 
a rule in too extensive a manner. Ne- 
vertheless, if a'* be made to stand for 

and a"" for — , the rule will always 

a* o" ■' 

give correct results, and the general rules 
for multiplication, division, and raising 
of powers remain the same as before. 

For example, a'“ x a~’ is x — , or 
a" 0” 

which is -, ora‘t"+‘t, or 
o"o* _ o"+“ 

1 

fl”"* a* 

Similarly , or — , is — , or 

■' o— 1 a" 

a" 

a*-" or Again (o")”" is 

-4—., or ? — , or and so on. It 
(o~)' a— a 

hae before been shown that a" stands 
for 1 whenever it occurs in the solution 
of a problem. We can now, therefore, 
assign a meaning to the expression or, 
whether m be whole or fractional, posi- 
tive, negative, or nothing, and m all 
these cases the following rules hold 
good: — 

a" X a* = o“+" 

* a"*" =s a" fl*** 

a* 

^a“)" = “"*• 

The student can now understand the 
meaning of such an cxpres.sion as 
where the index or exponent is a deci- 
mal fraction. Since .301 is -rVoV* *his 

stands for * 1 ol an expression of 

which it would be impossible to calcu- 
late the value by any method which the 
student has hitherto been taught, but 
which may be shown by other processes 
to be very nearly equal to 2. , 


Before proceeding to the practice of 
logarithmic calculations, the student 
should thoroughly understand the mean- 
ing of fractional and negative imlices, 
and be familiar with the operations per- 
formed by means of them. He should 
work many examples of mulliplicalion 
and division in which they occur, for 
which he can have recourse to any ele- 
mentary work. The rules are the same 
as those to which he has been accus- 
tomed, substitulingihe addition, subtrac- 
tion, Ac. of fractional indices, instead of 
these which are whole numbers. 

In order to make use of logarithms, 
he must provide himself with a table. 
Either of the following works may be 
recommended to him : — 

1. Taylor's Logarithms. 

2. Hutton's Logarithms. 

( Babbage; Logarithms of Num» 
bers. 

Callet ; Logarithms of Sines, Co- 
sines, See. 

4. Bagay; Tables Astronomiques et 
Hydrographiques. 

The first and last of these are large 
works, calculated for the most accurate 
operations of spherical trigonometry and 
astronomy. 'The second and third are 
better suited to the ordinary student. 
For those who require a jiocket volume, 
there are Lalande's and Hassler's Tables, 
the first published in France, the second 
in the United States. 

The definition, theory, and use of 
logarithms are fully given in the Trea- 
tise on Aritlimelic and Algebra The 
limits of this treatise will not allow us 
to enter into this subject. There is, 
however, one consideration connected 
with the tables, which, as it involves a 
principle of frequent application, it will 
be well to explain here. On looking 
into any table of logarithms it will be 
seen, that for a series of numtiers the 
logarithms increase in arithmetical pro- 
gression, as far as the first seven jilaces 
of decimals are concerned ; that is, the 
difi'erence between the successive loga- 
rithms continue the same. For example, 
the following is found from any tables: 
Log. 41713 = 4.6202714 
Log. 41714 = 4.6202818 
Log. 41715 = 4.6202322 
The difference of these successive loga- 
rithms and of almost all others in the 
same page is .0000104. Therefore in 
this the addition of 1 to the number 
gives an addition of .0000104 to the 
logarithm. It is a general rule that. 
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vhen one quantity depends fcM- its value 
upon another, as a logarithm does upon 
its number, or an algebraical expres- 
sion, such as a* + a; upon the letter or 
letters which it contains, if a very small 
addition be made to the value of one of 
tliese letters, in consequence of which 
the expression itself is increased or 
diminished, generally speaking, the in- 
crement • of the expression wilt be very 
nearly proportional to the increment of 
I-et a? = .01 
a« = .0001 
a^= .000001 
&c. 

Now quantities are compared, not by 
the actual difference which exists be- 
tween them, but by the number of times 
which one contains the other, and, of 
two quantities which are both very 
small, one may be very great as compared 
with the other. In the second example 
.%• and ai* are both small fractions when 
compared with unity ; nevertheless, a^ 
is very great when compared with r*, 
lieing 100,000 limes its magnitude. This 
Use of the words small and great some- 
times embarrasses the beginner ; never- 
theless, on consideration, it will appear 
to be very similar to the sense in w hich 
they are used in common life. We do 
not form our ideas of smallness or 
greatness from the actual numbers 
which are contained in a collection, 
but from the proportion which the 
numbers tear to those which are usually 
found in similar collections. Thus 
of 1000 men we should say, if they 
lived in one village, that it was ex- 
tremely large ; if they formetl a regi- 
ment, that it was rather large; if an 
army, that it was utterly insignificant in 
point of numbers. Hence, in such an 
expression as AA -|- B/i* -)- C we 
may, if A is very small, reject BA* + CA*, 
as lieing very small compared with A A. 
An error will thus be committed, but a 
very small one only, and which becomes 
smaller as A becomes smaller. 


the letter whose value is increased, and 
the more nearly so the smaller is the in- 
crement of the letter. We proceed to 
illustrate this. The product of two frac- 
tions, each of which is less than unity, 
is itself less than either of its factors. 
Therefore the square, cute, &c. of a 
fraction less than unity decrease, and 
the smallerthe fraction is the more rapid 
is that decrease, as the following exam- 
ples will show ; — 

Let X — .00001 

= .0000000001 
X* = .000000000000001 
&c. 

Let us take any algebraical expres- 
sion, such as + X, and suppose that 
X is increased by a very small quantity 
A. The expression then becomes 
(X A)* -f- (x -j- A), or X* -)- X -j- 
(2x -)- 1 ) A -)- A*. But it was X* -f- X ; 
therefore, in consequence of x receiving 
the increment A, x*-j-x has received 
the increment 2x -f- I’j A -f- A>, for which 
(2x-j-I)A may be written, since A is 
very small. This is proportional to A, 

since, if A were doubled, 2x-j- 1 A would 
be doubled ; also, if the first were halved 
the second would be halved, &c. In 
general, if y is a quantity which contains 
X, and if X be changed into x-f- A, y is 
changed into a quantity of the form 
y + AA -j- BA* + C A* &c. ; that is, 
y receives an increment of the form 
AA -|-B A*-|- C A*.j~ &C. If A be very 
small, this may, without sensible error, 
be reiiuced to its first term, viz. kh, 
which is proportional to A. The general 
roof of this proposition belongs to a 
ighcr department of mathematics ; ne- 
vertheless, the student may observe that 
if holds good in all the instances which 
occur in the treatise on Arithmetic and 
Algebra, For example (Tr. Arith. and 
Alg. page 89), 


X-t- A" = x~-)-mx"-‘ A-j-m * ■ x”~* A*-)- Sec. 

Here A = mx™-i B = m x”-*. See. ; and if A be very small, x+T- 

=x" + mx“-' A, nearly. Again (page 1 18), «* = l-t-A4-— + — + &c. 

2 2.3 

Therefore, e' x e* or e'+* = e* -j-e* A -|- ^ A* -f- Sec. 

. • WktB any qvantily ii iacreiised, the ()ii»Blity by which it is ieocused is called its iMresMisf . 
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And if A be very small, «•’+*= s' -f- A, nearly. 

Again (page 119), log. (1 -f-n') = M (n' — J n'* + ^ n"” — &e.)' 

To each side add log.x, recollecting that log. x + log. (1 + n') = log. x(l + «') 

= log. (x-|-x/i'),and let xn' = A or n' = ^ . Making these substitutions, tho 
equation becomes 

Log. X + A = log. x+ ^ A — ^ A* -f- See. 


If A is very small, log. x-\-h = log. x + — A. 

We can now apply this to the logarithmic exampl* with which we commenced 
this subject. It ap]>ears that 

Log. 41713 = 4.6202714 

Lo?. (41713 + 1) = 4.6202714 + .0000104 

Log. (41713 + 2) = 4.6202714 + .0000104 X 2. 

From which, and the considerations above-mentioned. 

Log. (41713-(-A) = log. 41713 -|- .0000104 X A, 


which is extremely near the truth, even 
when A is a much larger number, as the 
tables will show. Supjrose. then, tliat the 
logarithm of 41713.27 is requir^. Here 
A = .27. It therefore only remains to 
calcidate .0000104 x .27, and add the 
result, or as much of it a.s is contained 
in the first seven places of decimals, to 
the logarithm of 41713. This trouble 
is saved in the tables in the following 
manner. The <litference of the succes- 
sive logarithms is written down, with 
the exception of the cyphers at the be- 
ginning, in the column marked D or 
DilE, under which are registered the 
tenths of that difference, or as much of 
them as is contained in the first seven 
decimal places, increasing the seventh 
figure by 1 when the eighth is equal to 
or greater than S, and omitting the 
cyphers to save room. From this table 
of tenths the table of hundredth parts 
may be made by striking off the last 
figure, making the usual change in the 
last but one, when the last is equal to or 
greater than 6, and placing an ^ditional 
cypher. The logarithm of 41713.27 is, 
therefore, obtained in the following man- 
ner: — 

Log. 41 713 = 4.6202714 

.0000104 X .2 = .0000021 

.0000104 X .07= .0000007 

Log. 41713.27 = 4.6202742 
This, when the useless cyphers and parts 
of the operation are omitted, is the pro- 
cess given in ajl the books of logarithms. 
If the logarithm of a number containing 
more than seven significant figures be 
sought, for example 2 1 9034.7 1 7, recourse 
must be had to a table, in which, the 


logarithms arc carried to more than 
seven jdaces of decimals. The fact is, 
that in the first seven places of decimals 
there is no ditference between log. 
219034.7 and log. 219034.717. For an 
excellent treatise on the practice of loga- 
rithms the reader may consult the pre- 
face to Babbage's Table of Logarithms, 

Chapter XII, 

In this chapter we shall give the student 
some advice as to the manner in which 
he should prosecute his studies in alge- 
bra. The remaining parts of this sub- 
ject present a field infinite in its extent 
and in the variety of the applications 
which present themselves. By what- 
ever name the remaining parts of the 
subject may be called, even though the 
ideas on which they are based may be 
geometrical, still the mechanical pro- 
cesses are algebraical, and present con- 
tinual applications of the preceding rules 
and deveimiments of the subjects already 
treated. This is the case in Trigono- 
metry. the application of Algebra to 
Geometry, the Differential Calculus, or 
Fluxions, &C. 

I. The first thing to be attended to in 
reading any algebraical treatise, is the 
gaining a perfect understanding of the 
different processes there exhibited, and 
of their connexion with one another. 
This cannot he attained by a mere read- 
ing of the book, however great the at- 
tention which may be given. It is im- 
possible, in a mathemalical work, to fill 
up every process in the manner in which 
it must be filled up in the mind of the 
student before he con be said to have 
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completely mastered it. Many’ results 
must he civen. of which the details are 
suppressed, such are the additions, mul- 
tiplications, extractions of the square 
root, &c. with which the investigations 
ahound. Tltese must not Ite taken on 
trust by the student, hut must be worked 
by his own pen, which must never be 
out of his hand while engaged in any 
algebraical process. The method which 
we recommend is, to write the whole of 
the symbolical part of each investigation, 
filling up the parts to which we have 
alluded, adding only so much verbal 
elucidation as is absolutely necessary to 
explain the connexion of the different 
steps, which wdl generally be much less 
than what is given in the book. This 
may apj ear an alarming labour to one 
who has not tried it, nevertheless we are 
convinced that it is by far the shortest 
method of proceeding, since the deli- 
berate consideration which the act of 
writing forces us to give, will prevent 
the confusion and difficulties which can- 
not fail to embarrass the beginner if he 
attempt, tty mere perusal only, to under- 
stand new reasoning expressed in new 
language. If, while proceeding in this 
manner, any difficulty should occur, it 
should be written at full length, and it 
will often happen that the misconception 
which occasioned the embarrassment 
will not stand the trial to which it is 
thus brought. Should there be still any 
matter of doul't which is not removed 
by attentive reconsideration, the student 
should proceed, first making a note of 
the iK)int which he is unable to perceive. 
To this he should recur in his subse- 
quent progress, whenever he arrives at 
anything which appears to have any 
affinity, however remote, to the difficulty 
which stuppcvl him, and Ihvts he will fre- 
quently find himself in a condition to 
deevpher what formerly appeared incom- 
prehensiltle. In reasoning purely geo- 
metrical, there is less necessity for com- 


mitting to writing the whole detail of 
the arguments, since the .symltolical 
language is more quickly understood, 
and the subject is in a great measure 
independent of the mechanism of ope- 
rations ; hut, in the processes of algebra, 
there is no point on which so much de- 
pends, or on which it Itecomes an in- 
structor more strongly to insist. 

II. On arriving at any new rule or 
process, the student should work a 
number of examples sufficient to prove 
to himself that he understands and can 
apply the rule or process in question. 
Here a difficulty will occur, since there 
are many of these in the books, to which 
no examples are formally given. Never- 
theless, he may choose an example for 
himself, and his previous knowledge will 
suggest some method of proving whe- 
ther his result is true or not. For ex- 
ample, the development of a+x'\i will 
exercise him in the use of the binomial 
theorem ; when he has obtained the 
series which is equivalent to a-t-x'ii , let 

him, in the same way, develop a+xi > 
the product of these, since ^ -f ^ = 3 , 
ought to be the same ns the develop- 
ment ofa-t- a; ,orasa’-b3a*x+3ox*-l-x\ 
He may also try whether the develop- 
ment of a-t-x,'j4 by the binomial theorem, 
gives the same result as is obtained by 
the extraction of the square root of 
n-l-x. Again, when any development 
is obtained, it should be seen whether 
the development possesses all the pro- 
perlies of the expression from which it 

has been derived. For example, — 

is proved to be equivalent to the series 

1 -bx-t-.T*-t-x"-t-, &C., ad ittfinilum. 
This, when multiplied l>y 1 — x, shovdd 
give 1 ; when multiplied by 1 — x*, should 
give I +.T, because 


1 — X 


X (I-x) = l 


1 

1 -X 


X (1 —X*) = 1-1- ,T, &c. 


Again 


, a = 1 -f- X Logo + ' q. -p &c. ad inf. 


2.3 


a» = I +IJ Logo -1- See. 


a*+» = 1 -b x+y Logo ‘-P See. 
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Now, since a' X ft* = 0 '+'', (he pro- 
duct of tlie two first series should give 
the third. Many other instances of the 
same sort will suggest themselves, and 
a careful attention to them will confirm 
the demonstration of the several theo- 
rems, which, to a beginner, is often 
doubtful, on account of the generality of 
the reasoning. 

III. Whenever a demonstration ap- 
ars perplexed, on account of the num- 
r and generality of the symbols, let 

some particular case be chosen, and let 
the same demonstration be applied. 
For example, if the binomial theorem 
should not appear sufficiently plain, the 
same reasoning may be applied to the 

+ Aj^‘ + Bx^-h 

to choose that of the third, or at most of 
the fourth degree, or both, on which to 
demonstrate all the properties of ex- 
pressions of this description. But in all 
these cases, when the particular instances 
have been treated,the general case should 
not be neglected, since the power of rea- 
soning upon expressions such as the one 
just given, in which all the terms cannot 
be written down, on account of their in- 
determinate number, must be exercised, 
before the student can proceed with any 
prospect of success to the higher branches 
of mathematics. 

IV. When any previous theorem is 
referred to, the reference should be 
made, and the student should satisfy 
himself that he has not forgotten its de- 
monstration. If he finds that he has 
done so, he should not grudge the time 
necessary for its recovery. By so doing, 
he will avoid the necessity of reading 
over the subject again, and will obtain 
the additional advantage of being able to 
give to each part of the subject a time 
nearly proportional to its importance, 
whereas, by reading a book over and 
over again until he is master of it, he 
will not collect the more prominent parts, 
and will waste time upon unimportant 
details, from which even the best books 
are not free. The necessity for this conti- 
nual reference is particularly felt iu the 
Elements of Geometry, where allusion is 
constantly made to preceding proposi- 
tions, and where many theorems are of 
no importance, considered as results, 
and are merely established in order to 
serve as the basis of future propositions. 

V. The student should not lose any 
opportunity of exercising himself in nu- 
merical calculation, and particularly in 


expansion of 1 + x®, or any other case, 

which is there applied to 1 -1-X7. Again, 
the general form of the product (.cH-a), 
(X -t- b), (X + c), Stc. . . . containing n 
factors, will be made apparent by taking 
first two, then three, and four factors, 
before attempting to apply the reason- 
ing which establishes the form of the 
general product. The same applies par- 
ticularly to the theory of permutations 
and combinations, and to the doctrine of 
probabilities, which is so materially con- 
nected with it. In the theory of equa- 
tions it will be advisable at first, in- 
stead of taking the general equation of 
the form 

-I- L.T -f- M = 0, 

the use of the logarithmic tables. His 
power of applying mathematics to ques- 
tions of practical utility is in direct pro- 
portion to the facility which he possesses 
in computation. Though it is in plane 
and spherical trigonometry that the most 
direct numerical applications present 
themselves, nevertheless the elementary 
parts of algebra abound with useful 
practical questions. Such will be found 
resulting from the binomical theorem, 
the theory of logarithms, and that of 
continued fractions. The first requisite 
in this branch of the subject, is a perfect 
acquaintance with the arithmetic of de- 
cimal fractions ; such a degree of ac- 
quaintance as can only be gained by a 
knowledge of the principles as well as 
of the rules which arc deduced from 
them. From the imperfect manner in 
which arithmetic is usually taught, the 
student ought in most cases to recom- 
mence this study before proceeding to 
the practice of logarithms. 

VI. The greatest difficulty, in fact al- 
most theonly one of any importance which 
algebra otters to the reason, is the use 
of the isolated negative sign in such ex- 
pressions as — ft, a “ and the symbols 
which we have called imaginary. It is 
a remarkable fact, that the first elements 
of the mathematics, sciences which de- 
monstrate their results with more cer- 
tainty than any others, contain difficulties 
which have been the subjects of dis- 
cussion for centuries. In geometry, for 
example, the theory of parallel lines has 
never yet been freed from the difiiculty 
which presented itself to Euclid, and 
obliged him to assume, instead of prov- 
ing the 12th axiom of his first book. 
Innumerable as have been the attempts 
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to elude or surmount this obstacle, no 
one has been more successful than 
another. The elements of fluxions or 
the differential calculus, of mechanics, 
of optics, and of all the other sciences, 
in the same manner contain difficulties 
peculiar to themselves. These are not 
such as would sugcest themselves to the 
beginner, who is usually embarrassed by 
the actual performance of the operations, 
and no ways perplexed by any doubts as 
to the foundations of the rules by which 
he is to work. It is the characteristic 
of a young student in the mathematical 
sciences, that he sees, or fancies that he 
sees, the truth of every result which 
can be stated in a few words, or ar- 
rived at by few and simple operations, 
while that which is long is always con- 
sidered by him as abstruse. Thus 
while he feels no embarrassment as to 
the meaning of the equation + a X — a 
= — o^, he considers the multiplication 
ofa">-t-a»by6“ + 6" as one of the 
difficulties of algebra. This arises, in 
our opinion, from the manner in which 
his previous studies are usually con- 
ducted. From his earliest infancy, he 
learns no fact from his own observation, 
he deduces no truth by the exercise of 
his own reasion. Even the tables of 
arithmetic, which, with a little thought 
and calculation, he might construct for 
himself, are presented to him reiuly made, 
and it is considered sufficient to commit 
them to memory. Thus a habit of ex- 
amination is not formed, and the student 
comes to the science of algebra fully 
prepared to believe in the truth of any 
rule which is set before him, w ithout 
other authority than the fact of finding 
it in the book to which he is recom- 
mended. It is no wonder, then, that he 
considers the difficulty of a process as 
proportional to that of remembering 
and applying tlie rule which is given, 
without taking into consideration the 
nature of the reasoning on which the 
rule w as founded. We are not advocates 
for stopping the progress of the student 
by entering fully into all the arguments 
for and against such questions, as the 
use of negative quantities, &c.. which 
he could not understand, and which are 
inconclusive on both sides; but he 
might be made aware that a difficulty 
does exist, the nature of which might be 
pointed out to him, and he might then, 
by the consideration of a sufiicient 
number of examples, treated separately, 
acquire confidence in the results to which 


the rules lead. Whatever may be 
thought of this method, it must be better 
than an unsupported rule, such as is 
given in many works on algebra. 

It may perhaps be objected that this 
is induction, a species of reasoning which 
is foreign to the usually received notions 
of mathematics. To this it may be 
answered, that inductive reasoning is of 
as frequent occurrence in the sciences as 
any other. It is certain that most great 
discoveries have been made by means 
of it ; and the mathematician knows 
that one of his most powerful engines 
of demonstration is that peculiar species 
of induction which proves many general 
truths by demonstrating that, if the 
theorem be true in one ca.se, it is true 
for the succeeding one. But the be- 
ginner is obliged to content himself with 
a less rigorous species of proof, though 
equally conclusive, as far as moral cer- 
tainty is concerned. Unable to grasp 
the generalizations with which the more 
advanced student is familiar, he must 
satisfy himself of the truth of general 
theorems by observing a number of 
particular simple instances which he is 
able to comprehend. For example, we 
would ask any one who has gone over 
this ground, whether he derived more 
certainty as to the truth of the binomial 
theorem from the general demonstration 
(if indeed he was suffered to see it so 
early in his career), or from observation 
of its truth in the particular cases of the 
s s 

development of a -f- 6 , a + b , &c., 
substantiated by ordinary multiplication. 
We believe firmly, that to the mass of 
young students, general demonstrations 
affonl no conviction whatever ; and that 
the same may be said of almost every 
species of mathematical reasoning, when 
it is entirely new. We have before ob- 
served, that it is necessary to learn to 
reason ; and in no case is the assertion 
more completely verified than in the study 
of algebra. It was probably the ex- 
perience of the inutility of general de- 
monstrations to the very young student 
that caused the abandonment of rea- 
soning which prevailed so much in 
English works on elementary mathe- 
matics. Rules which the student could 
follow in practice supplied the place of 
arguments which he could not, and no 
pains appear to have been taken to 
adopt a middle course, by suiting the 
nature of the proof to the student’s 
capacity. The objection to this appears 
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to have been the necessity which arose 
for departini; from the appearance of 
rifrorous demonstration. This was the 
cry of those, who not liaving seized the 
spirit of the processes which they fol- 
lowed, placed the force of the reasoning 
in the forms. To such the authority of 
great names is a strong argument ; we 
will therefore cite the words of Laplace 
on this subject. 

“ Newton extended to fractional and 
negative powers the analytical expression 
which he had found for whole and po- 
sitive ones. You see in this extension 
one of the great advantages of algebraic 
language, which expresses truths much 
more general than those which were 
at first contemplated, so that by making 
the extensions of which it admits, there 
ari.ses a midtitude of new truths out of 
formula! which were founded upon very 
limited suppositions. At first, people 
were afraid to ailmit the general con- 
sequences with which analytical for- 
mulae furnished them ; but a great 
number of examples having verified 
them, we now, without fear, yield our- 
selves to the guidance of analysis 
through all the consequences to which 
it leads us, and the most happy dis- 
coveries have sprung from the bold- 
ness. We must observe, however, that 
precautions should be taken to avoid 
giving to formula! a greater extension 
than they really admit, and that it is 
always well to demonstrate rigorously 
the results which are obtained." 

We have observed, that beginners are 
not disposed to quarrel with a rule 
which is easy in practice, anil verified 
by examples, on account of difficulties 
which occur in its establishment. The 
early history of the sciences presents 
occasion for the same remark. In the 
work of Diophanlus, the first Greek 
writer on algebra, we find a principle 
equivalent to the equations + a X — A 
= — a b, and — iix — b = + a b, 
admitted as an axiom, without proof 
or difficulty. In the Hindoo works on 
algebra, and the Persian commentators 
u|H)n them, tlie same thing takes place. 
It appears, that struck with the practical 
utility of the rule, and certaiti by in- 
duction of its truth, they did not scruple 
to avail themselves of it. A more cul- 
tivated age, possessed of many formulae 
whose developments presented striking 
examples of an universality in algebratc 
language not contemplated by its 
framers, set itself to inquu% more clo.sely 


into the first principles of the science. 
Long and still unfinished discussions 
have been the result, but the progress 
of nations has exhibited throughout a 
strong resemblance to that of indivi- 
duals. 

VII. The student should make for 
himself a syllabus of results only, unac- 
companied by any demonstration. It is 
essential to acquire a correct memory 
for algebraical formulae, which will save 
much time and labour in the higher de- 

f iartments of the science. Such a syl- 
abus will be a great assistance in this 
respect, and care should be taken that it 
contain only the most useful and most 
rominent formulae. Whenever that can 
e done, the student should have recourse 
to the system of tabulation, of which he 
will have seen several examples in this 
treatise. In this way he should write 
the various forms which the roots of the 
equation ax* + Ax + c = 0 assume, accord- 
ing to the signs of a. A, and c, &c. Hoth 
the preceptor and the pupil, but espe- 
cially the former, will derive great ad- 
vantage from the perusal of Ijscroix, 
Essais mr f Knseignement en ginhal et 
sur cetui lies Malhematiques en parti- 
culler, Condillac, La Longue des CalculSy 
and the various articles on the elements 
of algebra in the French Encyclopedia, 
which are for the most part written by 
D'.Memliert. The reader will here find 
the first principles of algebra, developed 
and elucidated in a masterly manner. A 
great collection of examples will be 
found in most elementary works, but 
particularly in Hirsch, Hammlung von 
lieiejiielen, &c. translated into English 
under the title of Self Examinations 
in Algebra, ^-c,, London, Black, Young, 
and Young, 18’25. The student who 
desires to cairy his algebraical studies 
farther than usual, and to make them 
the stepping-stone to a knowledge of the 
higher nialhemalics, should be ac- 
quainted with the French language. A 
knowledge of this, sufficient to enable 
him to read the simple and easy style in 
which the writers of that nation treat the 
first principles of every subject, may be 
acquired in a short time. When that is 
done, we recommend to the student the 
algebra of M. Bourdon, a work of emi- 
nent merit, though of some difficulty to 
the English student, and requiring some 
previous habits of algebraical reasoning. 

VUI. The height to which algebraical 
studies should la: carried must depend 
upon the purpose to which they are to 


Digitizedby Google 



«4 STUDY OF MATHEMATICS. 


be applied. For the ordinary purpose* 
of praelical mathematics, nlsrebra is 
principally useful as the auide to trigo- 
nometry, logarithms, and the solution 
of e<)uations. Much and profound study 
is not therefore reiiuisite ; the student 
should pay great attention to all nume- 
rical processes, and particularly to the 
methods of approximation which he will 
find in all the books. His principal in- 
strument is the table of logarithms, of 
which he should secure a knowledge 
both theoretical and practical. The 
course which should be adopted pre- 
paratory to proceeding to the higher 
branches of mathemalics is different. 
It is still of great importance that the 
student should l>e well acquainted with 
numerical applications; nevertheless, 
he may omit with advantage many de- 
tails relative to the obtaining of approxi- 


mative numerical results, particularly 
in the theory of equations of higher de- 
grees than the second. Instead of oc- 
cupying himself upon these, he should 
proceed to the applicalion of algebra 
to geometry, and afterwards to the 
differential calculus. When a com- 
petent knowledge of these has been ob- 
tained, he may then revert to the sub- 
jects which he has neglected, giving 
them more or less attention according 
to his own opinion of the use which he 
is likely to have for them. This applies 
particularly to the theory of equations, 
which abounds with processes of which 
very few students will afterwards find 
the necessity. 

We shall proceed in the next numlier 
to the difficulties which arise in the 
study of Geometry and Trigonometry. 
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CHAPTER XIII. 

On the Defmitiom of Geometry. 


In this treatise on the difficulties of Gco- 
nutry and Trigonometry, we propose, 
as in the former part of the work, to 
touch on those points only which, from 
novelty in their principle, are found to 
present difficulties to the student, and 
which are frequently not sufficiently 
dwelt U])on in elementary works. Per- 
haps it may be asserted, that there are 
no difficulties in geometry which are 
likely to place a serious obstacle in the 
way of an intelligent beginner, except the 
temiHJrary embarrassment which always 
attends the commencement of a new 
study ; that, for example, there is nothing 
in the elements of pure geometry com- 
parable, in point of complexity, to the 
theory of the negative sign, of fractional 
indices, or of the decomposition of an ex- 
pression of the second degree into fac- 
tors. This may be true ; and were it 
only necessary to study the elements of 
this science for themselves, without re- 
ference to their application, by means of 
algebra, to higher branchesof knowledge, 
we should not have thought it necessary 
to call the attention of our readers to the 
ints which we shall proceed to place 
fore them. But w hile there is a higher 
study in w hich elementary ideas, simple 
enough in their first form, are so gene- 
ralized as to become difficult, it will be 
an assistance to the beginner who intends 
to proceed through a wider course of pure 
mathematics than forms part of common 
education, if his attention is early di- 
rected, in a manner which he can com- 
rehend, to future extensions of what is 
efore him. 

The reason why geometry is not so 
difficult as algebra, is to be found in the 
less general nature of the symbols em- 
ployed. In algebra a general proposition 
res|)ecting numbers is to be proved. 
Letters are taken which may represent 
any of the numbers in question, and the 
course of the demonstration, far from 
making any use of a particular ca.se, 
does not even allow that any reasoning, 
however general in its nature, is con- 
clusive, unless the symbols are as general 
as the arguments. We do not say that 
it would be contrary to good logic to 
form gencr.al conclusions from reasoning 
on one particular case, when it is evident 


that the Siime considerations might be 
applied to any other, but only that very 
great caution, more than a lieginncr can 
see the value of, would be requisite 
in deducing the conclusion. There occurs 
also a mixture of general and particular 
propositions, and the latter are liable to 
be mistaken for the former. In geometry 
on the contrary, at least in the elemen- 
tary parts, any proposition maybe safely 
demonstrated by reasonings on any one 
particular example. For though in 
proving a property of a triangle many 
truths regarding that triangle may be 
asserted as having been proved before, 
none are brought forward which are not 
general, that is, tnie for all instances ofthe 
same kind. It also atfords some facility 
that the results of elementary geometry 
are in many cases sufficiently evident 
of themselves to the eye ; for instance, 
that two sides of a triangle are greater 
than the third, whereas in algebra many 
rudimentary propositions derive no evi- 
dence from the senses; for example, that 
o* — i* is always divisible without re- 
mainder by a — b. 

The definitions of the simple term* 
point, line, and surface have given rise to 
much discussion. But the difficulties 
which attend them are not of a nature 
to embarrass the beginner, provided he 
will rest content with the notions which 
he has already derived from observation. 
No explanation can make these terms 
more intelligible. To them may be 
added the words straight line, which 
cannot be mistaken for one moment, 
unless it be by means of the attempt to 
explain them by saying that a straight 
line is ‘ that which lies evenly between 
its extreme points.' 

The line and surface are distinct 
species of magnitude, as much so as the 
yard and the acre. The first is no part 
of the second, that is, no number of lines 
can make a surface. When therefore 
a surface is divided info two parts by a 
line, the dividing line is not to be con- 
sidered as forming a part of either. 
That the idea of the line or boundary 
necessarily enters into the notion of the 
division is very true ; but if we conceive 
the line abstracted, and thus get rid of 
the idea of division, neither surface is 
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increased or diminished, wliieh is what 
we mean when we say that the line is 
not a part of the surface. The same con- 
siderations apply to a point, considered as 
the boundary of the divisions of a line. 

The beginner may perhaps imagine 
that a line is made up of points, that is, 
that every line is the sum of a number 
of points, a surface the sum of a nuinber 
of lines, and so on. This arises from the 
fact, that the things which we draw on 
paper as the representatives of lines 
and points, have in reality three dimen- 
sions, two of which, length and breadth, 
are ))erfcctly visible. Thus the point, 
such as we are obliged to represent it, 
in order to make its position visilile, is 
in reality a part of our line, and our 
points, if sufficiently multiplied in number 
and placed side by side, would compose 
a line of any length whatever. Hut 
taking the mathematical definition of a 
point, which denies it all magnitude, 
either in length, breadth, or tbickne.ss, 
and of a line, which is asserted to pos- 
sess length only without breadth or 
thickness, it is easy to shew that a 
point is no part of a line, by making it 
appear that the shortest line can be 
cut in as many iioints as the longest, 
which may be done in the following 
manner. Let A U l>e any straight line, 
from the ends of which, A and 13, draw 



two lines, A F and C B, parallel to one 
another. Consider A F as produced 
without limit, and in C B lake any 
point C, from wliich draw lines 0 E, 
C E, &o., to different points in A F. 
It is evident that for each point E in 
AF there is a distinct point in A B, 
viz., the intersection of C E with A B ; — 
for, were it possihio that two points, 
E and F in AF, could be thus connected 
with the same point of A B. it is evident 
that two straight lines wonlfl enclose a 
space, viz., the lines C E and CF, wtiich 
botli pass through C, and would, were 
our sujiposition correct, also pass 
tlirough the same jmint in A B. There 
can then be taken as many points in the 
finite or bounded line A B as in the 
indefinitely exiended line A F. 

The next definition which we shall 
consider is that of a plane surface. 
The word plane or fiat is as hard to 


define, without reference to any thing 
but the idea we have of it, as it is easy 
to understand. Nevertheless the prac- 
tical method of ascertaining whether or 
no a surface is plane, will furnish a 
definition, not such, indeed, as to render 
the nature of a plane surface more 
evident, but which will serve, in a 
mathematical point of view, as a basis 
on wliich to rest the propositions of solid 
geometry. If Hie edge of a ruler, 
known to he ])crfectly straight, coincides 
with a surface throughout its whole 
length, in whatever direction it may tie 
placed upon lliat surface, we conclude 
that the surface is plane. Hence the 
definition of a plane surface is that in 
which, any two points being taken, the 
straight line joining these points lies 
wholly upon the surface. 

Two straight lines have a relation to 
one another independent altogether of 
their length. Tliis we commonly express 
(for among the most common ideas are 
found the germ of every geometrical 
theory) by saying that they are in tlie 
same or different directions. By Hie 
direction of the needle we ascertain Hie 
direction in w hich to proceed at sea, and 
by Hie direction in w hich the hands of a 
clock are ]ilaced we tell the Itour. It 
remains to reiluce Htis common notion 
to a more precise form. 

Suppose a straight line O A to be 
given in magnitude and position, and to 
remain fixed w hile another line O B, at 



first coincident with 0 A, is made to 
move round O A, so as continually to 
vary its direction with respect to O' A. 
The process of opening a jiair of com- 
passes will furnish an illustration of this, 
but Hie two lines need not be equal to 
one another. In this case the opening 
made by Hie two will continually in- 
crease, and this opening is a species of 
magnitude, since one ojieiiing may lie 
compared witli another, so as to a.scertain 
w hich of the two is the gi ealcr. Thus if 
the fig. CI’D be removed from its place, 
without any other cliange, so that the 
point P may fall on (), and the line P G 
may lie upon and become a part of O A, 
or OA of PC, according to wliich is Hie 
longer of the two, then if Hie opening 
C P D is tile same as Hie opening A O B, 
P D will lie upon A B at the same time 
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as P C lies upon O A. But if P H does 
not then lie upon O 11, but falls between 
O B and OA, the op*nin>t C P D is less 
than the openini; A O B, and if P D does 
not fall between O A and O B. or on 
O B, the opening C P D is greater than 
the opening BOA. To this species of 
magnitude, the opening of two lines, 
the name of angle is given, that is B O 
is said to make an angle with O A. The 
difficulty here arises from this mag- 
nitude being one, the measure of which 
has seldom fallen under observation of 
those who Itegin geometry. Every one 
has measured one line by means of 
another, and has thus made a number 
the representative of a length ; but few, 
at this peri(xl of their studies, have been 
accustomed to the consideration, that 
one opening may be contained a certain 
number of times in another, or may be a 
certain fraction of another. Nevertheless 
we may find measures of this new species 
of magnitude cither by means of time, 
length, or number. 

One magnitude is said to be a mea- 
sure of another, when, if the first be 
doubled, trebled, halved, &c„ the second 
is doubled, trebled, or halved, &c. ; that 
is, when any fraction or multiple of the 
first corresponds to the same fraction or 
multiple of the second in the same man- 
ner as the first does to the second. The 
two quantities need not be of the same 
kind: thus, in the barometer the height 
of the mercury (a length) measures the 
pressure of the atmosphere (a weight ) ; 
for if the barometer which yesterday 
stood at 28 inches, to-day stand at 29 
inches, in which case the height of yes- 
terday is increased by its 28th part, we 
know that the atmospheric pressure of 
yesterday is increased by its 2Sth part 
to-day. Again, in a watcb, the number 
qf hours elapsed since twelve o'clock is 
measured by the angle which a hand 
makes with the position it occupied at 
twelve o'clock. In the spring balances 
a weight is measured by an angle, and 

c 



many other]] similar instances might be 
given. 


This being premised, suppose a line 
which moves round another as just de- 
scribed, to move uniformly, that is, to 
describe equal ojienings or angles in 
equal times. Suppose the line UA to 
move completely round, so as to reas- 
sume its first position in twenty-four 
hours. Then in twelve hours the mov- 
ing line will be in the position t) B, 
in six hours it will be in O C, and in 
eighteen hours in O 1). The line C) 0 
is that which makes equal angles with 
O A and O B, and is said to lie at right 
angles, or perpendicular to O A and 
O B. Again, O A ami O B which are 
in the same right line, but on opposite 
sides of the point O, evidently make an 
opening or angle which is equal to the 
sum of the angles A O C and C O B, or 
equal to two right angles. A line may 
also be said to make with itself an open- 
ing equal to four right angles, since 
after revolving through four right ari- 
gles, the moving line reassumes its ori- 
ginal position. We may even carry this 
notion further : for if the moving line lie 
in the position t) E when E hours have 
elapsed, it will recover that position alter 
every twenty-four hours, that is, for 
every additional four right angles de- 
scribed ; so that the angle A U E is 
equally well represented by any of the 
following angles : 

4 right angles -t- A O E 
8 right angles -t- A O E 
12 right angles -h AOE 
&c. See. &c. 

These formulte which suppose anopen- 
ing greater than any aj ■parent opening, 
and which take in and represent the 
fact that the moving line has attained 
its position for the second, third, fourth, 
fee., time, since the commencement of 
the motion, are not of any use in ele- 
mentary geometry ; but as they play an 
important part in the application of 
algebra to the theory of angles, we 
have thought it right to mention them 
here. 

It is plain also that we may conceive 
the line OE to make two openings or 
angles with the original position () A 
1. that through which it has moved to 
recede from OA ; 2. that through which 
it must move to reach O A again. The 
first fin the position in which we have 
placed O A) is what is called in geome- 
try the angle AO E ; the second is more 
simply described as composed of the 
oirenings or angles EOC, COB, BOD, 
DO A, and is not used except in the ap- 
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plication of algebra above mentioned. Of 
the two angles just alluded to, one must 
be less tlian two right angles, and the 
second greater ; the first is the one 
usually referred to. 

It is plain that the angle or opening 
made by two lines does not depend upon 
their length but upon their position ; if 
either be shortened or lengthened, the 
angle still remains the same; and if 
while the angle increases or decreases 
one of the straight lines containing it is 
diminished, the angle so cont.ained may 
have a definite and given magnitude at 
the moment when the straight line dis- 
appears altogether and becomes no- 
thing. For example, take two points of 
any eiin e A B. ami join A and B by a 
straight line. I,et the point B move to- 
wards A; it is evident that the angle 
maile by the moving line with A B in- 
creases continually, while as much of 



one of the lines containing it as is inter- 
cepted by the curve, diminishes without 
limit. \Vhen this intercepted part dis- 
apgiears entirely, the line in which it 
would have lain had it had any length, 
has reached the line AG, which is 
called the tangent of the curs e. 

In clemenlary geometry two ei^ual 
angles lying on dittVrent sides of a line, 
such a.s A O K, A O H. ivould be con- 
sidered as the same. In the applica- 
tion of algebra, they would be consi- 
dered as havin" different signs, for rea- 
sons slated at length in pages 37, &c., 
of the first part of this Treatise. Itisalso 
common in the latter branch of the sci- 
ence, to measure angles in one direction 
only ; for example, in the same figure, the 
angles made by O E, O F, U G, and 
OH, if measured upwards from 0 A. 
would lie the openings through which a 
line must move in the. same direction 
from O A, to attain those positions ; 
and the second, third, and fourth angles 
would Ire greater than one. two, and 
three right angles respectively. 

We proceed to the method of reason- 
ing in geometry, or rather to the method 
of reasoning in general, since there is, 
or ought to be, no essential dilference 
between the manner of deducing results 
from first principles, in any bcience. 


Chapter XIV. 

On Geometrical Reasoning. 

It is evident that all reasoning, of what 
form soever, can Ire reduced at last to 
a number of simple propositions or as- 
sertions ; each of which, if it be not 
self-evident, depends upon those which 
have preceded it. Every assertion can 
be divided into three distinct parts. 
Thus the phrase ‘ all right angles are 
euual,' consists of — \,\\\esulgect spoken 
of, viz., right angles, which is here 
spoken of universally, since every right 
angle is a part of the subject ; — 2, the 
copula, or manner in which the two are 
joined together, which is generally the 
verb It, or is equal to, and can always 
be reduced to one or the other : in this 
case the copula is afiirmative ; — 3. the 
predicate, or thing asserted of the suli- 
ject, viz , ccpial angles. The phrase, 
thus divided, stands as written below, 
and is ealled universally affirmative. 
The second is called a particular affirma- 
tive proposition ; the third a universal ne- 
gative; the fourth a particular negative. 

All right angles are equal, (magni- 
tudes). 

Some triangles are equilateral, 
(figures). 

No circle is convex to its diameter. 

Some triangles are not equilateral, 
(figures). 

Many assertions appear in a form 
which, at first sight, cannot be reduced 
to one of the preceding : the following 
are instances of the change which it is 
necessary to make in them. 

Parallel lines never meet, or parallel 
lines are lines which never meet. The 
angles at the base of an isosceles triangle 
are equal, or an isosceles triangle is a tri- 
angle having the angles at the base equal. 

The different species of assertions, 
and the arguments which are com- 
pounded of them, may be distinctly con- 
ceived by referring them all to one 
species of subject and predicate. Since 
every assertion, generally speaking, in- 
cludes a number of individual cases in 
its subject, let the points of a circle l>e 
the subject and those of a triangle the 
predicate. These figures l>eing drawn, 
the four species of assertions just alluded 
to are as lollows : — 

1. Every point of the circle is a point 
of the triangle, or the circle is contained 
in the triangle. 

2. Some points of the circle are points 
of the triangle, or part of the circle is 
contained in the triangle. 
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3. No point of the circle is a point of 
the triansile. or the circle is entirely 
without the triansle. 

4. Some points of the circle are not 
points of the triangle, or part of the 
circle is outside the triangle. 

On these we observe that the second 
follows from the first, as also the fourth 
from the thinl, since that which is true 
of all is true of some or any ; whde the 
first and third do not follow from the 
second and fourth, necessarily, since that 
w hich is true of some only need not be 
true of all. Again, the second and fourth 
are not necessarily inconsistent with each 
other for the same reason. Also two of 
these assertions must be true and the 
others untrue. The first and the third are 
called contraries, while the first and 
fourth, and the second and third arc 
Contradictoiy. The converse of a pro- 
position is made by changing the )ire- 
dicate into the subject, and the subject 
into the predicate. No mistake is more 
common than confounding together a 
pro|K)5ition and its converse, the ten- 
(tency to which is rather increased in 
those who begin geometry, by the 
humber of propositions which they 
finil, the converses of which are true. 
Thus all the definitions are necessarily 
conversely true, since the identity of 
the subject and predicate is not merely 
asserted, but the subject is declared to 
be a name given to all those magnitudes 
which have the properties laid dowa in 
the iiredicate, and to no others. Thus a 
square is a four-sided figure having 
equal sides and one right angle, that is, 
let every four-sided figure having &c., 
be called a square, and let no other figure 
be called by that name, whence the truth 
of the converse is evident. Also many 
of the facts proved in geometry arc 
conversely true. Thus all equilateral 
triangles are equiangular, from which it 
is proved that all equiangular triangles 
arc equilateral. Of the first species of 
assertion, the universal afiirmalive, the 
converse is not necessarily true. Thus 
‘ every point in figure A is a point of B,' 
does not imply that ‘ every point of B is 
a point of A,' although this may be the 
case, and is, if the two figures coincide 
entirely. The second species, the parti- 
cular affirmative, is conversely true, since 
if some points of A are points of B, 
some points of B are also points of A. 
The first species of assertion is con- 
versely true, if the converse be made to 
lake the form of the second species : thus 
from ‘ all right angles are equal,' it may 


be inferred that ‘ some equal magnitudes 
are right angles.' The third species, the 
Universal negative, is conversely true, 
since if ‘ no point of B is a point of A,' 
it may be inferred that ‘ no point of A 
is a point of ll.' The fourth species, 
the particular negative, is not neces- 
sarily conversely tnie. From ‘ some 
points of A are not points of B,' ry 
A is not entirely contained within It, 
we can infer nothing as to whether B is 
or is not entirely contained in A. If is 
jilain that the converse of a proposition 
is not necessarily true, if it says more 
either of the subject or predicate than 
was s.aid before. Now ‘every equi- 
lateral triangle is equiangular,' does 
not speak of all equiangular triangles, 
but asserts that among all possible 
equiangular triangles arc to be found all 
the equilateral ones. There may then, 
for any thing to the contrary to be dis- 
covered in our assertion, be classes of 
equiangu'sar triangles not included under 
this assertion, of which wi: can therefore 
say nothing. But in saying ‘ no right 
angles are unequal,' that which wd ex-, 
elude, we exclude from all unequal 
angles, and therefore ‘ no unequal angles 
arc right angles ' is not more general 
than the first. 

The various assertions brought forward 
in a geometrical demonstration must be 
derived in one of the following ways. 

I. From definition. This is merely sub- 
stituting, instead of a description, the 
name which it has been agreed to give 
to whatever bears th.at description. No 
definition ought lobe introduced until it 
is certain that the thing defined is really 
possible. Thus though parallel lines 
are defined to be ‘ lines which are in 
the same plane, and which being ever so 
far produced never meet,' the mere 
agreement to call such lines, should they 
exist, by the name of parallels, is no 
sufficient ground to assume that they 
do exist. The definition is therefore 
inadmissible until it is really shewn that 
there are such things as lines which 
being in the same plane never meet. 
Again, before applying the name, care 
must be taken that all the circumstances 
connected with the definition have been 
attended to. Thus, though in plane geo- 
metry, where all lines are in one plane, 
it is sufficient that two lines would never 
meet though ever so far produced, to call 
them parallel, yet in solid geometry the 
first circumstance must be attended to, 
and it must be shewn that lines are in 
the same plane before the name can be 
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applied. Some of the axioms come so 
near to definitions in their nature, that 
their place may be considered as doubt- 
ful. Such are, ‘the whole is greater 
than its part,' and ‘ magnitudes which 
entirely coincide are equal to one ano- 
tlier.' 

II. From hsqiothcsis. In the statement 
of every proposition, certain connexions 
are supposed to exist from which it is 
asserted lliat certain consefjuences will 
follow. Thus ‘ in an isosceles triangle 
the angles at the base are equal,’ or, ‘ if 
a triangle he isosceles the angles at the 
base will he equ;il.‘ Here the hypo- 
thesis or supoosilion is that the triangle 
has two equal sides, the consequence as- 
serted is that the angles at the base or 
third side will he equal. The conse- 
quence being only asserted to he true 
when the angle is isosceles, such a tri- 
angle is supposed to be taken as the basis 
of the reasonings, and the condition that 
its two sides are equal, when introduced 
in the proof, is said to he introduced by 
hypothesis. 

” In order to establish the result it may 
he necessary to draw other lines, &c., 
which are not mentioned in the first hy- 
pothesis. These, when introduced, form 
what is called the construction. 

There is another species of hypothesis 
much in use, principally when it is 
retpiired to deduce the converse of a 
theorem from the theorem itself. In- 
stead of proving the consequence di- 
rectly, the contradictory of the conse- 
quence is assumed to hold good, and if 
from this new hypothesis, supposed to 
exist together with the old one, any 
evidently absurd result can be derived, 
such as that the whole is greater than its 
part, this shews that the two hypotheses 
are not consistent, and that if the first be 
true, the second cannot be so. Hut if 
the second lie not true, its contradictory 
is true, which is what was required to be 
proved. 

III. From the evidence of the asser 
tions themselves. The propositions thus 
introduced without proof are only such 
as are in their nature too simple to 
admit of it. They are called axioms. 
But it is necessary to observe, that the 
claim of an assertion to be called an 
axiom docs not deiiend only on its 
being self-evident. Were this the case 
many propositions which are always 
proved might l)c assumed; for example, 
that two sides of a triangle are greater 
than the third, or that a straight line is 
the shortest distance between two points. 


In addition to being self-evident, it must 
be incapable of proof by any other 
means, and it is one of the objects of 
geometry to reduce the demonstrations 
to the least jiossible number of axioms. 
There are only two axioms which are 
distinctly geometrical in their nature, 
viz., ‘ two straight lines cannot enclose a 
space,' and ‘ through each point outside 
a line, not more than one parallel to 
that line can he drawn.’ All the rest 
of the propositions commonly given as 
axioms are either arilhmetical in their 
nature ; such as ‘ the whole is greater 
than its part,’ ‘ the doubles of equals 
are equals,’ &c. ; or mere definiuons, 
such as ‘ magnitudes which entirely 
coincide are equal ; ' or theorems ad- 
mitting of proof, such as ‘ all right angles 
arc equal.’ There is however one more 
species of self-evident proposition, tlie 
postulate or self-evident problem, such 
as the possibility of drawing a right 
line, &c. 

IV. From proof already given. 
AVhat has been proved once may be 
always taken for granted afterwards. It 
is evident that this is merely for the 
sake of lircvity, since it would be possi- 
ble fo begin from the axioms and pro- 
ceed direct to the proof of any one jiro- 
pnsilion, however far removed from 
them ; and this is an exercise which we 
recommend to the student. Thus much 
for the legitimate use of any single as- 
sertion or proposition. We proceed to 
the' manner of deilucing a third propo- 
sition from two others. 

It is evident that no assertion can be 
the direct and necessary consequence of 
two others, unless those two contain 
something in common, or which is 
spoken of in both. In many, nay most 
cases of ordinary conversation and writ- 
ing, we leave out one of the assertions, 
which is, usually speaking, very evident, 
and make the other assertion followed 
by the consequence of both. Thus, ‘ geo- 
metry is useful, and therefore ought to 
be studied,’ contains not only what is 
expressed, but also the following, ‘that 
wliich is useful ought to he studied ; ’ 
for were this not admitted, the former 
assertion would not he necessarily true. 
This may be written thus, — 

Every thing useful is what ought to 
he studied. 

Geomelry is useful, therefore geome- 
try is what ought to be studied. 

This, in its present state, is called a 
syllogism, and may he compared with 
the following, from which it only differs 
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in the things spoken of, and not in the 
manner in which they are spoken of. 

Every point of the circle is a point of 
the Iriani-le. 

The point B is a point of the circle. 
Therefore the point B is a point of the 
triangle. Here a connexion is esta- 
blished between the point B and the 
points of the triangle (viz. that the first 
IS one of the second) by comparing them 
with the points of the circle; that which 
is asserted of every point of the circle in 
the first can be asserted of the point B, 
because from the second B is one of 
these points. Again, in the former ar- 
gument, whatever is asserted of every 
thing useful is true of geometry, because 
geometry is useful. 

The common term of the two propo- 
sitions is called the middle term, while 
the predicate and subject of the conclu- 
sion arc called the major and minor 
terms, resjjectively. The two first asser- 
tions are called the major and minor 
premises, and the last the conclusion. 
Suppose now the two premises and con- 
clusion of the syllogism just quoted to 
be varied in every possible way from 
affirmative to negative, from universal 
to particular, and vice versfi, where the 
number of changes will be 4 X4 x 4, 
or C4 (called moods) ; since each pro- 
position may receive four ditferent forms. 


and each form of one may be com- 
pounded with any of the other two. 
And these may be still further varied, 
if instead of the middle term being the 
subject of the first, and the predicate of 
the second, this order be reversed, or it 
the middle term be the subject of both, 
or the predicate of both, which will give 
four ditferent figures, as they are called, 
to each of the sixty-four moods above 
mentioned. But of these very few are 
correct deductions, and without enter- 
ing into every case we will slate some 
general rules, being the methods which 
common reason would take to ascertain 
the truth or falsehood of any one of 
thorn, collected and generalised *. 

1. The middle term must be the same 
in both premises, by what has just been 
observed ; since in the comparison of 
two things with one and the same third 
thing, in order to ascertain their con- 
nexion or discrepancy, consists the whole 
of reasoning. Thus, the deduction with- 
out further process of the equation 
a' -j- i* = e* from the proposition, which 
proves that the sum of the squares de- 
scribed on the sides of a right-angled 
triangle is equal to the square On its hy- 
pothenuse, a, b, and c being the number 
of linear units in the sides anil the hypo- 
themise, is incorrect, since syllogistically 
stated the argument would stand thus : — 


The sum of the squares of the lines a and b 1 f equal 

and the square of the line c f a e 

a*-f 


and c* 


piantities, 

I the sum of the squares of a and b, 
and the square of c. 


I 


Therefore 


are 


f equal 
(quantities. 


Here the term square in the major 
premiss has its geometrical, and in the 
minor its algebraical sense, being in the 
first a geometrical figure, and in the 
second an arithmetical operation. The 
term of comparison is not therefore 
the same in both, and the conclusion 
docs not therefore follow from the pre- 
mises. 

The same error is committed if all 
that can be contained under the middle 
term be not spoken of either in the ma- 
jor or minor premiss. For if each pre- 
miss only mentions a part of the middle 
term, these parts may be different, and 
the term of comparison really different 
in the two, though passing under the 
same name in Iwth. Thus, 

All the triangle is in the circle, 

All the square is in the circle, 
proves nothing, since the square may. 


consistently with these conditions, be 
either wholly, partly, or not at all, con- 
tained in the triangle. In fact, as we 
have before shewn, each of these asser- 
tions s|>eaks of a ]>art of the circle only. 
The following is of the same kind. 

Some of the triangle is in the circle. 

Some of the circle is not in the square. 
See. 

H. If both premises are negative, no 
conclusion can be drawn. For it can evi- 
dently lie no proof either of agreement 
or disagreement that two things both 
disagree with a third. Thus the follow- 
ing is inconclusive, — 

None of the circle is in the triangle. 

None of the square is in the circle. 

III. If both premises are particular, 

* NVbatelv's Lotrte, p.ij;e 76, ihird eUitton, A 
work whicQ sboald bo reAtl all toalb^suaUcal 
kttiiieQtt. 
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no conclusion can he drawn, as will ap- 
pear from every instance that can be 
taken: Ituis, — 

Some of the circle is in the triangle. 

Some of the square is not in the cir- 
cle, proves nothing. 

IV. In forming a conclusion, where a 
conclusion can be formed, nothing must 
he asserted more generally in the con- 
clusion than in the premises. Thus, if 
from the following. 

All the triangle is in the circle, 

All the circle is in the square, 
tve would draw a conclusion in which 
the square should be the sutiject, since 
the whole square is not mentioned in 
the minor premiss, but only part of it, 
the conclusion must be, 

Part of the square is in the triangle. 

V. If either of the premises be nega- 
tive, the conclusion must lie negative. 
For as both premises cannot be nega- 
tive, there is asserted in one premiss an 
agreement between the term of the con- 
elusion and the middle terra, and in the 
blher premiss a disagreement between 
the other term of the conclusion, and the 
same middle term. From these nothing 
can be inferred but a disagreement or 
negative conclusion. Thus, from 

None of the circle is in the triangle, 

All the circle is in the square. 

Can only be inferred. 

Some of the square is not in the tri- 
angle. 

VI. If either premiss be particular, 
the conclusion must be particular. For 
example, from 

None of the circle is in the triangle. 

Some of the circle is in the square, 
vre deduce. 

Some of the square is not in the tri- 
angle. 

If the student now applies these rules, 
he will find that of the sixty-four moods 
eleven only are admissible, in any case ; 
and in applying these eleven moods to 
the different figures he will also find 
that some of them are not admissible in 
every figure, and some not necessary, 
on account of the conclnsion, though 
true, not being as general as from the 
premises it might be. This he may do 
either by reasoning or by actual inspec- 
tion of the figures, drawn and aiTanged 
according to the premises. The ad- 
missible moods are nineteen in number, 
and are as follows, where A at the 
beginning of a proposition signifies that 
it is a universal affirmative, E a univer- 
sal negative, I a particular affirmative, 

O a particular negative. 


Figure I. The middle term is the sub- 
ject of the major, and the predicate of 
the minor premiss. 


I. 

• A 

All the O is in the A 


A 

All the □ is in the Q 


A 

All the □ is in the A 

2. 

E 

None of the Q i* in the A 


A 

All the □ is in the Q 


E 

N one of the CH is in the A 

3. 

A 

All the Q is in the A 


I 

Sonft oftheCD is in the Q 


I 

Some of the o is in the A 

4. 

E 

NoneoftheOis >n the A 


I 

Some of the O is in the Q 


0 

Some of the 113 is not in A 

Figure 

II. The middle term is the 

predicate of both premises. 

1. 

E 

None of the A is in the Q 


A 

All the □ is in the Q 


E 

None of the CZ3 is in the A 

2. 

A 

All the A is in the Q 


E 

Noneoftheo is in the Q 


E 

None of the □ is in the A 

3. 

E 

None of the A is in the Q 


I 

Someoftheizn is in theQ 


0 

Some of the □ is not in A 

4. 

A 

All the A is in the Q 


O 

Some of the o is not in Q 


0 

Some of the C3 is not in a 

Figure III. The middle term is the 

subject of both premises. 

]. 

A 

All the Q is in the A 


A 

All the Q is in the o 


I 

Some of the □ is in the A 

2. 

I 

Some of the Q in the A 


A 

All the (_) is in the r~i 

/. 

I 

Some of the C3 is in the a 

3. 

A 

All the Q is in the A 


I 

Some of the O is in the i — i 


I 

Someofthecais in the a 

4. 

E 

NoneoftheQis in the A 


A 

All the 0 is in the □ 


O 

Some of the tm is not in a 

5. 

0 

Some of the Q is not in A 


A 

All the 0 is in the i — i 


0 

Some of them is not in A 

c. 

E 

None of the 0 is in the A 


I 

Some ofthe(_) is in the □ 


0 

Some of the C3 is not in A 


Figure IV. The middle terra is the 
predicate of the major, and the subject 
of the minor premiss. 


• Thi*, And 3, are the most simple of all the eom* 
biDstions, aad the most fre.]ueati7 used, especialle 
la geomriry* 
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1 A All the A is in the Q 

A All the Q is in the □ 

I Soineof thcC3 is in the A 

2. A All the A is in the Q 

E NoneoftheQ is in the □ 

E None of the C3 is in the A 

3. I Some of the A is in the Q 

A All the O '* 1^ 

I Some of the □ is in the A 

4. E None of the A is in the O 

A All the O '* CII 

0 Some of the □ is not in A 

5. E None of the A is in the O 

1 SomeofthcQ is in the o 
O Some of the □ is not in A 

tVe may obsenc that it is sometimes 
possible to condense two or more syllo- 
gisms into one argument, thus : 

Every A is B (I), 

Every B is C (2), 

Every C is D (3). 

Every D is E (4), 

Therefore Every A is E (5), 

is equivalent to three distinct syllogisms 
of the form Figure 1. ; these syllogisms 
at length being 1 , 2, a ; a, 3, 6 ; A, 4, 5. 

The student, when he has well con- 
sidered each of these, and satisfied him- 
self, first by the rules, and afterwards 
by inspection, that each of them is legi- 
timate; and also that all other moods, 
not contained in the above, are not al- 
low.able, or at least do not give the most 
general conclusion, should form for 
himself examples of each case, for 
instance of Fig. HI. 3, 

The axioms constitute part of the basis 
of geometry. 

Some of the axioms are grounded on 
the evidence of the senses. 

Some evidence derived from the 
senses is part of the basis of geometry. 

He should also exercise himselfin the 
first principles of reasoning by reducing 
arguments as found in books to the syl- 
logistic form. Any controversial or argu- 
mentative svork will furnish him with a 
sufficient number of instances. 

Inductive rc.asoning is that in which a 
univereal proposition is proved by pro- 
ving separately every one of its particular 
cases. As where, for example, a figure, 
A B C D, is proved to be a rectangle by 
roving each of its angles separately to 
e a right angle, or proving all the 
premises of the following, from which 
the conclusion follows necessarily. 


li 

The angles at A,B, C, and f) are all 
the angles of the figure A B C D. 

A is a right angle, 

B is a right angle, 

C is a right angle, 

D is a right angle. 

Therefore all the angles of the figure 
A H C D are right angles. 

This may be considered as one syllo- 
gism of which the minor premiss is, 

A, B, C. and D are right angles, where 
each part is to be separately proved. 

Keasoninga fortiori, is that contained 
in Fig. I. I. in a different form, thus ; A 
is greater than B, B is greater than C ; 
a fortiori A is greater than C ; width 
may be also stated a.s follows ; 

The whole of B is contained in 
The whole of C is contained in B, 
Therefore C is contained in A. 

The premises of the second do not ne- 
cessarily imply as much as those of the 
first ; the complete reduction we leave to 
the student. 

The elements of geometry present a 
collection of such reasonings as we have 
just described, though in a more con- 
densed form. It is true that, for the 
convenience of the learner, it is broken 
up into distinct propositions, as a jour- 
ney is divided into stages; but neverthe- 
less, from the very commencement, there 
is nothing which is not ofthe nature just 
described. We present the following 
as a specimen of a geometrical propo- 
sition reduced nearly to a syllogistic 
form. To avoid multiplying petty syllo- 
gisms, we have omitted some few which 
the student can easily supply. (Treatise 
on Geometry, page 21.) 



Hypothesis. A B C is aright-angled 
triangle the right angle being at A. 

Consequence. The squares on AB 
and AC are together equal to the square 
on BC. 

Construction. Upon BC and BA 
describe squares, produce DB to meet 
EF, produced, if necessary, in G, and 
draw HK parallel to OD. 
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Demonslratioru 

I. Conterminous sides of a square are 
at right angles to one another. (Defi- 
nilion.) 

E B and B A are conterminous sides 
of a .s<iu«re. (Construction.) 

E B and B A are at right angles. 

II. A simitar syllogism to prove that 
D B and B C are at right angles, and 
another to prove that G B and B C arc 
at right angles. 

III. Two right lines drawn perpen- 
dicular to two other right lines make the 
same angle as those others (already 
proved) ; E B and BG and A B and B C 
are two right lines &c., (I. II). 

The angle E B G is equal to A B C. 

IV. All sides of a square are equal. 
(Definition.) 

A B and B E are sides of a square. 
(Construction.) 

A B and II E are equal. 

V. All right angles are equal. (Al- 
ready proved.) 

BEG iind B A C are right angles. 
(Hypothesis and construction.) 

.-. BEG and B A C are equal angles. 

VI. Two triangles having angles of 
one equal to two angles of the other, 
and the interjacent sides equal, are 
equal in all respects. (Proved.) 

BEG and B A C are two triangles 
having BEG and E B G respectively 
equal to B A C and ABC and the sides 
Ell and B A equal. (III. IV. V.) 

The triangles B E G, B A C are 
equal in all respects. 

VII. B G is equal to B C. (VI.) 

B C is equal to B D. (Proved as 
IV.) 

B G is equal to B D. 

VIII. A four-sided figure whose op- 
posite sides are parallel is a parallelo- 


gram. (Definition.) B G H A and 
B P K D are four-sided figures &c. 
(Construction.) 

.’. B G H A and B P K D are parallelo- 
grams. 

IX. Parallelograms upon the same 
base and between the same parallels are 
equal. (Proved.) EB.\F and BGHA, 
are parallelograms Sic. (Construction.) 

.•. E B A F and BGHA are equal. 

X. Parallelograms on equal bases and 
between the same parallels, are equal. 
(Proved.) 

BGHA and B D K P are parallelo- 
grams &c. (Construction.) 

B G II A and B 1) K P are equal. 

XI. EBAFiseqiialto BGH.\. (IX.) 

BGHA is equal to B D K P. (X.) 

.-. E B A F (that is the square on A B) 
is erpial to B D K P. 

XII. A similar argument from the 
commencement to prove that the square 
on A C is equal to the rectangle C P K. 

XIII. The rectangles BK and CK 
are together equal to the square on AB. 
(Self-evident from the construction.) 

The squares on B A and AC are to- 
gether equal to the rectangles B K and 
CK. (Self-evident from XI and XII.) 

.•. The squares on B A and A G are 
together equal to the square on B A. 

Such is an outline of the process, 
every step of which the student must 
pass through before he has understood 
the demonstration. Many of these steps 
are not contained in the book, because 
the most ordinary intelligence is suffi- 
cient to suggest them, but the least is as 
necessary to the process as the greatest. 
Instead of writing the propositions at 
this length, the student is recommended 
to adopt the plan which we now lay 
before him. 


Hyp. 1 

Constr. 2 a 

3 a 

4 

5 b 

Demons!. 6 2, Def. 

7 3 

8 6, 7, c 

9 2, 1, (< 

10 2 

11 8, 9, 10, e 

12 11,3 

13 5, 2, Def. 

14 5, 3, Def. 

15 13,2,/ 

16 13, 14,^ 

17 15,16 


A B C is a triangle, right angled at A. 

On B A descrilie a square B A F E. 

On B C describe a square. 

Produce B D to meet E F, produced if neces- 
sary in G. 

Through A draw II A K parallel to B D. 

E B A is a right angle. 

G B C is a right angle. 

/. E B G is equal to Z A B C. 

Z BE G is equal to Z B A C. 

EB is equal to A B. 

The triangles B E G and A B C are equal. 

B G is equal to B D. 

A H G B is a parallelogram. 

B P D K is a parallelogram. 

A H G B and A B E F arc equal. 

A H G B and B P D K are equal. 

B P D K and the square on A B are equal. 
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} C PK and the square on C A are equal. 

19 1 / , 18 The square on B C is equal to the square on B A 

and A C. 

a, b Here refer to the necessary problems. 
c If two lines he drawn at ris;ht angles to two others, the an- 
gles made by the first and second pair are equal. 
d All right angles are equal. 

c Two triangles which have two angles of one equal to two 
angles of the others, and the interjacent side equal, are 
equal in all respects. 

/, jg Parallelograms on the same or equal bases, and between the 
same parallels, arc equal. 


The explanation of this is as follows: 
the whole proposition is divided into 
distinct assertions, which are placed in 
separate consecutive paragraphs, which 
paragraphs are nuinliered in the first 
column on the left ; in the second column 
on the left we state the reasons for each 
paragraph, either by referring to the 
preceding paragraphs from which they 
follow, or the preceding propositions in 
which they have been proved. In the 
latter case a letter is placed in the 
column, and at the end, the enunciation 
of the proposition there used is written 
opposite to the letter. By this method, 
the proposition is much shortened, its 
more prominent parts are brought im- 
mediately under notice, and the beginner, 
if he recollect the preceding propositions 
perfectly well, is not troubled by the re- 
jictition of prolix enunciations, while in 
the contrary case he has them at hand 
for reference. 

In all that has been said, we have 
taken instances only of<lirect reasoning, 
that is, where the reqiured result is im- 
mediately obtained without any reference 
to what might have happened if the 
result to Ije proved had not been true. 
But there are many propositions in which 
the only possible result is one of two 
things which cannot be true at the same 
time, and it is more easy to shew that 
one is not the truth, than that the other 
j\. This is called indirect reasoning; 
not that it is less satisfactory than the 
first species, but because, as its name 
imports, the method does not appear so 
direct and natural. There are two pro- 
positions of which it is required to shew 
that whenever the first is true the second 
is true ; that is, the first being the hypo- 
thesis the second is a necess.ary conclu- 
sion from it, whence the hypothesis in 
question, and any thing contradictory to, 
or inconsistent with the conclusion can- 
not exist together. In indirect reasoning, 
we suppose that, the original hypothesis 
existing and being true, something incon- 


sistent with or contradictory to the 
conclusion is true also. If from com- 
bining the consequences of these two 
suppositions, something evidently erro- 
neous or absurd is deduced, it is plain 
that there is something wrong in the 
assumptions. Now care is taken that 
the only doubtful point shall be the one 
just alluded to, namely, the supposition 
that one proposition and the contra- 
dictory of the other are true together. 
This then is incorrect, that is, the first 
proposition cannot exist with any thing 
contradictory to the second, or the 
second must exist wherever the first 
■exists, since if any proposition be not 
true its contradictory must be true, and 
vice versil. This is rather embarrassing 
to the beginner, who finds that he is 
required to admit, for argument's sake, 
a proposition which the argument itself 
goes to destroy. But the difficulty 
would be materially lessened, if instead 
of assuming the contradictory of the 
second proposition positively, it weie 
hypothetically stated, and the eonse- 
quences of it asserted with the verb 
‘ would be,' instead of • is.' For 
example ; suppose it to be known that 
if A is B. then C must be I), and it is 
retpiired to shew indirectly that when C 
is not D, A is not B. This put into the 
form in which such a proposition would 
appear in most elementary works, is as 
follows. 

It being granted that if A is B, C is D, 
it is required to shew that when C is not 
D. A is not B. If possible, let C be not 
D, and let A be B. Then by what is 
granted, since A is B, C is D ; but by hy- 
pothesis C is not D, therefore both tJ isD 
and is not D, which is absurd ; that is, it 
is absurd to suppose that C is not D 
and A li B, consequently when C is not 
D, A is not B. The following, which is 
exactly the same thing, is plainer in its 
language. Let C be not D. Then if 
A were B, C would be D by the propo- 
sition granted. But by hypothesis C is 
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not I), &P. This sort of indirect rea- 
sonins frequently eoes by the name of 
rcductio ad abmrdum. 

In all that has gone before we may 
perceive that the valulitj’ of an argument 
depends upon two distinct consider- 
ations, — 1, the truth of the relations as- 
sumed. ov represented to have lieen 
proved before ; 2. the manner in which 
these facts are combined so as to produce 
new relations ; in which last the rfotun- 
ing properly consists. If cither of 
these be incorrect in any single point, 
the result is certainly false ; if both be 
incorrect, or if one or both be incorrect 
in more points than one, the result, 
though not at all to be depended on, 
is not certainly false, since it may 
happen and has hap]iened, that of two 
false reasonings or facts, or the two 
combined, one has reversed the elfect of 
the other and the whole result has been 
truej but this could only have lieen ascer- 
tained after the correction of the erro- 
neous fact or reasoning. The same 
thing holds good in every species of rea- 
soning. and it must be observed, that how- 
ever different geometrical argument may 
be in form from that which we employ 
daily, it is not different in reality. We are 
accustomed to talk of mathematical r«j- 
soning as aliove all other, in point of 
accuracy and soundness. This, if by 
the term reasoning we mean the com- 
paring together of different ideas and 
producing other ideas from the com- 
parison, is not correct, for in this view 
mathematical reasonings and all other 
reasonings correspond exactly. For the 
real difference between mathematics 
and other studies in this respect we 
refer the student to the first chapter of 
this treatise. 

In what then, may it be asked, does 
the real advantage of mathematical 
study consist ? We repeat again, in the 
actual certainty which we possess of the 
truth of the facts on which the whole is 
based, and the possibility of verifying 
every result by actual measurement, and 
not in any superiority which the method 
of reasoning possesses, since there is 
but one method of reasoning. To pursue 
the illustration with which we opened 
this work (p^e the first), suppose this 
point to be raised, was the slaughter of 
Caesar justifiable or not? The actors 
in that deed justified themselves by 
saying, that a tyrant and usurper, who 
meditated the destruction of his coun- 
try's liberty, mode it the duty of every 
citizen to put him to death, and that 


Caesar was a fyTant and usurjier, &c. 
Their reasoning was perfectly correct, 
though proceeding on premises then 
extensively, and now universally denied. 
Tlie first premiss, though correctly used 
in this reasoning, is now asserted to be 
false, on the ground that it is the duty of 
every citizen to do nothing which would, 
were the practice universal, militate 
against the general happiness ; that were 
each individual to act upon his own 
judgment, instead of leaving offenders 
to the law, the result would be anarchy 
and complete destruction of civilization, 
&c. Now in these reasonings and all 
others, with the exception of those which 
occur in mathematics, it must be ob- 
served that there are no premises so 
certain, as never to have been denied, no 
first principles to w hich the same degree 
of evidence is attached as to the following, 
that ‘ no two straight lines can enclose 
a space.' In mathematics, therefore, 
we reason on certainties, on notions to 
which the name of innate can be applied, 
if it can be applied to any whatever. 
Some, on observing that we dignify such 
simple consequences by the name of 
reasoning, may be loth to think that 
this is the process to which they used to 
attach such ideas of difficulty. There 
may, perhaps, be many who imagine that 
reasoning is for the mathematician, 
the logician See., and who, like the Bour- 
geois Gentilhomme, may be surprised 
on being told, that, well or ill, they have 
been reasoning all their lives. And yet 
such is the fact ; the commonest actions 
of our lives are directed by processes 
exactly identical with those which enable 
us to pass from one proposition of geo- 
metry to another. A porter, for example, 
who being directed to carry a parcel 
from the City to a street which he has 
never heard of, and who on inquiry, 
finding it is in the Borough, concludes 
that he must cross the water to get at it, 
has performed an act of reasoning, 
differing nothing in kind from those by a 
series of which, did he know the previous 
propositions, he might be convinced 
that the square of the hypothenuse of a 
right-angM triangle, is equal to the sum 
of the squares of the sides. 

Chapter 'W. 

On Axioms. 

Geometry, then, is the application of 
strict logic to those properties of space 
and figure which are self-evident, and 
wbict) therefore cannot be disputed. 
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But the rigour of this science is carried 
one step further ; for no property, how- 
ever evident it may be, is allowed to pass 
without demonstration, if that can be 
given. The question is therefore to de- 
monstrate all geometrical truths with 
the smallest possible number of as- 
sumptions. These assumptions are called 
axioms, and for an axiom it is requi- 
site,— 1, that it should be self-evident; 2, 
that it should be incapableof being proved 
from the other axioms. In fulfilling 
these conditions, the number of axioms 
which arc really geometrical, that is, 
which have not equal reference to Arith- 
metic, is reduced to two, viz., two straight 
lines cannot enclose a space, and through 
a given point not more than one pa- 
rallel can be drawn to a given straight 
line. The first of these has never been 
considered as ojien to any objection ; it 
has always passed as perfectly self-evi- 
dent. It is on this account made the 
proposition on which are grounded all 
reasonings relative to the straight line, 
since the definition of a straight line is 
too vague to afford any information. 
But the second, viz., that through a given 
point not more than one parallel can be 
drawn to a given straight line, has always 
been considered as an assumption not 
K'lf-cvident in itself, and has therefore 
been called the defect and disgrace of geo- 
metry. We proceed to place it on w hat 
we conceive to t)c the proper footing. 

By taking for granted the arithmetical 
axioms only, with the first of those just 
alluded to, the following propositions 
miw he strictly shewn. 

I. One jicrpendicular and only one 
can be let fall from any point A to a given 
line C D. Let this be A U. 
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II. If equal distances B C and B D be 
taken on both sides of B, A C .and A I) 
are equal, as also the angles B A C and 
BA D. 

III. Whatever may be the length of 
B C and B 1), the angles B A C and 
B A D are each less than a right angle. 

IV. Through A, a line may be drawn 
parallel to C D (that is, by definition, 
never meeting CD, though the two be 
ever so far produced), by drawing any 
line A D and making the angle D A £ 


equal to the angle AB B, which it is 
before shewn how to do. 

From proposition ( IV) we should at first 
seenoreason against there being as many 
parallels to C D, to be drawn through A, 
as there arc different ways of taking A D, 
since the direction for drawing a parallel 
to C D is, ‘ lake any /tne A D cutting C D 
and make the angle DAE equal to 
A D B.' But this our senses immedi- 
ately assure us is impossible. 

It appears also a proposition to which 
no degree of doubt can attach, that if 
the siraight line AB, produced indefi- 
nitely both ways, set out from the po- 
sition A B and revolve round the point 
A, moving first towards A E ; then the 
point of intersection D w ill fir.st be on 
one side of B and afterwards on the 
other, and there will be one position 
where there is no point of intersection 
either on one side or the other, and one 
nirh position only. Ttiis is in reality 
the assumption of Euclid ; for having 
proved that A E and B F are parallel 
when the angles B D A and DAE are 
equal, or, which is the same thing, when 
E A D and A D F are together equal to 
two right angles, he further assumes lliat 
they will lie parallel in no other case, that 
is, that they will meet when the angles 
E A D and A D F are together greater or 
less than two right angles ; w Inch is really 
only assuming that the parallel which 
he has found, is the only one which can 
be drawn. The remaining part of his 
axiom, namely, that the lines AE and 
D E, if they meet at all, will meet iqxin 
that side of D A on which I he angles are 
less than two right angles, is not an 
assumption but a consequence of his 
proposition, which shews that any two 
angles of a triangle are together less 
than two right angles, and which is 
established before any mention is made 
of parallels. It has been found by the 
experience of two thousand years, that 
some a.ssumption of this sort is indis- 

{ leasable. Every species of effort has 
leen made to avoid or,clude the diffi- 
culty, but hitherto without success, as 
some assumption has always been in- 
volved, at least equal, and in most cases 
superior in difficulty to the one already 
made by Euclid. For example, it has 
been proposed to define parallel lines 
as those which are equidistant from one 
another at every point. In this case, 
before the name parallel can be alloweil 
to belong to any thing, it must be proved 
that there are lines such that a per- 
pendicular to one is always perpen> 
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diciilar to the other, and that the parts 
of these perpendiculars intercepted be- 
tween the two are always equal. A 
proof of this has never been given 
without the previous assumption of 
something equivalent to the axiom of 
Euclid. Of this last, indeed, a proof has 
been given, but involving considerations 
not usually admitted into geometry, 
tbough it is more than probable that 
bad the same come down to us, sanc- 
tioned by the name of Euclid, it 
would have been received without diffi- 
culty. The Greek geometer confines 
his notion of equal magnitudes to those 
which have boundaries. Supiiose this 
notion of equality extended to all such 
spaces as can be made to coincide entirely 
in all their extent, whatever that extent 
may be ; for example, the unbounded 
spaces contained between two equal 
angles whose sides .are ]iroduced without 
end, which by the definition of equal 
angles might be made to coincide en- 
tirely by laying the sides of one angle 
u|)on those of the other. In the same 
sense we may say, that, one angle being 
double of another, tlie spaces contained 
by the sides of the first is double that 
contained by the sides of the second, 
and so on. Now suppose two lines 



Oa and 06, making any angle with one 
another, and produced ad infinitum*. 
On Oa take off the equal spaces OP, 
P Q, Q H, &c., ad infinitum, and draw 
the lines I’ 7), Q q. Hr, &c., so that the 
angles O P/r, O Q q &c„ shall be equal 
to one another, each being such as with 
6 0 P will make two right angles. Then 
O b, Vp, 0</, &c., are parallel to one 
another, and the infinite spaces 6 OP/), 
/) P Q (/, 7 Q R r, &c., can be made to 
coincide, and are equal. Also no finite 
number whatever of these spaces will 
fill up the infinite space b O «, since O P, 
P Q, &c. may be continued ad infinitum 
upon the hue O a. Let there be any 


• Every line In lUls figure must be nrofinced ad 
i^findum, frum tbat extremity at wUica tUe amaU 
letter la placed. 


line 0 it such that the’ angles* /OF 
and pPOare together less than two 
right angles, that is, less than 6 0 Pand 
/) P O ; whence / O P is less than 6 O P 
and /O falls between 60 and aO. Take 
the angles tOv, vi)u\ tt0.r, &c., each 
equal to 60/, and continue this until 
the last line Oz falls beneath Oa, so that 
the angle bOz is greater than 60a. 
That tills is possible needs no proof, 
since it is manifest that any angle being 
continually added to itself the sum will 
in time exceed any other given angle ; 
again, the infinite spaces 60/, / Or, &c., 
are all eipial. Now on comparing the 
spaces 60/ and 6 OP/), we see that a 
certain number of the first is more than 
equal to the space 60a, while no num- 
ber whatever of the second is so great. 
We conclude, therefore, that the space 
60/ is greater than 6 OP/), which 
cannot be unless the line 0/ cuts Pp 
at last ; for if O/ did never cut Pp, the 
apace 60 / would evidently be less than 
60 Vp, as the first would then fall en- 
tirely svithin the second. Therefore two 
lines which make with a third angles 
together less than two right angles will 
meet if sufficiently produced. 

This demonstration involves the con- 
sideration of a new species of magnitude, 
namely, the whole space contained by 
the sides of an angle produced without 
limit. This space is unbounded, and is 
greater than any number whatever of 
finite spaces, of square feel, for exam- 
ple. No comparison, therefore, as to 
magnitude, can be instituted between it 
and any finite space whatever, but that 
affords no reason against comparing 
this magnitude with others of the same 
kind. 

Any thing may become the subject of 
mathematical reasoning, which can be 
increased or diminished by other things 
of the same kind; this is, in fact, the 
definition given of the term magnitude ; 
and geometrical reasoning, in all other 
cases at least, can be applied as soon as 
a criterion of equality is discovered. 
Thus the angle, to beginners, is a per- 
fectly new species of magnitude, and 
one of whose measure they have no 
conception whatever ; they see, however, 
that it is capable of increase or diminu- 
tion, and al.so that two of the kind can 
be equal, and how to discover whether 
this IS so or not, and nothing more is 
necessary for them. All that can be 
said of the introduction of the angle in 
geometry holds with some, to us it aj>- 
pears an equal force, with regard to 
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Ihese unlimited spaces; the two are 
very closely connected, so much so, that 
the term angle might even be defined as 
‘ the unlimited space contained by two 
right lines,' without alteration in the 
truth of any theorem in which the word 
angle is found. But this is a point 
which cannot be made very clear to the 
beginner. 

The real difiiculties of geometry be- 
gin with the theory of proportion, to 
which we now proceed. The points of 
discussion which we have hitherto 
raised, are not such as to embarrass 
the elementary student, however much 
they may [lerplex the metaphysical in- 
quirer into first principles. The thcoiy 
to which we are coming abounds in 
difficulties of both classes. 

CHAPTER XVI. 

On Proportion. 

Iivthe first elements of geometry, two 
lines, or two surfaces, are mentioned in 
no other relation to one another, than that 
of equality or non-e(iualily. Nothing 
but the simple fact is announce<l, that 
one magnitude is equal to, greater than, 
or less than another, except occasionally 
when the sum of two eipial magnitudes 
is said to t)e double of one of them. 
Tlius in proving that two sides of a tri- 
angle are together greater than the 
third, the fact that they are greater is 
the essence of the proposition ; no mea- 
sure is given of the excess, nor docs 
anything follow from the theorem as to 
whether it is, or may be, small or great. 
We now come to the doctrine of pro- 
jrortion, in which geometrical magnitude 
IS considered in a new light. The sub- 
ject has some difficulties, which have 
been materially augmented by the al- 
most universal use, in this country at 
least, of the theory laid down in the fifth 
book of Euclid. Considered as a com- 
Icfe conquest over a great and ac- 
nowledged difficulty of principle, this 
book of Euclid well deserves the immor- 
tality of which its existence, at the pre- 
sent moment, is the guarantee ; nay, 
bad the speculations of the matlicma- 
tician l>een wholly confined to geome- 
trical magnitude, it might be a question 
whether any other notions would be 
necessary. But when we come to apply 
arithmetic to geometry, it is necessary 
to examine well the primary connexion 
between the two ; and here difficulties 
arise, not in comprehending that con- 
nexion, so much as in joining the two 


sciences by a chain of demonstration as 
strong as that hy which the propositions 
of geometry are bound together, and as 
little open to cavil and disputation. 

The student is aware that before pro- 
nouncing upon the connexion of two 
lines with one another, it is necessary to 
measure them, that is, to refer them to 
some third line, and to observe what 
number of times the third is contained 
in the other two. Whether the two first 
are equal or not is readily ascertained 
by the use of the conqnisses, on princi- 
ples laid down with the utmost strictness 
m Euclid, and other elementary works. 
But this step is not sufficient ; to say 
that two lines are not equal, determines 
nothing. There are an infinite number 
of ways in which one line may be grealer 
or less than a given line, though there 
is only one in which the other can lie 
equal to the given one. We proceed to 
shew how, from the common notion of 
measuring a line, Ihe more strict geo- 
metrical melhod is derived. 

To measure the line AB apply to it ano- 
ther line (the edge of a ruler), which is 
divided into equal parts (as inches), each 
of which parts is again subdivided into 
ten equal parts, as in the figure. This 
division is made to take place in prac- 
tice until the last subdivision gives a 
part so small, that any thing less may 
be neglected as inconsiderable. Thus a 
carpenter s rule is divided into tenths or 



eighths of inches only, while in Ihe tube 
of a barometer a process must be em- 
ployed which will mark a mudi less 
difference. In talking of accurate mea- 
surement, Iherefore, any where hut in 
geometry, or algebra, vie only mean ac- 
curate as far as the senses are con- 
cerned, and as far as is necessary for 
the object in view. The ruler in Ihe 
figure shews that Ihe line A B contains 
more than two and less than three 
inches; and closer inspection shews that 
Ihe excess above two inches is more 
than six -tenths of an inch, and less than 
seven. Here, in practice, the process 
stops; fur, as the subdivision of the 
ruler^ was carried .only to tenths of 
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inche!),] because a tenth of ah inch is a 
quantity which may be neglected in or- 
dinary cases, we may call the line two 
inches and six-tenths, by doing which 
the error committed is less than one- 
tenth of an inch. In this way lines may 
be compared together wilh a common 
degree of correctness; but this is not 
enough for the geometer. His notions 
of accuracy are not confined to tenths 
or hundredths, or hundred-millionth 
parts of any line, however small it may 
be at first. The reason is obvious ; for 
although to suit the eye of the gene- 
rality of readers, figures are drawn, in 
which the least line is usually more 
than an inch, yet his theorems are as- 
serted to remain true, even though the 
dimensions of the figure are so far di- 
minished as to make the whole im|ier- 
ceptible in the strongest microscope. 
Many theorems are obvious upon look- 
ing at a moderately-sized figure ; but 
the reasoning must be such as to con- 
vince the mind of their truth when, from 
excessive increase or diminution of the 
iscale, the figures themselves have past 
the boundary even of imagination. The 
next step in the process of measurement 
is as follows, and will lead us to the 
p'eat and peculiar difficulty of the sub- 
ject. 

The inch, the foot, and the other 
lengths, by which we compare lines with 
one another, are perfectly arbitrary. 
There is no reason for their being what 
they are, unless we adopt the commonly 
receivetl notion that our inch is derived 
from our Saxon ancestors, who ob- 
served that a barley-corn is always of the 
same length, or nearly so, and placed 
three of them together as a common 
standard of measure, which they called 
an inch. Any line whatever may bo 
chosen as the standard of measure, and 
it is evident that when two or more lines 
are under consideration, exact compa- 
risons of their lengths can only be ob- 
tained from a line which is contained 
an exact number of times in them all. 
For even exact fractional measures are 
reduced to the same denominator, in 
order to compare their magnitudes. 
Thus, twolines which contain and^ of 
a foot, are l>etter compared by observing 
that -j'-j. and ^ Ijcing and the 
given lines contain one 7;th part of a 
foot 14 and 33 times respectively. Any 
line which is contained an exact number 
of limes in another is called in geometry 
a measure of it, and a common measure 


of two or more lines is that which is con- 
tiined an exact number of times in each. 

Again, a line which is measured by 
another is called a multiple of it, as in 
arithmetic. 

The same definition, mutalis mutandis, 
applies to surfaces, solids, and all other 
magnitudes ; and though, in our suc- 
ceeding remarks, we use lines as an 
illustriition, it must be recollected that 
the reasoning applies equally to every 
magnitude which can be made the sub- 
ject of calculation. 

In order that two quantities may ad- 
mit of comparison as to magnitude, they 
must be of the same sort ; if one is a 
line, the other must be a line also. 
Suppose two lines A and B each of 
which is measured by the line C ; the 
first containing it five times and the 
second six. These lines A and B, which 
contain the same line C five and six 
times respectively, are said to have to 
one another the ratio of five to six, or to 
be in the proportion of five to six. If 
then we denote the first by A *, and the 
second by B, and the common measure 
by C, we have 

A = 5C, or6A = 30C, 

B = 60, 5B=30C, 

whence 6A = 5B, or 6 A — 5B = 0. 

Generally, when mA — nB = 0, the 
lines, or whatever they are, represented 
by A and B, arc said to be in the pro- 
portion of n to m, or to have the ratio 
of n to m. 

Let there be two other magnitudes 
P and Q, of the same kind with one 
another, either dittVring from the first 
in kind or not ; thus A and B may be 
lines, and P and Q surfaces, &c., and let 
them contain a common measure 11, just 
a.s A and B contain C, viz. : Let P 
contain H five times, and let Q contain 
K six times, we have by the same 
reasoning 

CP— 5Q = 0, 

and P and Q, being also in the ratio of 


*Tlie student muKtdlatlncilf understand tlint the 
common mvanUig of alerbroicul terms is depatted 
from in ttils chapter, whrrcrcr the letters ate large 
instead of sinall. Forexampic, A. instead of mi-an> 
inf the number ofusifrof some sort or otiter contain- 
ed in the line A, stands fur the lime A ittrl/, and mA 
(the small letters throughout meaning vhole num- 
bers) stands for the line made by tiiking A»m timc«, 
Tims such expressions as mA -f ]!, mA — nU. &c., 
are the only ones admissible. AD. A*. Ac., aro 
U' ' 

unmeaning, while ^ is the line which is contained 
ra 

m times in A, or the mth part of A. The capital 
letters thronghout stand for coocrete quantities, not 
for their representations in abstract nuiubers. 
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five f 0 »ir, as well as A and B, are said to 
be proportional to A and B, which is de- 
noted thus, 

A:B:;P:Q, 

by which al present all we mean is this, 
that there are some two whole numbers 
m and n such that, at the same time 
biA — nB = 0, 
mP - nQ = 0. 

Nothing more than this would be ne- 
cessary for the formation of a complete 
theory of proportion, if the common 
measure, which we have supposed to 
exist in the definition, did always really 
exist. We have however no right to as- 
sume, that two lines A and B. whatever 
may be their lengths, both contain some 
other line an exact number of limes. 
We can moreover produce a direct 
instance in which two lines have no 
common measure whatever, in the fol- 
lowing manner. 



I..et A B C be an isosceles right-angled 
triangle, the side B C and the hypo- 
thenuse have no common measure what- 
ever. I f possible let D be a common 
measure of B C and A B ; let B C con- 
tain D, n times, and let A B contain D 
m times. Let E be the square described 
on D. Then since A B contains D, m 
times, the square described on A B con- 
tains E, m X m or m* times. Similarly 
the square de.scribed on B C contains E 
n X n or n* times : (Treatise on Geo- 
metry, Prop. 29.) But, because A B is 
an isosceles right-angled triangle, the 
square on A B is double of that on B C 
(Prop. 36,) whence m X m = 2n X n or 
m* = 2n*. To prove the impossibility of 
this equation, (when m and n are whole 
numbers,) observe that m'must be an 
even number, since it is twice the num- 
ber n*. But m X m cannot be an even 
number unless m is an even number, 
since an odd number mulliplied by itself 
producesan odd number*. Let m (which 

* Every odd number, when divided by 9, gives a 
remainder 1, and Is therefore of the form 2o ■+■ 1, 
where;) is a whole number. Multiply S/) + 1 by 
Itself, which gives 4p« -f + Is or S (^* + 8p) + 1. 
which is an odd number, since, when divided by 9, 
It gives the quotient -I- 9j), a whole Doabcr,aud 

the remainder 1. 


has been shewn to be even) be double of 
m' or m = 2m'. Then 2m' X2m' = 2n* or 
4m'* = 2n* or n* = 2m'*. By repealing 
the same reasoning we show that n is 
even. Let it be 2n'. Tlien, 2n' X 2n' = 
2m'* or m" = 2n’*. By the same rea- 
soning m' and n' are l)Otli even, and so 
on mt injinitum. This reasoning shows 
that the whole numliers which satisfy the 
equation »* = 2m* (if such there he) are 
divisible by 2 without remainder, ad in- 
fnitum. The absurdity of such a sup- 
position is manifest : there are then no 
such whole numbers, and consequently 
no common measure to B and B C. 

Before proceeding any further, it will 
be necessary to establish the following 
pro[)osition. 

If the greater of two lines A and B, 
be divided into m equal parts, and one 
of these parts be taken away ; if the 
remainder lie then divided into m equal 
parts, and one of them be taken away, 
and so on, — the remainder of the line A, 
shall in time become less than the line 
B, how small soever the line B may be. 

Take a line which is less than B, and 
call it C. It is evident that, by a con- 
tinual addition of the same quantity to C, 
this last will come in time to exceed A ; 
and still more will it do so, if the quantity 
edited to C be increased at each step. 
To simplify the proof, we suppose that 20 
is the number of equal parts into which 
A and its remainders are successively 
divided, so that 19 out of the 20 parts re- 
main after subtraction. 

Divide C into 19 equal parts and add 
to C a line equal to one of these parts. 
Let the length of C, so increased, I>e C'. 
Divide C' into 19 equal parts and let C', 
increased by its 1 9th part, be C". Now 
since we add more and more each time 
to C, in forming C', C'[, See., we shall in 
time exceed A. Let this have been done, 
and let D be the line so obtained, which 
is greater than A. Observe now that O' 
contains 19, and C", 20 of the same 
parts, whence C' is made by dividing C" 
into 20 parts and removing one of them. 
The same of all the rest. Therefore we 
may return from D to 0 by dividing D 
into 20 parts, removing one of them, 
and repeating the process continually. 
But C is less than B by hypothesis. If 
then we can. by this process, reduce D 
below B, still more can we do so with A, 
which is less IhanD.bythe same method. 

Thisdepends on the obvious truth, that 
if, at the end of any number of subtrac- 
tions (D being taken), we have left RD, 

g 

G 
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at the end of the same number of sub- 
tractions (A being taken), we shall have 

E. A, since the method pursued in both 

9 

cases is the same. But since A is less 
than D, £. A is less than £.D, which 

q q 

becomes equal to C, therefore -E. A be- 
comes less than C *. 9 ^ 

We now resume the isosceles rieht 
angled triangle. The lines U C and A B, 
which were there shown to have no 
common measure, are called incommm- 
turable quantities, and to their existence 
the theory of proportion owes its diffi- 
culties. 'tVe can nevertheless show that 
A and B being incommensurable, a 
line can be found as near to B as 
we please, either greater or less, which 
is commensurable with A. Let D he 
any line taken at pleasure, and there- 
fore as small as we please. Divide 
A into two equal parts, each of those 
parts into two equal parts, and so on. 
We shall thus at last find a part of A 
which is less than D. Let this part be 
E, and let it lie contained m times in A. 
In the series K, 2E, 3E, &c., we shall 
arrive at last at two consecutive terms, 
pE and^+”t E of which the first is less, 
and the second greater than B. Neither 
of these differs from B by so much as E ; 
still less by so much as D ; and both 
yjE and p -(- 1 E are commensurable 
with tW is with mE, since E is a 
common measure of both. If therefore 
A and B are incommensurable, a third 
magnitude can be found, either greater 
or less than B, differing from B by less 
than a given quantity, which magnitude 
shall be commensurable with A. 

We have seen that when A and B are 
incommensurable, there are no whole 
values of m and «, which will satisfy the 
equation mA - nB = 0 ; nevertheless 
we can prove that values of m and n can 

* Algebraically, let i be the gireo line, and let 


be found which will make w»A — less 
than any given magnitude C, of the same 
kind, how small soever it may be. Sup- 
pose, that for certain values of m and n*. 
we find mA - nB = E, and let the first 
multiple of E. which is greater than B, be 
pE, so that pE = B -b E' where E< 2 S less 
than E, for were it greater, p - I E, or 
pE - E, which is B-f(E' - E), would 
be greater than B, which is agmnst the 
supposition. 

The equation mA — nB = E gives 
pmA - pnB=pE = B-l-E'; 
whence pm A - (pn -|- I) B = E' 

let pm = m' andpn + l = n', 

whence m'A - n'B = E'. 

We have therefore found a difference of 
multiples which is less than E. Let 
p' E' be the first multiple of E' which is 
greater than B. where p must be at 
least as ft^eat as p, since E being greater 
than E', it cannot take moret of E than 
of E' to exceed B. 

Let p'E'=B-fE", 

then, as before, 

m'p'A - n'p' +1 B = E", 
or m"A - n"B = E" ; 

we have therefore still further diminished 
the difference of the multiples ; and the 
process may he repeated any number of 
times ; it only remains to show that the 
diminution may proceed to any extent. 

This will appear su]>erfluous to the 
beginner, who will probably imagine 
that a quantity diminished at every step, 
must, by continuing the number of steps, 
at last become as small as we please. Ne- 
vertheless if any number, as 10, be taken 
and its square root extracted, and the 
square root of that square root, and so 
on, the result will not be so small as 
unity, although ten million of square 
roots should have been extracted. Ilere 
is a case of continual diminution, in 
which the diminution is not wtthnui 
limit. Again, from the point D in the line 
AB draw DE, making an angle with 
A B less than half a right angle. Draw 
B E perpendicular to A B, and take 


— th part of Ihe remainder be removed at every 

m 

anbtrmctlOD. The flrvt quaotlty taken away ta ~ 

m 

and Uie remainder a — 5orn(t — — V whence 

m M/ 

the aecond quantity removed Is — (t — LV and 

the rem^Bdcr £(1.^ L'Nora(l — i-') . SU 
« n ' m' 

Bkllarly the nth remainder it a (1 — i-V. Now 

•Ince 1 — lit lets than unity, Its powers decrease, 

m 

and a power ot so great an Index may be taken al 
to be i«M than any given quantity. 


• i( is necessary here to observe, that in apeak* 
lug of the expression wA — aU wt more frequently 
refer lo iU form, than to any actual value ofU, 
derived from supposing m and a to have certain 
known values. When we say that «A — bB can 
be made imaller than C, we mean that some values 
can be given lo • and a such that s«A — • aB < C, 
or that t<mt mnlti|ile of B subtracted from some 
multiple of A Is less than C. The following ex- 
presslons are all of the same form, vli. : that of 
some multiple of B subtracted from some multiple 


2nA — 4mB. &c. ftc. 

f It may require at «aay. Thus It requires as 
many of 7 M of B W exceed though 7 Is lese 
thand, 
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B C = B E. Draw C F perpendicular 
to A B, and take C C'= C F, and so on. 


■ 

M 

r 

JL ' D CM 


3 i 


The points C, C', C", *cc., will always be 
further from A than D is ; and all the 
lines AC, AC', AC", Ac., though dimi- 
nished at every step, will always remain 
fp-eater than A D. Some such siweies 
of diminution, for any thing yet proved 
to the contrary, may take place in 
otA - nB. 

To compare the quantities E, E', &c., 
we have tlie equations 

pE = B-l-E' 
pK' = B-j-E" 

P"E" = b4-E"' 

&c. &c. 

The numbers p.p'.p", 8cc.,do not dimi- 
nish ; the lines E, E', E", See., diminish 
at every step. If then we can show that 
p,p', Sec., can only remain the same for 
a finite number of steps, and must then 
increase, and after the increase can only 


remain the same tor anotlier finite 
number of steps, and then must increase 
again, and so on, we shew that the 
process can be 'continued, until one of 
them is as great as we please ; let this 
be pi*), where z is not an exponent, 
but marks the number which our nota- 
tion will have reached, and indicates the 
(*-l- 1)"“ step of the process. Let El*) be 
the corresponding remainder from the 
former step. Then, since pi*) El‘) is the 
first multiple of El*), which exceeds the 
given quantity B, ifyjl*) can be as great 
as we please, £1*' can be as small as we 
please. To shew that pi*) can be as great 
as we please, observe, thatp,p',p'', &c., 
must remain the same, or increase, since, 
as appears from their method of forma- 
tion, they cannot diminish. Let them re- 
main the same for some steps, that is, let 
p=pf^p'', &c. The equations become 
pE =B-l*Li 
pE' =B-t-E" 
pE" = B-t-E"' 

&C. Sk. 

Then by subtraction, — 


E' — E" =p(E -E') 

E" -E'" =p(E' -E") =pp(E-E') 
E'"- E""=p(E«— E"')=ppp(E-E') 
&c. &c, 


Now, E-E" = E-E'+E'-E" = (E-E')d-l-p) 

E - E'" = E-E' -t- E' - E" + E"-E"' =(E -E')(l +p +p») 
&c. &c. 8cc. 


Generally, E - E‘-) = E - E' + E' - E" -p + E<»-')— EW 

= (E-E')(l+p-l-p'+ +F““'), 


which is derived from te steps of the pro- 
cess. Now, if this can go on aJ infi- 
nitum, it can go on until 1+ p+p* + 
. . . ,+p^' is as great as we please ; for, 
since p is not less than unity, the con- 
tinual addition of its powers will, in time, 
give a sum exceeding any given num- 
ber. This is absurd, from the step at 
which 1 -t-p-l-p’-l- ... + p”'7‘ beconies 
greater than the number of times which 
E — E' is contained in E ; for, from the 
above equation, E-E' is contained in 
E - E'*), 1 +p+p"+ ... -1- p"“‘ times ; 
and it is contradictory to suppose that 
E-E' should be contained in E — E'**) 
more times than it is contained in E. 

To take an example : suppose that B 
is 55 feet, and £ is 54 feet ; the first 
equation is 

2x54f= 55'-l- 53', 
where E' = 53' and E — E' = l', and is 
contained in E 54 limes. If, then, we 
continue the process, 2 cannot maintain 
its present place through so many steps 


of the process as will, if the same num- 
ber of terms be taken, give H-2-t-2* + 
2’ + ,&c., greater than 54; that is, it 
cannot be the same for six steps. And 
we find, on actually performing the ope- 
rations, 

2X54'= 55'-b53' 

2X53'= 55'-t-5l' 

2x51' = 55'-|-47' 

2X47'= 55'-t-39' 

2X39'= 55'-b23' 

3X23'= 55' -I- 14' ' 

We do not say that p.p', &c. will re- 
main the same until 1 +p+^+ ...would 
be greater than the number of times 
which E contains E—E', but only that 
they cannot remain the same longer. 
By repetition of the same process, we 
can show that a further and further in- 
crease must take place, and so on until 
we have attained a quantity greater than 
any given one. And it has already been 
shown to be a consequence of this, that 
ffiA— nD can be diminished to any cx- 
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fcnt 'we please. Siiiiilarlv it may be 
ahewn lliat when A and B are incom- 
mensurable, m.\— nU may be brought 
as near as we please to any other quan- 
tity C, of the same kind as A and B, so 
as not to differ from C by so much as a 
given quantity E. For let m and n be 
taken, by the last case, so that mA— nB 
may be less than E, and let mA— nB, in 
this case, 1)C equal to E'. Let C lie 
between pK' and p+ \ ’BJ, neither of 
which can differ from C by so much as 
E', and therefore not by so much as E. 
Then since mA— nB = E' ; 
therefore pmA— pnB=;)E', ' 

and /)+ 1 mA— p+ 1 nB=p+ lE'. 
Both which last expressions differ from 
C by a quantity less than E, the first 
being less and the second (jp-eater than 
C, and both arc of the form mA-nB, 
m and n being changed for other num- 
bers. 

The common ideas of proportion are 
grounded entirely upon the false notion 
that all quantities of the same sort are 
commensurable. That the supposition 
is practically correct, if there are any 
limits to the senses, may be shewn, for 
let any quantity be rejected as imper- 
ceptible, then since a quantity can be 
found as near to B as we please, which 
is commensurable with A, the difference 
between B and its approximate commen- 
surable magnitude, may be reduced be- 
low the limits of perceptible quantity. 
Nevertheless, inaccuracy to some extent 
must infest aW general conclusions drawn 
from the supposition that A and B being 
two magnitudes, whole numbers, m and 
n, can alwayt be found such that mA — 
nB = 0. We have shewn that this can 
be brought as near to the truth as we 
please, since m.A-nB can be made as 
small as we please. This, however, is 
not a perfect answer, at least it wants 
the unanswerable force of all the pre- 
ceding reasonings in geometry. A defi- 
nition of proportion should therefore be 
substituted, which, while it reduces itself, 
in the case of commensurable quantities 
to the one already given, is equally ap- 
plicable to the case of incommensurables. 
\Ve proceed to examine the definition 
already given with a view to this object. 

Itesumc the equations — 

mA— nB = 0, or A = — B 

m 

mP— wQ = 0, P=— Q 

m 

If wr« fake any other expressions of the 


ft' ft' 

same sort — ,B and — ,Q, it is plain that, 
according as the arithmetical fraction 
^ is greater than, equal to, or less than 

n' n 

— - so will — B be erealer than, equal to, 

m' m ° 

fi' ft 

or less than — B, and the same of — Q 
m' m 

n' 

and — ,Q. Let the symbol 
m’ •' 

:i >■<!.: 

be the abbreviation of the following sen- 
tence—" when X is greater than y, z is 
greater than re ; when x is equal to »/, 
z is equal to tv ; when x is less than y, 
z is less than tv." The following con- 
clusions will be evident : — 


If 

and 

Then 


“]> = <« 
:}>=<{/ 


And from the first of these alone it fol- 
lows that 

ma) - fm6 
nc j ^ {nd (,2) 

We have just noticed the following — 

n' 


and 


Therefore (I) 



Therefore (2) m'A 


m'A I ^ fn' B 


Or, if four magnitudes are proportional, 
according to the common notion, it fol- 
lows that the same multiples of the first 
and third being taken, and also of the 
second and fourth, the multiple of the 
first is greater than, equal to,or less than, 


DigitizedTsyCoogle 



MATHEMATICS. 


that of the second, accordinc; as that of 
the third is ereater than, ^uat to, or less 
than, that of the fourth. This property* 
necessarily follows from the equations 

mP— nQ = 0’ therefore 

follow that the equations are necessary 
consequences of the property, since the 
latter may possibly be true of incom- 
mensurable quantities, of which, by deti- 
nilion, the former is not. The existence 
of this proj)erty is Euclid's dednition of 
proportion: he says, let four jnacni- 
tudes, two and two, of the same kind, be 
called proportional, when, if equimulti- 
ples he taken of the first and third, &c., 
repeatin:^ the property just enunciated. 
What is lost and Rained by adoptinif 
Euclid’s definition may be very simply 
slated ; the pain is an entire freedom 
from all the difficulties of incommensu- 
rable quantities, and even from the neces- 
sity of inquirinp into the fact of their 
existence, and the removal of the inac- 
curacy attendinp the supposition that, 
of two quantities of the same kind, each 
is a determinate arithmetical fraction of 
the other ; on the other hand, there is no 
obvious connexion between Euclid's de- 
finition 'and the ordinary and well-esta- 
blished ideas of proportion; the defini- 
tion il.self is made to involve the idea of 
infinity, since all pmtible multiples of 
the four quantities enter into it ; and 
lastly, the very existence of the four 
quantities, called proportional, is matter 
for subsequent demonstration, since to 
a liepinner it eannot but appear very un- 
likely that there are any magnitudes 
which satisfy the definition. The last 
objection is not very strong, since the 
learner could read the first proposition 
of the sixth book immediately after the 
definition, and would thereby be con- 
vinced of the existence of proportionals; 
the rest may be removed by shewing 
another definition, more in consonance 
with common ideas, and demonstrating 
that, if four magnitudes fall under either 
of these definitions, they fall under the 
other also. The definition whieh we 
propose is as follows: — " Four magni- 
tudes, A.B. P, and Q, of which B is of the 
same kind as A, and Q as P, are said to 
be proportional, if magnitudes B-fC 
and Q -b R can be found as near as ice 
please to B and Q, so that A, B-t-C, 
P and Q-bU, are proportional accord- 
ing to the common notion, that is, if 


• It woold be expressed alRPhrAifally bjr aayiDf, 
that U mA'-ND and »nP» »Q are noth itig for the tanie 
values of Ml and n, they are either Imih positive or 
both Dsfatire, for cYcry other raloeof m aod a. 


85 

whole numbers m and n'can satisfy the 
equations mA— n(B-bC) = 0 
mP -n(Q-bR) = 0. 

We have now to shew that Euclid's de- 
finition follows from the one just given, 
and also that the last follows from Eu- 
clid, that is, if there are four magnitudes 
which fall under either definition, they fall 
under the other also. Let us first sup- 
pose that Euclid's definition is true of 
A, B, P, and Q, so that 

jnAI - fiiB 

This being true, it will follow that we 
can fake m and n, so as not only to make 
mA— nil less than a given magnitude E, 
w hich may be as small as we please, but 
also so that mP— nQ shall at the same 
lime be less than a given magnitude F, 
however small this last may be. For if 
not, while m and n are so taken as to 
make mA-nB less than E (which it 
has been provctl can be done, however 
small E may be) suppose, if possible, 
that the same values of m and n will never 
make mP - nQ less than some certain 
quantity F, and let pF be the first mul- 
tiple of F which exceeds Q, and also let 
E be taken so small that pE shall be less 
than B, still more then shall yi(mA - nB). 
or pmA-pnH be less than B. But 
since pF is m-ealer than Q. and m P 
- nQ is'^by hypothesis greater than F, 
still more shall mpF—npQ be greater 
than Q. We have then, jf our last 
supposition be correct, some value of 
mp and np, for which 

mpA - npB is less than B, 
while 

mpP - npQ is greater than Q, 
or 

mpA is less than (np-bl)B,'' 
mpP is greater than (np-f-1) Q, ’ 
which is contrary to our first hypolhesig 
respecting A, B, P, and Q, that hypo- 
thesis being Euclid’s definition of pro- 
portion, from which if 

mpA is less than np-)-l B 
mpP is less than np-f-1 Q. 

We must therefore conclude that if the 
four quantities A, B, P, and Q, satisfy 
Euclid’s definition of proportion, then 
m and n may be so taken that mA — nB 
and mP— nQ shall be as small as we 
please. Let 

mA-nB = E and E = nC 
mP-nQ = F F=nR. 

Then mA -n (B-f-C) = 0 
mP-n(Q-LR) = 0, 

and since E and F can, by properly as- 
suming m and n. be made as small as 
we please, much more can the same be 
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done with 0 end R, conse(^entIy we 
can produce B + C and Q + K as near 
as we please to B and Q, and propor- 
tional to A and P, according to the com- 
mon arithmetical notion. In the same 
way it may be proved, that on the same 
hypothesis B - C and Q - Rcan be found 
as near to B and Q as we please, and so 
that A, B - C , P and Q - K, are propor- 
tional according to the ordinary notion. 
It only remains to shew that if the last- 
mentioned property be assumed, Euclid's 
definition of proportion will follow from 
it. That is, if quantities can be exhi- 
bited as near to P and Q as we please, 
which are proportional to A and B, ac- 
cording to the ordinary notion, it follows 
that 

mAl ^ fuB 
mPJ > - < |„Q. 

For let B-|-C and Q-j-K be two quan- 
tities, such that 

/A-g(B+C) = 0 
, ,, /P-«-(Q + R) = o. 

in which, by theliypothesis,/ and g can 
be so taken that C and R are as small 
as we please. We have already shewn 
that in this' case (m and n being any 
numbers whatever) mA is never greater 
or less than n(B-bC), without mP be- 
ing at the same time the same with re- 
gard to B (Q -(- R). That is, if 
niA is greater than nB-|-nC, 

then 

mP • . . . nQ-l-nR. 

Take some given* values for m and n, 
fulfilling the first condition; then, since 
C and R may be as small as we please, 
the same is true of nC and nil ; if then 
is greater than nB 
mV ... . nQ. 

For if not, let mA=nB+r, while mP= 
nQ-y. X and y being some definite 
magnitudes. Then if 

nB-|-ar>nB-|-BC 

«Q-y>nQ+nR, 

which last equation is evidently impos- 
sible ; therefore if mA>nB, mP>ntJ. 
In the same way it may be proved, that 
if mA<nB, >nP<nQ, &a, so that Eu- 
clid's definition is shewn to be a neces- 
sary consiquence of the one proposed. 

The definition of proportion which 
we have here given, and the methods by 
which we have established its identity 
with the one in use, bear a close analogy 


• It U rery nrcrusary to recollect, that the reU- 
t'looi ja«t exprentted ere tme for erery v«l»ie of m enJ 
«; »5d therefore trnt furany particular ciue. In thia 
iore»tiialion/and taay both bo very great in order 
that C and R may be n’jffictenlly amall. and we 
moat toppoM Iheto to Tary with the raluea we give 
to C and R. or rather the luniU which we aaaigo (o 
them) batnand a arejrtpca. 


to the process used by the ancients, and 
denominated by the moderns the method 
of exhaustioni. We have seen that the 
common definition of proportion fails in 
certain cases, where the magnitudes are 
what we have called incommensurable, 
but at the same time we have shewn, 
that though in this case we can never 
take m and n,so that mA=nB, or mA— 
bB = 0. we can nevertheless find m and b, 
so that mA shall diifer from bB by a 
quantity less than any which we please 
to assign. We therefore extend the 
definition of the word proportion, and 
make it embrace not only those magni- 
tudes which fulfil a given condition, but 
also others, of which it is impossible 
that they should fulfil that condition, 
provided always, that whatever magni- 
tudes we call by the name of propor- 
tionals, they must be such as to admit 
of other magnitudes being taken as near 
as we please to the first, which are pro- 
portional, according to the common 
arithmetical notion. It is on tlie same 
principle that in algebra we admit the 
existence of such a quantity as and 
use it in the same manner as a definite 
fraction, altbougb there is no such frac- 
tion in reality as, multiplied by itself, will 
give 2 as the product. But, however 
small a quantity we 'may name, we can 
assign a fraction, which, multiplied by 
itself, shall diifer lest from 2 than that 
quantity. 

Having established the properties of 
rectilinear figures, as far as their pro- 
portions are concerned, it is necessary to 
ascertain the properties of curvilinear 
figures in this respect. And here occurs 
a difficulty of the same kind as that 
which met us at the outset, for no 
rectilinear figure, how small soever its 
sides may be, or how great soever their 
number, can be called curvilinear. 
Nevertheless, it may be shewn, that in 
every curve a rectilinear figure may be 
inscribed, whose area and perimeter 
shall differ from the area and perimeter 
of the curve by magnitudes less than 
any assigned magnitudes. The circle is 
the only curve whose properties are con- 
sidered in elemeiitniy geometry, and 
this is shewn in the Treatise on Geo- 
metry, III. .31. Indeed, for this or any 
other curve, the proposition is almost 
self-evident. This being granted, the 
properties of curvilinear figures are 
established by help of the following 
theorem. 

If A, B, C, and D are always pro]'or- 
tional, and of these, if C and D may be 
made as near as we please to P and Q, 
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than which they are always both greater 
or both less, then A, B, P, and Q are 
proportional. 

Let C = P + P', and D ■= Q + Q', where 
by hypothesis P' and Q' may be made as 
small as we please, and A, B, P + P', and 
Q + Q', are projiortionals. If A, B, P, 
and Q are not proportionals, let P and 
Q + R be proportional to A and B. 
Then, since A and B are proportional to 
P+P and Q + Q', and also to P and 
Q + R. 

P+P : Q+Q':: P : Q+R 
in which all the magnitudes are of the 
same kind. Now, let P and Q' be so 
taken, that Q' is less than R, which 
may be done, since by hypothesis Q' 
can be as small as we please. Hence 
Q + Q' is less than Q + li, and therefore 
P+P is less than P, which is absurd. 
In the same way it may be proved that 
P is not to Q - R in the proportion of 
A to B, and consequently P is to Q in 
the proportion of A to B. This theorem, 
with those which prove that the sur- 
faces, solidities, areas, and lengths, of 
curve lines and surfaces, may be repre- 
sented as nearly as we please by the 
surfaces, &c., of rectilinear figures and 
solids, form the method of exhaustions. 
We may refer for instances to the Trea- 
tise on Geometry, III. .32, 33. IV. 30. 
V. 2, 13, 16, &c. In this method are 
the first germs of that theory, which, 
under the name of Fluxions, or the 
Ditterential Calculus, contains the prin- 
ciples of all the methods of investigation 
now employed, whether in pure or mixed 
mathematics. 

Chaptsr XVII. 

Application of Algebra to the measure- 
ment of Lines, Angles, Proportion of 
Figures, and Surfaces. 

Wk have already defined a measure, 
and have noticed several instances of 
magnitudes of one kind being measured 
by those of another. But the most 


tion of 1 to m+ — , or as o to mq+p. 

q ’ 1 r-. 

and if B be a fixed line, which is used for 

the comparison of all lines whatsoever, 

then the line A is m + — . or 

9 7 

if it be understood that for every unit in 
m, B is to be taken, and also that for 

p 

the same fraction of B is to be taken 

that is of unity. In this case B is 
called the linear unit. 


But here we suppose that a line B 
being taken, the ratio of any other line 
A to B can be exjiressed by that of the 
whole numbers mq-\-p to q, which we 
have shewn in some cases to be impos- 
sible. If we take one of these cases, 
niA-nB, though it can never be made 
equal to nothing, can be made as small 
as we please, by properly assuming m 
and n. Let mA - nB = E, then A = 
/I E E 

B + — , and lince — can be made 
mm m 


as small as we please, A can be repre* 
seated as nearly as we plea.se by a frac- 
tion — , where B is the linear unit. 
m 


Hence, in practice, an approximation 
may be found to the value of A, sufficient 
for any purpose whatever, in t he following 
manner, which will be easily understood 
by t he student, who has a tolerable facility 
in performing the operations of algebra. 
Let A contain B, p times with a rcm'. P 
B contain P, q times with a rem'. Q 
' P contain Q, r times with a rem'. R 
and so on. If the two magnitudes are 
commensurable, this operation will end 
by one of the remainders becoming 
nothing. For, let A and B have a com- 
mon measure E, then P has the same 
measure, for P is A— pB, of which both 
A and pB contain £ an exact number 
of times. Again, because B and P con- 
tain the common measure E, Q has the 
same measure, and so on. All the re- 


useful measure, and that with which we 
are most familiar, is number. We ex- 
press one line by the number of times 
which another line is repeated in it, or 
if the first is not exactly contained in 
the second, by the greatest number of 
the second contained in the first, together 
with the fraction of the second, which 


mainders are therefore multiples of £, 
and if £ be the linear unit, are repre- 
sented by whole numbers. Now, if a 
whole number be continually diminished 
by a whole number, it must, if the opera- 
tion can be continued without end, 
eventually become nothing. If, there- 
fore, the remainder never disappears, it 


will complete the first. Thus, suppose is a sign that the magnitudes A and B 
the line A contains B m times, with a are incommensurable. Nevertheless, 


remainder which can be formed by approximate whole numbers can be 
dividing B into q parts, and taking p of found whose ratio is as near as we please 
them. Then B is to A in the proper- to the ratio of A and B. 
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From the suppositions above-men- Substitute in (b) the value of P derived 

inp<l. it urmsjoKc ll.Ai. r\ s'. . .. .1 .. 


tione<b it appears iliai — 
A = ;)H -t- P • 
B = 9P + Q 
P = rQ -b R 
Q = s R -t- S 
K = < S -I- T 
&c. &c. 


: pit -t- P • (o) 

9H + Q (i) 

rQ + R (c) 

a R -t- S (rf) 

< S -I- T te) 

&c. &c. 
A = 
9 A = 
(9r+l)A = 
(7r*+r/-|-»)A = 


from (a), find Q from the result, and 
siibstiuitc the values of P an<l Q in (r) ; 
find a value of R from the result. au(i 
siihstilulc the values of Q and R in (</), 
and so on, which uive the following 
series of equations,— 


A = pB-f P 

9 A= (P 9 +I)B-Q 

(9r+l)A= (P9r-t-p + r)B •+■ K 

(qra+q-l-alA = fp9ra-|-p»+r*-l-pq -|- 1 )B — S 

9raf-t-qf-t-s/-|-9r-t- 1 (A = (pqraf-t-^^r-hrjf+pqf-i-pijr+p-t-r-l- /)B -1- T 
On inspection, it will be found that and the denom naturs positive. It may 
e coefiicienis of A and B in these b" . h 

nations may l>e formed by u very proved that — lies between — 


the coefficients of A and B in these 
equations may l>e formed by u very 
simple law. In each a letter is in- 
Iroduced which was not in the pre- 
ceding: one, and every coefficient is 
formed Irom the two precedintr, by mnl- 
tiplyinjf the one immediately preced- 
ing by the new letter, and adding to the 
product the one which comes before 
that. Thus the third coefficient of B is 
p^T-\-p-\-r \ the new letter is r, and the 
two preceding coefficien ts a re + l 
and p, and p^r+p+r = r+p. 

The remainders enter also with signs 
alternately positive and negative. Let 
w, x', and x" be (he n"’n-b l"" and n + 2* 
numbers of the series p, q, r, &c., and 
X, X' and X" the eorrespondins; remain- 
ders. Let the correspondiue equations 
be, aA = 6B-l-X 
a' A = i' B - X' 
a" A = 6” B -t- X" 

Here n must be supposed odd, 
since, were it even, the first equation 
would be oA = AB — X, as will be seen 
by reference to the equations deduced. 
Hence, from the law of formation of the 
coefiicients, x” being the new letter in the 
last equation, «" = a' x^' + a 
b" = 1 / x" + b 

Eliminate a/' from these two, the resiilt 
of which is a"b' -a'b"=ab'—a'b, the 


and — by means of the following lemma. 


The fraction 


must lie between 


— and-;forIet- bethegrealeroftbeiwo 

last, or — > — then mg > np, or — ^ 
P 9 ‘ mp'^ 

— . or - > and 1 -I- ? > 1 + .2 
mp p m p ^ m-, 

1 

therefore is less than unity, and 
any fraction multiplied by thi.s, is dimi- 
„„hed. But — .s-x— , and is 

P 

therefore less than the greater of the 

two. In the same way it may he proved 

to be greater than the least of the two. 
9 

}Jf 

Tliis being premised, since — = 
a' 

b’x" -t- 6 .... , . b'x" b 


of which is a b'-u'b"=ab'-a'b, the , it lies between and or 

first side of which is the numerator a' a a' x’’ a 

. y b y h 

Oi - - -^7 and the second of . It an- between -- and — . 

a a" a a ^ of a 

Tvenr. It... -ui. . Call the coefiicienis of A and B in the 


pears then that - is either greater than 
b b" 

both - and — or less than both, since 
V h'< ,b’ b 

,7' ” "'*11 Itoth have the 


series of equations, 0, a,, &c. 4, 4,_ 
&c. and form the series of fractions 
hi b. h, . _ . 


Tlie two first of these 


bi bf 4 . - 

~ ~ ~ Tlie two first of these 

Oi Of Oj 

7 ' ” 7. "ill both have the , P ,P9 + t , 

* “ o o wiin,e--and , of which the second 

same sign, the numerators being the same * 

* Ttirovifhoui ibfK inTettigaiioni iiif oiiitai H'® fP^eatcr, since it is p+ — Hence 

Iftl.r. rrp.iMM the Iln.i lhfia«l».f. aad not Ilie 9 

nniaWra nf unlla, which repreaent them, while the f, 

s’haplcr! ' "hat has been proved - islesslhan 
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— »nd greater than — ; and every frac- 

a% Oi 

tion is greater or leas than the one which 
comes twfore it, according as the num- 
ber of its equation is even or odd. Again, 
as the numerator of the ditfercnce of 

a'* a' 

two successive fractions 7— and -n- is 
b" u 

ol n 

the same as that of n sind whatever 

o' 0 

the numerator of the first difference is, 
the same must Ire that of the second, 
third, &c. and of all the rest. But the 

numerator of the difference of y and 

is 1 ; therefore either — c^b, 

^ y b 

or a'b — is 1 according as or - 

A d 

is the greater of the two, that is ac- 
cording as n is odd or even*. Now 
since the n"" and n+ !"■ equations, n be- 
ing odd, are 

oA= i B + X 
and a'A = ^B — X'; 
by eliminating A we have 

(al/-a!b)B = a'X+aX' 
or B = o'X-t-aX' 

since aV - a'b = \ \ and since the re- 
mainders decrease and the coefficients 
increase, a' ^ a and X > X', wlience 
2 aX' < a'X -t- aX', or 2 aX' < B and 

g 

X' < — : the remainder therefore which 
2u ’ 

comes in the i n -h l"* equation is less 
than the part of B arising from dividing 
it into twice as many equal parts as 
there are units in the coefficient of 
A; and as this number of units may 
increase to any amount whatever, ^ 

carrying the process far enough, — 

may be made as small as we please, 
and, hforliori, the remainders may be 
made as small as we please. The same 
theorem may be proved in a similar way, 
if we begin at an even step of the pro- 
cess. 

Hesuming the equations 
a A = A B -I- X 
oi'A = //B— X' 
o"A= A"B -I- X" 

/y X' 

From the second, A = -:B - -7 : 
a a 

and since X' < or if B 

2a a 2 cui 


* W'e might my that ab^ — a'b it altrmalrly I 
aod 1 ; but we wish aTold the ote of the ieo- 
lated oegatire tiga 


be taken as the linear unit, — will ex- 
a' 

press the line A with an error less than 

— 5—' which last may be made as small 
2ua' 

as we please by continuing the process. 
It is also evident that - is too small, 


while — is too great ; and since X and 
a 

X' are less than B, a A < A B I- B, 
A-t- 1 

or — ^ is too great, while o' A > 
A'A — B, or is too small. Again, 


A— -B= — and j B — A =^. Now 
a a a a 

X' <X and o' > a ; whence ^ ; that 

o a 

. b> 

js, j B exceeds A by a less quantity than 

b y 

- B falls short of it, so that -7 is a 

“ a 


nearer representation of A than -, though 

on a different side of it. 

We have thus shewn how to find the 
representation of a line by means of a 
linear unit, which is incommensurable 
with it, to aiw degree of nearness which 
we please. 'This, though little used in 
practice, is necessary to the theory ; and 
the student will see that the method here 
followed is nearly the same as that of 
continued fractions in Algebra. 

We now come to the measurement of 
an angle ; and here it must be observed 
that there are two distinct measures em- 
ployed, one exclusively in theory, and 
one in practice. The latter is the well- 
known division of the right angle into 
90 equal parts, each of which is one 
degree ; that of the degree into 60 equal 
parts, each of which is one minute ; 
and of the minute into GO parts, each 
of which is one second. On these it 
is unnecessary to enlarge, as this divi- 
sion is perfectly arbitrary, and no reason 
can be assigned, as far as theory is con- 
cerned, for conceiving the right angle 
to be so divided. But it is far otherwise 
with the measure which we come to 
consider, to which we shall be naturally 
led by the theorems relating to the circle. 
Assume any angle, AOB, as the angu- 
lar unit, and any other angle, AOC. Let 
r be the number* of linear units con- 


* It moit Ilf refolWtfd ihMt the word nombet 
tnetuis U>lb and /rfrcftvjwi/ Dumber* 
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tained in the radius OA, and t and » the 
lengths, or number of units contained 
in the arcs AB and AC. Then since 


jf 



the angles AOB and AOC are propor- 
tional to the arcs AB and AC, or to 
the numbers t and s, we liave 

Angle AOC is j of the angle AOB ; 
and the angle AOB being the angular 
unit, the number^ is that which ex- 
presses the angle AOC. This number 
IS the same for the same angle, what- 
ever circle is chosen ; in the circle FD 
the proportion of the arcs DE and DF 
is the same as that of AB and AC : 
for since similar arcs of different circles 
are proportional to their radii, 

AB ;DE;;0A: OD 
Also AC:DF::OA:OD 
AB : DE :: AC : DF; 
therefore the proportion of DF to DE is 

that of t to t, and j is the measure of 

the angle DOF, DOE being the unit, 
as before. It only remains to choose 
the angular unit AOB, and here that 
angle naturally presents itself, whose 
arc is equal to the radius in length. This, 
from what is proved in Geometry, will be 
the same forall circles, since in twoeircics, 
arcs which have the same ratio (in this 
case that of equality) to theirradii, subtend 

the same angle. Let < = r, then is 

the numtrer corresponding to the angle 
whose arc is t. This is the number 
which is always employed in theory as 
the measure of an angle, and it has the 
advantage of being independent of all 
linear units ; for ^suppose s and r to be 
expressed, for example, in feet, then 12 s 
and 12 r are the numbers of inches in 
the same lines, and by the common theory 
s 12 ^ 

of fractions - = Generally, the al- 

r 1 2 r. ' 

feration of the unit does not affect the 
number which expresses the ratio of two 
magnitudes. When it is said that the 

angle = — it is only meant that, 
radius 

on one particular tuppotition, namely, 
that the angle 1 is that angle whose arc 


is equal to the radius, the number of 
these units in any other angle is found 
by dividing the number of linear units 
in its arc by the number of linear 
units in the radius. It only remains to 
give a formula for finding the number 
of degrees, minutes, and seconds in an 
angle, whose theoretical measure is given. 
It IS iiroved in geometry that the ratio 
of the circumference of a circle to its 
diameter, or that of half the circumfe- 
rence to its radius, though it cannot be 
expressed exactly, is between 3.14159265 
and 3.14159256, Taking the last of 
these, which will be more than a suf- 
ficient approximation for our purpose, it 
follows that the radius being r, one half 
of the circumference is rx3.14l5926C; 
and one-fourth of the circumference, 
or the arc of a right angle, is r x 
1.57079633. Hence the number of units 
above described, in a right angle, is 
arc 

— - — , or 1.57079633. And the num- 
radius 


her of seconds in a right angle is 
90x00x60. or 321000. Hence if 3 1)6 
an angle expressed in units of the first 
kind, and A the number of seconds in 
the same angle, the proportion of A 
to 324000 will also be that of 3 to 
1.57079633. To understand this, recol- 
lect that the proportion of any angle to 
the right angle is not altered by chang- 
ing the units in which both are express^, 
so that the numbers which express the 
two for one unit,’ are proportional to the 
like numbers for another. 

Hence A ; 324000 :: 3 : 1.57079633; 

. 324000 

or A = X 3 ; 

1.57079633 ’ 


or A = 206265 X 3, very nearly. 
Suppose, for example, the number of 
seconds in the theoretical unit itself is 
required. Here 3 = 1 and A = 206265; 


similarly if A be 1, 3 = ^J^^,'*hich is 

the expression for the angle of one se- 
cond referred to the other unit. In this 
way, any angle, whose number of seconds 
is given, may be expressed in terms of 
the angle, whose arc is equal to the ra- 
dius, which, for distinction, might be 
called the theoretical unit. This unit is 
used without exception in analysis ; thus, 
in the formula, for what is called in 
trigonometry the sine of x, via.. 


smx = x + , &c. 

2.3^2.3.4.5 ’ 


If X be an angle of one second, it is not 
1 which must be substituted for x, but 

206265' 
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’ Thenumber3. 14159265, &c. is called 
ir, and is the measure, in theoretical 

units, of two right angles. Also-^is the 

measure of one right angle ; but it must 
not be confounded, as is frequently 
dune, with 90°. It is true that they stand 
for the same angle, but onditt'erent sup- 
positions with respect to the unit ; the 
unit of the first being very nearly 
200265 . 

— - — — limes that of the second. 
oU X 6U 

There are methods of ascertaining 
the value of one magnitude by means 
of another, which, though it varies with 
the first, is not a measure of it, since the 
increments of the two are not propor- 
tional ; for example, when, if the first 
be doubled, the second, though it changes 
in a definite manner, is not doubled. 
Such is the connexion between a num- 
ber and its common logarithm, which 
latter increases much more slowly than 
its number ; since, while the logarithm 
changes from 0 to 1, and from 1 to 2, 
the number changes from 1 to 10, and 
from 10 to 100, and soon. 

Now, of all triangles which have the 
same angles, the proportions of the sides 
are the same. If, therefore, any angle 


B, B', B", &c. in one of its sides, and b, 
b', &c. in the other, perpendiculars be 
let fall on the remaining side, the tri- 
angles BAC, B'AC', bAc, &c. having a 
right angle in all, and the angle A com- 
mon, are equiangular; that is. one angle 
being given, which is not a right angle, 
the pro])ortions of every right-angled 
triangle in which that angle occurs are 
given also; and, rice rersiJ, if the pro- 
portion, or ratio of any two sides of a 
right-angled triangle are given, the 
angles of the triangle are given (Geom. 
11.3.9.). 

To these ratios names are given ; and 
as the ratios themselves are connected 
with the angles, so that one of either set 
being given, viz. ratios or angles, all of 
both are known, their names bear in 
them the name of the angle to which 
they are aup|)osed to be referred. Thus, 


BC side opposite to A . 


AB hypothenuse 


is called the sine 



, , , ,, AC side opposite fo B 

of A ; while or — ; 

AH liyputlieiiusB 

or the sine of B, the complement • of A, is 
called the cosine of A. The following 
table expresses the names which are 

, . .. BC AC BC 

given to the stx ratios, -775 — 

® AB AB AC 

AC AB , AB 

^ ^ and relatively to both 

angles, with the abbreviations made use 
of. The terms opp., adj., and hyp., stand 
for, opposite side, adjacent side, and hy- 


CAB be 

given, and from any points mentioned in the table. 


BC 

AB 

in tbo 

sine of A 

b«in|' 

opp. 

hyp. 

or 

cosine ofB 

hyp. 

Th«M are wriUea. 

sin A cos B 

AC 

AB 

cosine of A 

adj. 

>>yp. 

sine of B 

opp. 

hyp. 

cos A 

sin B 

BC 

AG 

tangent of A 

opp. 

adj. 

cotangent of B 

adj. 

opp. 

tan A 

cot B 

AC 

BC 

cotangent of A 

adj. 

tangent of B 

opp. 

adj. 

cot A 

tan B 

AB 

AC 

secant of A 

byp. 

adj. 

cosecant of B 

hyp- 

opp. 

sec A 

cosec B 

AB 

BC 

cosecant of A 

hyp. 

opp. 

secant of B 

hyp. 

adj. 

co sec A 

sec B 


• When l»o aoglf. «r« u>g.llnr muvl <“ “ oght l>«rl of » whol. rolallrfljr lo Ih. ml. Tlius, 10 boing 

angle, each it ralleJ the complement of the othef. made of 7 ang 3, 7t* Ite compienKtU of 3 fo iO. 

OeaenUlr, complement ie the name given to one 
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tr all angles be taken, beginning from 
one minute, and proceeding through 2', 
3', &c., up to 45°, or 2700', and tables 
be formed by a calculation, the nature of 
which we cannot explain here, of their 
sines, cosines, and tangents, or of the 
logarithms of these, the proportions of 
every right-angled triangle, one of whose 
angles is an exact number of minutes, 
are registered. We say sines, cosines, 
and tangents only, because it is evident, 
from the table above made, that the co- 
secant, secant, and cotangent of any 
angle, are the reciprocals of its sine, co- 
sine, and tangent, respectively. Again, 
the table need only include 45°, instead 
of the whole right angle, because, the 
sine of an angle above 45° being the co- 
sine of its complement, which is less 
than 45°, is already registered. Now, 
as all rectilinear tlgures can be divided 
into triangles, and every triangle is either 
right-angled, or the sum or difference of 
two right-angled triangles, a table of this 
sort is ultimately a register of the pro- 
portions of all figures whatsoever. The 
rules for applying these tables form the 
subject of trigonometry, which is one of 
the great branches of the application of 
algebra to geometry. In a right-angled 
triangle, whose angles do not contain an 
exact number of minutes, the propor- 
tions may be found from the tallies by the 
method explained in Chapter XI. of this 
treatise. It must be observed, that the 
sine, cosine, &c. are not measures of 
their angle ; for, though the angle is 
given when either of them is given, yet, 
if the angle be increased in any propor- 
tion, the sine is not increased in the same 
proportion. Thus, sin 2A is not double 
of sin A. 

The measurement of surfaces may be 
reduced to the measurement of rect- 
angles ; since every figure may be di- 
vided into triangles, and every triangle is 
halfof a rectangle on the same base and 
altitude. The superficial unit or quan- 
tity of space, in terms of which it is 
chosen to express all other spaces, is per- 
fectly arbitrary ; nevertheless, a com- 
mon theorem points out the convenience 
of choosing, as the superficial unit, the 
square on that line which is chosen as 
the linear unit. If the sides of a rect- 
angle contain a and b units (Geometry 
1. 29.), the rectangle itself contains ab of 
the squares described on the unit. This 
proposition is true, even when a and b 
are fractional. I.et the number of units 

in the sides be and and take ano- 
n g 


Iher unit whichis — of the first, orisob- 
ng 

tained by dividing the first unit into nq 
parts, and taking one of them. Then, 
iiy the proposition just quoted, the square 
described on the larger unit contains 
nq X nq ofthat described on the smaller. 

Again, since — and — are the same 
n q 

fractions as — and — , they are form- 
* nq nq ■' 

ed by dividing the first unit into nq parts, 
and taking one of these parts mq and 
uptimes; that is, ttiey contain mq and 
np of the smaller unit ; and, therefore, 
the rectangle contained by them, con- 
tains mq X np of the square described 
on the smaller unit. But of these 
there are n q x n q in the square on 
the longer unit; and, therefore. 


mqxnp mp nq mp 

, or , or — , is the num- 

nqxnq’ nqnq' "luii. 

ber of th e larger squares contained in 
the rectangle. But ~ is the algebra- 


ical product of~ and 


P_ 

q' 


This propo- 


sition is true in the following sense, 
where the sides of the rectangle are in- 
commensurable with the unit. What- 
ever the unit may be, we have shewn 
that, for any incommensurable mag- 
nitude, we can go on finding b and 


a two whole numbers, so that — is too 
a 


little, and too great: until a is' as 


great as we please. Let AB and AC be 
the sides of a rectangle AK, and let them 



Ix! incommensurable with the unit M. 
Let the lines AF and AG, containing 
b .i-H 

— and units, be respectively less 

and greater than AC; and let AD and 
c 1 

AE, containing and -j- units, be 

respectively less and greater than AB ; 
and complete the figure. The rectangles 
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A H and A 1 contain, j-especUvcly, 
b c 6-Mc + I 

— x-^, and -^x "^square units*, 

and the first is less than the given rect- 
angle, and the second greater ; conse- 
quently the given rectangle does not 
ditt'er from either, so much as th^ differ 
from one another. But the difference 

of AH and AI is , — — - or 

ad a<r 


6-1-C+ 1 

~iir 


b c 1 


" -L A+-L 1 . 1 ^ ' 

d ' a a ' d ^ ad 
Proceed through two t, four, sis, &c. 
steps of the approximation. The linear 
unit’ being M, the results will be such, 

that — M will be always less than AC, 

but continually approaching to it. Hence 

M is always less than ; and 

since AC remains the same, and if is a 
number which may increase as much as 
we please, by carrying on the approxi- 
.• AC . . , . . 1 * 

mation, and a fortxon ““Y 

be made as small a line as we please ; 

that is, — may be made as small 

as we please, and so may ~ 

same manner. Also ^ may .be made 

as small as we please ; and, therefore, 

also, the sum — ; 1 + — r. 

da ad ad 

But this number, when the unit is the 
square unit, represents the difference 


* Th^ phrase lifuate unit it the abUrevialioa of 
t<]utiri>(lescritH*<i on the unit. 
t Thi» ia done, liecauae, by proceeding one step at 

a time, is niteroately too little and too great to 

represent AC : whereas we wish the aui:ec«*dre 
steps to give re»ult« always less thao AC. 


of the rectangles AH and AI, and is 
gi-ealer than the dilference of AK and 
AI ; therefore, the approximate frac- 
tions wliich represent AC and AH may 
he brought so near, that flieir product 
sliall, as nearly as we please, represent 
the number of square units in tlieir rect- 
angle. 

In precisely the same manner it may 
be proved, that if the unit of content 
or solidity lie the cnlie described on 
the unit of length, the number of cu- 
bical units in any reclangnlar parallclo- 
piped, is the jiroduct of the mimher of 
linear units in its three sides, whether 
these numbers be whole or fractional ; 
and in the sense just cstabli.shed, even if 
they be incommensurable with the unit. 

These algebraical relations between 
the sides and content of a rectangle or 
parallclopiped were observed by the 
Greek geometers ; but as they had no 
distinct science of algebra, and a very 
imperfect system of arithmetic, while, 
with them, geometry was in an advanced 
state; instead of applying algebra to ge- 
ometry, what they knew of the first was 
by d^uction from the last : hence the 
names which, to this day, are given to 
aa, aaa, ab, which are called the sijimre 
of a, the cube of a, the rectangle of a and 
b. The student is thus led to imagine 
that he has proved that square described 
on the line, whose number of units is 
a, to contain aa square units, because 
he calls the latter the square of a. He 
must, I however, recollect, that squares 
in algebra and geometry mean distinct 
tilings. It would be much belter if he 
would accustom himself to call aa and 
aaa the second and third powers of a, 
by which means the confusion would be 
avoided. It is, neverlhele.ss, too much 
to expect that a method of speaking, so 
commonly received, sliould ever be 
changed; all that can be done is, to point 
out the real connexion of the geome- 
trical and algebraical signification. This, 
if once thoroughly understood, will pre- 
vent any future misconception. 
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PREFACE 


In compilini; the followine; my object has been to notice particularly 

several points in the principles of Algebra and Geometry, which have not 
obtained their due importance in our elementary works on these sciences. There 
are two classes of men who might be benefited by a work of this kind, viz., 
teachers of the elements, who have hitherto confined their pupils to the working 
of ndes, without demonstration, and students, who, having acquired some know- 
leelge under this system, find their further progress checked by the insufficiency 
of their previous methods and attainments. To such it must be an irksome 
task to recommence their studies entirely ; I have therefore placed before them, 
by itself, the part which has been omitted in their mathematical education, pre- 
suming throughout in my reader, such a knowledge of the rules of algebra, and 
the Theorems of Euclid, as is usually obtained in schools. 

It is needless to say that those who have the advantage of University educa- 
tion, will not find more in this Treatise than a little thought would enable them 
to collect from the best works now in use, both at Cambridge and Oxford. 
Nor do 1 pretend to settle the many disputed points, on which I have necessarily 
been obliged to treat. The perusal of the opinions of an individual, offered 
simply as such, may excite many to become enquirers, who would otherwise have 
been workers of rules and followers of dogmas. They may not ultimately coin- 
cide in the views promulgated by the work which first drew their attention, but 
the benefit which they will derive from it is not the less on that account. I am 
not, however, responsible for the contents of this treatise, further than for the 
manner in which they are presented, as most of the opinions here maintained 
have been found in the writings of eminent mathematicians. 

It has been my endeavour to avoid entering into the purely metaphysical part 
of the difficulties of algebra. The student is, in my opinion, little the better for 
such discussions, though he may derive such conviction of the truth of results 
by deduction from particular cases, as no A priori reasoning can give to a 
beginner. In treating, therefore, on the negative sign, on impossible quantities, 
and on fractions of the form g &c„ I have followed the method adopted by 
several of the most esteemed continental writers, of referring the explanation to 
some particular problem, and shewing how to gain the same from any other. 
Those who admit such expressions as — a, V — « 8 Sec., have never produced 
any clearer method ; while those who call them absurdities, and would reject 
the altogether, must, I think, be forced to admit the fact, that in algebra the 
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diffi'rent species of CJnlradiclions in problems are attended with distinct absurdr 
ties, resulting from them as necessarily as different numerical results from dif- 
ferent numerical data. This being granted, the whole of the ninth chapter of 
this work may be considered as an inquiry into the nature of the different mis- 
conceptions, which give rise to the various expressions above alluded to. To 
this view of the question I have leaned, finding no other so satisfactory to my 
own mind. 

The number of mathematical students, increased as it has been of late 
years, would be much augmented if those who hold the highest rank in science 
would condescend to give more effective assistance in clearing the elements of 
the difficulties which they present. If any one claiming that title should think my 
attempt obscure or erroneous, he must share the blame with me, since it is 
through his neglect that I have been enabled to avail myself of an opportunity to 
perform a task which I would gladly have seen confided to more skilful hands. 

Augustus De Morgan. 

90, Guil/ord-streel, Nov. 22nd, 1831. 
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Notation and Definitions. 

I . It is by means of numbers that we 
are able to express the magnitude, tliat 
is, the size, of any thing, or of any col- 
lection of things that are of the same 
kind. To do this in any case, we first 
fix on some portion of that kind of 
thing, the magnitude of which portion 
is well known ; we then state the num- 
ber of times that this portion is con- 
tained in the thine or collection of 
things in question. When, for instance, 
we say that a distance is twelve miles, 
or a weight twelve pounds, we state 
how often the known portion of dis- 
tance, one mile, or the known portion 
of weight, one pound, is contained in 
the distance or the weight of which we 
arc speaking. This portion so fixed on 
is called a unit. In the examples just 
referred to, a mile is used as the unit 
of distance ; a pound, as tlie unit of 
weight. In expressing the magnitude 
of anything, or in subjecting it to calcu- 
lation, we may make use of tliat unit 
which we may find most convenient. 
\Ve may express a distance in miles, 
yards, feet, or inches, or a weight in 
pounds, ounces, or grains. But when 
we have once fixed on a unit, we must 
keep its nature clearly in view, other- 
wise we shall olten fall into errors. 

Sometimes there is something in the 
nature of the thing whose magnitude is 
to be expressed, that furnishes us with 
a unit by which to express it. In stating 
the size of a crowd of people, or a fleet 
of ships, every body would employ a 
single person, or a single ship, as a 
unit, and would say how many people 
or how many ships there were. Some- 
times, again, there is nothing to make 
us choose one portion more tlian an- 
other. In the cases of weights and 
measures, for instance, the units are 
fixed only by an understanding among 
the community w ho use them ; such 
units are said to be arbitrary. It is 
often very convenient that the same 
U) 


unit should be used as extensively as 
possible. On this account most govern- 
ments have made laws enjoining a 
uniformity of weights and measures, 
and men of science have invented means 
• of finding the standard unit at all places 
and times. When we consider a num- 
ber in the abstract, as when we say 
tliat 10 and 6 make IG, the number 1 
is our unit. It is called unity. 

2. A portion definite or indefinite, 
known or unknown, of any thing tliat 
can be expressed by means of units, is 
called a quantity ; and may be made 
the subject of the operations of arith- 
metic or algebra. In arithmetic, we 
only deal with quantities expressed in 
numbers, which, consequcniW, are al- 
ways known and definite. But in al- 
gebra it is veiy oflen necessary to con- 
sider quantities that are indefinite or 
unknown. These quantities cannot pos- 
sibly be expressert by numbers, for if 
they were they would be no longer in- 
definite ; and if we do not know them, 
how can we find numbers to express 
them ? To represent such quantities, 
the letters of the alphabet are used. 

Arithmetic and algebra are thus very 
intimately connected. In treating of 
them together, we shall find, on the one 
hand, that the notation of algebra is 
very useful in explaining the operations 
of anihmetic ; and, on the other, tliat 
these operations furnish perhaps the 
be.st practical illustrations of the results 
of algebra. 

3. A man can dig a piece of ground 
in ten days which it takes his son six- 
teen days to dig ; in what time can they 
dig it it they work together ? The time 
sought, though it be unknown, is yet a 
fixed definite number of days ; a num- 
ber capable of being halved or doubled, 
multiplied, divided, or submitteil to any 
other opcmlion that can be performed 
on known quantities. We cannot de- 
note it by a number, for we do not 
know what number to take ; when we 
arc going to operate on it, then, which 
B 
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we must do before we can find what it 
is, we denote it by a letter ; x, for in- 
stance. X is properly called an un- 
hnoum quantity. 

Again : the time in which the father 
and son can dig the field working to- 
gether, depends on the time in which 
the father can dig it alone, and the 
time in which the son can dig it alone, 
and on nothing else. Suppose that we 
wish to find generally, and w ithout re- 
ference to any particular instance, in 
what way the time sought depends on 
the fatlier's time and on tlie son's time. 
If we express the time taken by the 
father and tliat taken by the son in 
numbers, we may find tlie time taken 
by both together ; but then it will be a 
number also, and we shall have an- 
swered the question for one particular 
case only ; we shall not have found tlie 
general rdation which we have seen 
must subsist. But if we call the time 
taken by the father a, and that taken 
by the son b, we do find a general re- 
lation if we can in any way find the 
time taken by both togetlier, since a 
may be any number of days, and b may 
be any number of days. Here a and o 
are quantities that are indefinite, tliat 
is, quantities that may stand for any 
numWrs whatever. But they are called 
knoum quantitiu, because they must be 
known before we can answer the ques- 
tion in any particular case. It is usual 
to denote known quantities by the first 
letters, as a, b, e, &c. ; and unknown 
by the last, as x, y, m. 

4. When we have a^ number of 
quantities, and wish to find or to ex- 
press how many units are contained in 
them all taken together, we do it by 
addition. When quantities are to be 
added together, we write them with the 
mark -H between them. Thus 5-1-7+11 
shows that 5, 7, and 1 1 are to be added 
together ; and when this is done, the 
result is called the turn of these num- 
bers. So o + A + c is the sum of a, b, 
and c, expressing how many units are 
contained in these quantities taken to- 
gether. + is read piu* (a latin word 
meaning more) ; it is called the eign qf 
addition, or the potitive tign ; and a 
quantity to which it is prefixed, is called 
a poeitive quantify. 

5. When we have two quantities, 
and wish to find or to express the num- 
ber of units in one of them, after the 
number of units in the other has been 
taken away firom it, we do this by tub- 
traetion. When one quantity is to be 


subtracted from another, we write it 
after the other with tlie mark — be- 
tween them. Thus 9—5 shows that 5 
is to be taken from 9, and is called the 
difference of these numbers, a — A is 
the ditfbrenoe of a and A, and shews 
that A is to be .subtracted from a. — 
is read minus (a latin wonl meaning 
less) ; it is called the sign of subtrac- 
tion, or the negative sign, and a quan- 
tity to which It is prefixed is called a 
negative quantity. 

6. When a quantity has neither of 
these signs annexed to it, + is always 
supposed to be its sign, and it is a 
positive quantity. 

7. It will ofleu happen, that in adding 
.quantities together we have to add the 
same quantity to itself once or more. 
We may, for example, have such sums 
as5 + 5 + 5, oro + o + o+ Sio. 
where a may be supposed to be written 
A times, or as often as there are unities 
in A. The process by which we find 
such sums, or by whicii we express this 
continued addition, is called multipli- 
cation. To add three fives togetlier is 
called multiplying 5 by 3 ; to take a as 
often as there are unities in A and add 
them all together, is called multiplying 
a by A. These processes we express by 
writing 3 X 5 or 3 . 5 ; b X a, b .a, or 
more frequently A a. A a is called the 
product of A and a; b and a are called 
the factors of A a. A is the multiplier, 
and a is the multiplicand. So a . A c is 
tlie product of a and A c. 

8. We very often have such a pro- 
duct as a a, or a multiplied by itself. 
This is written o*. So a a a is written 
o*. Thus 2* is 2.2 .2, or 8, and lit* is 
10 . 10. 10 . 10, or 1U,0UU. The num- 
ber written above to the right, shows 
the number of times that the quantity 
to which it is annexed is a fiuttor, and 
is called the index, or the exponent of 
that quantity, tf, a*, &c. are called 
poioers of a. is the second power, or 
square of a; if is its third power, or 
cube ; and o» is its fifth power. So oT 
is the m* power of a ; meaning that a 
is a factor as often as there are unities 
in »n ; whatever number m may be. 

9. When there is a product such as 
3 a, or 5 a* c, where one of the factors 
is a number, that number is called a 
coefficient ; 3 is the coefiicient of a in 
the expression 3 a, and 5 that of a* in 
5<fc. When the coefficient is unity, 
i t is not usual to write it ; tlius 1 A e 
and A c are the same. 

10. Ifthere be two quantities, a and A, 
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Mid it be required to find a third quan- 
tity, such that when multiplied by b 
the product shall be a, we do this or 
express it by dii'uion. To divide 20 by 
4, for instance, is to find a number 
which, when multiplied by 4, will give 
20 for product. Tliis number we know 
to be 5. Here 20 is called the diridend, 
4 the divisor, and 5 the quotimf. We 
express that a is to be divided by A by 

writing a-^-b, or more frequently 

b 

where a is the dividend, b the divisor 

and X the result of the division, or the 
b 

.. . 20 

quotient. Similarly, — or 2(1 -j- 4 
means 5. 

It will be seen at once, that this ac- 
count of division corresponds with the 
uses to which we have been accustomed 
to apply it in arithmetic. Thus, if we 
want to find how many shillings there 
are in ISO pence, we divide 180 by 12. 
Now, whatever be the number of shil- 
lings sought, since there are 12 pence 
in a shilling, 12 times that number must 
make 180 ; so that the number required 
is the number which, when multiplied 
by 12, mves 180 for product. Again, 
if there be 725 men, and we wish to di- 
vide them into 25 equal companies, and 
fbr that purpose to find how many men 
are to be in every company ; 25 times 
this number, whatever it may be, must 
make 725. We seek the number then, 
which, when multiplied by 25, gives 725 
for product, we find it by dividing 725 
by 25. 

As multiplication is a continued ad- 
dition, division may be regarded as a 
continued subtraction. In dividing 30 
by 6, for example, we may be said to 
find out how often 6 can be subtracted 
from 30 ; that is, how often 6 is con- 
tained in 30. 

1 1 . The square root of any quantity, 
a, is a quantity which, when multiplied 
by itself, produces a. We express the 
square root of a by writing or 


simply Ja. Thus is 2, for 2.2 
is 4 ; jjb‘ is 6, for A . 6 makes A*. 
Tlie cube root of a is a quantity which, 
when multiplied intp itself twice, pro- 
duces a,- vve express it bv writing 
Thus ‘s/-27 is 3, for 3 .3’. 3 is 27. So 
■*ya is a quantity which, when multi- 
plied into itself 3 times, produces o, 
and is called the fourth root of a. 
Similarly, ‘t/a is the fifth root of a, 
and so on ; and is the m“ root of 
a, or that quantity which, multiplied 
by itself as often as there are unities in 
the number which is one less than ni. 
produces a. The mark y is called the 
radical sign, from a Latin word mean- 
ing a root. 

12. When a quantity is made up of 
other quantities connected with each 
other by meant of the signs + and — , 
the quantities of which it it so com- 
posed are called its terms. Thus a c, 

— a b, and d‘, are the terms of a c 

— oA -t- d*. 

13. When any of the operations we 
have been describing is to be performed 
on a quantity eonsisting of more than a 
single term, to prevent ambiguity the 
quantity is enclosed in brackets, or has 
a line drawn over it. Thus a — (c + d 

-h e), or a — c + d -I- e, means that tlie 
whole quantity e -b d -1- « is to be taken 
from a; whereas if it were written a — 
c -t- d + c, it would mean that c only is 
to be taken from a, and d and e added 

to it. So (a + A) (c + d), or a + b . 

e + d means that the whole quantity 
e -b d is to be multiplied by the whole 
quantity o -b A. The line drawn over a 
quantity for this purpose is called a 
vinculum, (the Latin word for a fetter) 
or a bar. In the same way (tf -b A*)’ 
means the cube of a* -b A*. 

14. The mark = is called the sign of 
equality; it shows that the quantities 
between which it stands are equal to 
one another. Thus 7 -b 8 — 9 = 6, 
9x13 = 117. As further examples of 
what has been laid down, make a = 1 . 
A = 2, c = 3, and d = 4, and we shall 
find that 


7a-b7c-3A-d=7-b21-6-4 = 18, 
v2a -b Ac)(4d — Ad) = (2 -b 6).(I6 - 8)= 8.8 = 64, 

ab + cd 2 -b 12 14 

2c —'d' ~ 6-4 ” Y " ' 

(5 - 3) d» - (d - A)* = (5 - 3) 16 - (4 - 2)* = 39 - 8 = 24. 
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Of Additton and Subtractiim. 

15. When quantities, if tlicy differ at 
all, differ only in their coefficients [art. 9] 
they are called like quantities. When 
they differ in other respects tliey are 
called unlike quantities. 

2 a c and 3 a c, 5 a* and 7 a‘, 

27 b and tfb 

are severally couples of like quantities ; 

a by 5 cfij 5 cfl bf 3a b 
are all unlike quantities. When we 
have to add, or to subtract unlike 
quantities, we write them in the same 
line with the sign of addition or of 
subtraction between them. Thus a 
added to b we can express only by 
writing a+ b; ah' subtracted from 
0 * 6 we express by writing aSb —at^. 

But take the case of like quantities, 
and simpose that 8 a is to be added to 
3 a. That is, a + a is to be added to 
a + a + a [art. 7]. The sum must be 
a + a + a + a + o, or (3 + 2) a, or 
5 a. So 

15a*+a*= (15 + l)o*[art 0]orlGo*. 
In the same way we find that 
5 a — 3 a = (5 — 3) a, or 2 a ; 

and 

27a'6 - 15o«6 = (27 - 15) a> b, 
or 

12o*i. 

There is no difficulty then in bringing 
together by means of addition and sub- 
traction any number of quantities con- 
sisting each of one term. Tliose that 
arc like are to be collected into one 
term by adding or subtracting their co- 
efficients, according as their signs are 
positive or negative [arts.4 and 5] ; and 
this term is to be set down with the sign 
of addition or subtraction, according as 
the ]x)sitive or negative quantities col- 
lected into it are greater. If the nega- 
tive be greater, the quantities to be sub- 
tracted arc together greater than those to 
be added, and therefore the single term 
made up of them all is to be subtracted. 
Tliose quantities that are unlike ai'c to 
be set down, each with its proper sign. 
For example, 

a»-|- 25aA*-10a>-8j:i'-t-17a« 

= (1 - 10 -I- 17)u* -h 25ai* -8xA« 

= 8o» -t- 25aAa -8a i*. 

16. In the same way we find that 

3a + b — 5a-l- 6a — b — 16a 

K — 12 o. 


Here the whole can be collected into a 
single term which is negative. In 
^ebra we very often come to a nega 
tivc result. We may, perhaps, find it 
difficult to attai^h any meaning to a 
negative quantity in the abstract, a 
quantity to be subtracted without any 
thing to subtract it from. But, when- 
ever we have a result of this kind, wc 
shall always find something in the na- 
ture of the question we are considering 
that enables us to give the negative 
sign a meaning. Of this wc shall have 
many instances as we proceed ; to take 
a familiar one now, suppose a and b in 
the last example to be sums of money, 
and that a man is taking an estimate of 
his outstanding accounts, if he set 
down sums due to him with -t- before 

them, he should set down sums due by 

him with — . When he takes the 

amount, if his debts be the greater, of 
course the balance will have — before 
it ; with respect to these accounts he 
has so much less than nothing. 

Wc shall find, that when algebra is 
applied to questions that occur, there 
is no such thing as a quantity essen- 
tially negative. It is negative only 
because we choose so to consider it ; 
and we may make it positive, if at the 
same time wc make negative the quan- 
tities formerly positive. In the in- 
stance just given, the man may con- 
sider his debts as positive, and his cre- 
dits to be subtracted from them as ne- 
gative. On this supposition his result 
would have had the positive sign ; but 
this woidd not at all have changed its 
nature, a positive debt and a negative 
credit being algebraically the same 
thing. 

17. Wc now come to the addition 
and subtraction of quantities that con- 
sist of more than a single term. To 
add to a the quantity b + c, is to add 
b and c botli ; the sum therefore is 
a -t- ft c . To add to a the quantity 
ft — c, is to add ft diminished by c; the 
sum therefore is a -t- ft — c. 'VVe find 

then, that to add a quantify consisting 
of more than a single term, is to take 
Its terms one by one, adding those that 
are positive arid subtracting those that 
are ne^tive. 

1 8. To subtract b + c from a, is to 
subtract ft and c Ixitli ; the result there- 
fore is a — ft — c. In subtracting ft — c 
from a, if we subtract ft alone from a, and 
write a — ft, we shall have subtracted 
loo much ; for it is not ft, but ft dimi- 
nished by c, that is to be subtracted. 
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We must therefore add c to a — i to 
have the proper result, which is a — A + c. 

Our two last results, which are very 
important, are 

a — 0 + c) = a — b — e, 
and 

a — (b — c) = a — b + c. 

It is phtin tliat these apply equally to 
quantities of more than two terms. To 
subtract a quantity then 0/ more than 
one term, we must change the sign o 
every one of its terms from + to or 

Of these operations take the following examples . 

1. 3o’ + 4 6c — e* + (3a« — 6ic — 15) + 021— 4o« — 10e=), 
the sum is 

4 a* — 26c— 11 e» + 6. 

2. 5o* + 4a6— 6a:y-(lla* + 6a6 — 4xy), 
the difference is 

— 6 a* — 2a6 — 2xy. 

3. 4a — 36 — (3c — o — 56 — e) + (10 — 7a + 3e), 

the sum is 

— 2a + 26 — 5c— 4c + 10, 


'rom — to +, and then proceed as if the 
quantity so ottered were to be added. 
To subtract a negative (quantity is equi- 
valent to adding a positive. 

A single example in numbers will 
illustrate this : 

10 -(8 — 5) = 10 — 8-1- 5 = 7 
by the rule : again, since 8 — 5 = 3, 

10 - (8 — 3) = to — 3, or 7, 

of course the same result as the rule 
gave. 


In this last example, before proceeding 
to collect the terms together, wc ob- 
serve that the quantities within the 
brackets are respectively 5 c — a — 
5 6 + e, and 10 — 7 a — 3 e. 

1 9. In explaining the reasons of the 
rules for addition and subtraction in 
arithmetic we must first observe, that 
all numbers are represented by means 
of the nine digits, as the wmbols for the 
first nine numbers are called, and zero, 
or the sj'rabol for nothing. Tliis is done 
by agreeing that the value of each digit 
shall be ten times as great as it woidd 
have been if it had held the next place 
to the right. The first digit to the 
right stands for so many units, the one 
next it for so many tens, the next for so 
many hundreds, and so on. A number 
then such as 57624 is equivalent to 

50000 -1- 7000 + 600 -1- 20-1- 4. 

20. The common rule for the addi- 
tion of numbers is this: ff'rite the 
numbers to be added under one another, 
so that the units' digits shall be all in 
one column, the tens' all in another, the 
hundreds' all in another, and so on ; cast 
up the units' column, and write under 
it the units' digit of its sum, carrying 
the tens' digit to be added to the next 
column ; cast up the tens' column with 
this aildition, write under it the units' 
digit of its sum, carryingthe tens' digit 
to be added to the next column ; proceea 
thus with every column till the last, 
under which write its whole sum. 


Tlie reason of this rule will appear at 
once by stating an example of it in 


detail. 
4765 ] 


: 4000 + 700 + 60 + 5 

8904 1 

1 1 

1 8000 + 900 +4 

725 1 

1 700 + 20 +5 

7500 ] 


[ 7000 + 500 

21894 


19000-h2800 -1-80 -1-14 


The first result is found by the rule ; 
the other is found by casting up each 
column separately, and is the same as 
19000 -I- 2000 -1- 800 -|- 80 -|- 10 -1- 4. 

Collecting the numbers of the same 
denomination into one, which is what 
wc do when we carry as directed by the 
rule, this becomes 

21000 -1- 800 -1- 90 -t- 4, or 21894. 

21. The rule for subtracting one 
number from another is this : Write the 
number to be subtracted under the other, 
as in addition ; subtract every digit in 
the lower number from the one over it 
in the upper, and write the remainder 
under it. IVhen the digit in the upper 
number is the smaller, add ten to it, 
observing at the same time to increase 
the digit next to its left in the lower 
number by unity. 

To prove this, suppose the two num- 
bers to be 8437 and 5974. If we write 
them thus 

8000 -1- 400 -1- 30-1- 7, 

000 -t- 900 -1- 70 -1- 4 
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and proceed to subtract them term 
&om term, we find that we cannot take 
70 from 30, or 900 from 400, without 
having negative quantities appearing in 
our result, which sve wish to avoid. 
We therefore write them thus 

7000 + 1300+ 130+ 7, 

5000 + 900 + 70 + 4, 

and then, subtracting them term from 
term, wc find for their difference 

2000 + 400 + 60 + 3, or 2463. 

It is manifestly the same thing to in- 
crease a terra in the lower munber by 
unity, as to diminish the corresponding 
one in the upper by unity, and this 
consideration brings us to the rule. 

22. There is a way in use, of subtract- 
ing numbers by means of what is called 
their arithmetical complement. Sup- 
pose, for instance, that we have to sub- 
tract 81 7 from 2573 ; that is, to find the 
ditferencc 2373 — 817. This difference 
will not be affected by addii^ any quan- 
tity to it, if at the same time we sub- 
tract the same quantity from it. Let 
this quantity be 1 000 ; 2573 — 817 then 
IS the same as 2573 + (1000 — 817) 
— 1000, or as 2573 + 183 — 1000, or as 
2573 + 1183, if we observe in ^ding 
the two numbers to subtract the I in 
respect of the negative sign placed 
above it ; this subtraction fi-om the 
place that t occupies being equivalent 
to the subtraction of 1000. T183 is 

called the arithmetical complement of 
817. As we can perform such a sub- 
traction as 81 7 from 1000 mentally, and 
write down the result almost as fast as 
we could write 817 itself, the aritlime- 
tical complement may furnish us with 
a more expeditious way of taking the 
balance of such a set of numbers as 
2573 — 183 + 17856 — 1273 + 534, 
than taking the separate sums of the 
positive and negative terms, and then 
finding the difference of these sums. 
By antlunetical complements we have 
2573 
T817 
17856 
18727 
534 

19507. 

This way of writing numbers with a 
negative unit in the left hand dial's 
place is also in use in logarithms. 


0/ Multiplicaiiim, 

23. To multiply 6 by a we write a b, 
and to multiply a by b wc write ba. 
a b and b a are equal to each other, just 
as 4 X 5 and 5x4 are equal to each 
other, both being 20. Of the truth of 

tills we may satisfy ourselves thus, a b 
means that the units in b are to be 
taken as often as there are units in a, 
[art 7j. 

l+l+l+l+l l+l+l+l 

l+l+l+l+l l+l+l+l 

l+l+l+l+l l+l+l+l 

l+l+l+l+l l+l+l+l 

l+l+l+l 

Now write 1 as many times in the same 
line as there are units in b, and make 
as many such lines as there are units 
in a. The value of each line is b, and 
there are a such lines, therefore the 
value of the whole is b taken a times, 
or a ft. Again, write 1 as many times 
as there arc units in a, and make as 
many such lines as there are units in ft. 
In this case the value of the whole 
will be ft a. But the one of these sets 
of units is plainly equal in number to 
the other, whence ah = b a. 

.fust in the same way we may con- 
clude, that a ftc is equal to bac. For 
write c in the same line ft limes, and 
make a such lines. The value of each 
line is ftc, and the value of the whole 
is a ft c. 

c+c+c+c c+c+c 
c+c+c+c c+c+c 
c+c+c+c c+c+c 
c+c+o 

Again, write c in each line a times, 
and make ft such lines. The value of 
the whole, which is plainly the same as 
before, is now bac. So, since ftc is 
equal to c ft, a ft c is equal to a c ft. 

From all this it follows, that if a 
quantity be the product of any number 
of factors, the order in which these 
factors succeed one another may be 
altered in any way without changing 
the value of the quantity. 

24. 4 = 2* = 2 X 2, and 8 = 2’, or 
2x2x2 [art. 8] ; therefore 4x8 = 

2 X 2 X 2 X 2 X 2, or 2*. We find 2* 
and 4 X 8 to be each 32. So o’ = aaa, 
and 0 * = ao, whence o> . a* = aaa . aa, 
or a*. In the same way we may find 
that the product of any two powers 
of the same quantity is that quantity 
raised to the power expressed by tlie 
sum of tlic exponents m the factors 
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laris. 7, 8J. We slat* this algebrakally, 
by writing 

a". a" = a” + ", 

where m and n may be any niimbers 
whatever. For the same rease i 
a".a* o"+"+r; 

and again, 

a"*.a".n" = a"+" + ”, 
or 

(a "F = u» " . 

In the same w.iy vve may find any 
other power of a power of a quantity. 
The general expression will l>e 
(o")*= n“*. 

For instance, (3>)J = 3®; and, since 
3* = 9, it follows that 9» = 3*. We 
find that both are 729. 

25. By applying what has been laid 
down, the reader will have no difficulty 
in multiplying together any quantities 
consisting of one term. The coefficient 
vf the jjToduct U'ill be the product of the 
coeffictents of the factors, and factors 
that are the same, or only differ in their 
ej-ponents, trill be collected into one by 
atidini; their exponents, obserriny that 
when a factor has no exponent unity is 
to be supplied. For examples. 

3 a . 5 b = 3 X bab = 15 a b, 

' ab c .5 d .a'f — 7 x b.aa’bb' fed 
= 35a' + 'b>cdf, 

a>'A . (a")» (A*)* = a«“ u*" A A» 

= a>"+»* A'". 

26. We now come to the multipliea- 
tjon of quantities that consist of more 
than one term, a (A + c) means that 
A + c is to be taken a times. If we take 

(A + r) + (A + c) + &c. 
a times, and then add them all together, 
we shall have a times A, and a times c; 
the w hole sura will be o A + a c. 
Therefore 

a{A + c) = a A + ac. 

So, by taking 

(A — c) + {A — c)+ &c. 
a times, and adding them all together, 
we find that 

a(b — r) ^ a b — ac. 

Again, regarding a + A as a single 
quantity, 

(a + A)(c+rf) = (a + A)c + (a+A)d, 
or by art. [23] 

(a + A)(c+ rf)= c(o+ A)+ d(a+ A), 


or finally 

(o+ A) (e + d) = ac + Ac + ad + bd. 

In a similar maimer w e find that 
(a + A)(c — rf) = ac+Ac — ad — Ad, 
and that 

(o — A)(c + d) = ac — bc + ad — Ad. 

Lastly, let us find theproduct(o —A) 
(c — d). Regarding a — A as a single 
quantity, we have, as before, 

(a — A) (c — d) = (o — A) c — (« - A)d. 

That is, from (a — A) c we are to sub- 
traetta — A)d; orfromac — A eweare 
to subtract ad — Ad. But by ad. [l.S] 
this difference is ac— be — ad + bi. 
Therefore 

(a — b)(e — d) = ac — bc — ad+ bd. 

It is easy to see that these principles 
apply equally when the number of terms 
in one or both of the factors is more 
than two. From the results already 
given we may therefore deduce the fol- 
lowing general rule ; Multiply every 
term in the one factor by every term in 
the other, cmd set down the quantities 
so obtained, every one with its prfper 
sign for the terms of the product. To 
determine what this sign is, observe that 
the product of two positive, or of tuxt 
negative quantities is positive; and that 
the product of a positive and a negative, 
or a negative and a positive quantity is 
negative : or that like signs give a posi- 
tive, unlike a negative product. 

27. The reasons of the part of this 
rule that determines the signs of the 
teims of the product will be more ap- 
arent, if we consider, that to multiply 
y a positive quantity is to add the 
quantity multiplied so many times, and 
to multiply by a negative, to subtract it 
so many times. Hence the product of 
a positive quantity by a positive, is a 
ositive (juantity added a certain num- 
er of times, and is positive. The pro- 
duct of a positive quantity by a negative, 
or of a negative quantity by a positive, 
is a positive quantity subtracted, or a 
negative quantity added, a certain num- 
ber of times, and is therefore negative. 
Lastly, the procluct of a negative quan- 
tity bya negative, is a negative (juantity 
subtracted a certain number of times, 
and is therefore positive, by ad. [18]. 

An example may aid the reader in 
apprehending that ( — d) x ( — A) is 
equal to -b rf A. A person buys a yards 
of cloth at c shillings a yard, he keeps 


Digitized by Google 



8 


ARITHMETIC AND ALGEBRA. 


b of the yards and sells the rest at d 
shillini^ a yard less than he gave for 
it ; how much did he receive for what 
he soUl? He bought a yards and he 
keeps b; therefore lie sells a — 6 yards, 
for which he gets c — d shillings a yard. 
For all that he sells, tlien, he gets 
(a — b)(e — d) = ac — ad — bc + bd 
shillings, by the rule. 

Suppose a to be 1 2, 6 to be 3, c to be 


1 0, and rf to be 2 ; then 

ae — ad— be + b d 
= 120 - 24 - 30 + 6 = 72 shUlings. 

Again, since he bought 1 2 yards and 
kept 3, he sold 9 ; and since he paid 
1 Os., and sold for 2s. less, he sold at 8s. 
a yanl. Therefore he received 8 x 9, or 
72s., which is of course the same result 
as before. 


28. The following are examples of multiplication : 


Multiply o + 3 c — d 
By 2a — d 

2 a* + 6ac— 2ad— ad — Zde + df 
and collecting the terms, the product is 


2o* + r>ac — 3ad — Zed + ds. 


or 


Multiply a + X 

By a — X 

a' + a X — a .X — .t' 


o* — .r*. 


or 


Multiply .r< + ,r* + js + ar + 1 

By X — I 

X* + .r* + + .t* + ,r — a* — as — a* — a" — 1 


x^ - 1 . 

29. When there are many factors the product of them all is called their 
continued product. Thus 

(a + o) (ar + b) (x + c) (a + rf), &c. 
is the continued product of these factors. We find it thus : 

X + a 
X + b 

a'+ (a + b)x + a b ' 

•r + c 


.r*+((( + b + c)a* + (ob + oe+6c)a:+o6c 

X + d 



+ a 6 

+ a b c 

a c 

a b d 

a d 

. a c d 

b e 

bed 

b d 


c d 



+ a b c d 


and so on. This continued product 
forms itself very regidarly according to 
a law which it is not difficult to per- 
ceive. We shall be able to make more 
than one important use of it as we go 
on 

30. Since the product of every pair 
of negative factors is positive, whenever 
the number of negative factors in a 
product is an even number, that pro- 


duct is positive. On the other hand, 
whenever the number of negative fac- 
tors in a product is an odd number, 
that product is native ; for if we take 
the product, leaving out one negative 
factor, there will be an even number of 
negative factors, and their product is po- 
sitive; and multiplying this by then^a- 
tive factor omitt^, it becomes negative. 
It follows from this, tliat 
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(_a) * = o'" ; 

for 2 n is alv,'aj s an even number. Simi- 
larly, 

(_ a)«"+' = — a*"+> ; 
for 2 71 -b 1 is always an odd number. 
Thus, 

(_3)4 = (_3).(-3).(-3).(-3) = 81, 
and 

(_ 3)» = (-3).(- 3).(- 3) = -27. 

31. Willi respect to the multiplication 
of mimlxirs ; the product of any two of 
the first nine numbers is contained in 
tile followins; table, so well known by 
the name of the Mulliplication Table. 


' 

2 

3 


5 

G 

7 

8 

9 

2 

4 

6 

8 

10 

12 

14 

IG 

18 

3 

G 

9 

12 

15 

18 

21 

24 

27 

4 

8 

12 

16 

20 

24 

23 

32 

36 

5 

10 

15 

20 

25 

30 

35 

40 

45* 

C 

12 

18 

24 

30 

36 

42 

49 

54 ! 

7 

14 

21 

28 

35 

42 

49 

5G 

G3 

8 

IG 

24 

32 

40 

48 

5G 

64 

72 

9 

18 

27 

36 

45 

54 

63 

72 

81 1 


Tliis table is said to have been first 
used by Pythagoras, the famous Grecian 
philcsoplier, w ho liveil about 500 years 
before Christ. It is formed in the first 
instance by addition ; thus, 4 + 4, or 8, 
is 2 X 4 ; 8 + 4, or 12, is 3 X 4 ; and 
so on. 


32. To multiply any number by 1 0, 
we add a zero to its right. Thus, since 

732 = 700 -1- 30 + 2, 
we must have by art. [20] 

10 X 732= 10 X 700+ 10 X 30+ 10x2. 
But by our notation [art. 1 9] 1 0 x 2 = 20, 
10 X 30 = 300, and so on. Tlicrefoi'e 
10 X 732 = 7000 + 300 + 20 = 7320. 

Similarly, to multiply any number by 
100, or 1000, is to add two, or three 
dipts, respectively, to its right. 

To find such a product as 9 x 80, 
observe that it is the same as 9x8x10. 
I^rt. 23], But by the table 9 x 8 = 72. 
Therefore 9 x 80 is the same as 72 x 1 0, 
or 720. Similarly, 2 X 8000 = IGOOO. 

33. By means of the multiplication 
table, and these properties, we find the 
product of any two numbers whatever. 
When the multiplier has only one digit 
the rule is this : IVrite the multiplier 
under the units' digit of the multipli- 
cand t find in the table the product of 
the units' digit of the multiplicand by 
the multiplier; tcrite the units' digit 
of this product immediately under the 
multiplier ; find themoduct of the next 
digit of the multiplicand btf the multi- 
plier, add to it the tens' digit of the for- 
mer product, icrile the units' digit of 
the number thus found to the left of 
the digit last set down, and proce^ 
as before. 

The reason of this rule will appear 
by one example. To multiply 9271 by 7. 
TTiat is. 


Multiply 9000 + 200 + 70 + 1 9271 

By 7 7 

63000 + 1400 + 490 + 7’ 64897 


Here we find the several products 
from the table as in art. [32], their sura 
by art. [26] is the product sought ; and 
when we collect them into one number, 
we do what is equivalent to tlie carrying 
directed by the rule. 

When both numbers have more than 
/me digit the rule is as follows ; JVrttc 
the multiplier under the multiplicand, 
units under units, tens under tens, 
Write down the product of the multi- 
plicand by the units' digit of the multi- 
plier, observing that its units' di^t shall 
be under the units' digit of the mul- 
tiplier. In like manner, write down the 
prixluct of the multiplicand by the tens 
digit, observing that its units' digit 
shall be under the tens' digit of the 
multiplier ; proceed thus, and, when all 
the partial products are set down, add 


them up as they stand, for the whole 
product. 

As before, an example will explain 
this rule. Let it be to multiply 4786 
by 2783. That is, to take 4786, 2783 
times, and add them all together ; or to 
take it 2000 times, 700 times, 80 times, 
and 3 times, and add the sums together, 
or to multiply it by 2000, by 700, by 80, 
and by 3, and add the products to- 
gether. By art. [32] and the first rule 


we have 

4786 4786 

2783 2783 

14358 = 3x4786 14338 

38288 /0= 80x4786 38288 

33502/00= 700X4786 33502 

9572 000 = 2000X4780 9572 


13319438 =2783x4786 13319438 
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If the zeros be cut off in the detailed 
operation it will stand as the rule directs. 

Of Divition. 

34. We have already stated [10], that 
to divide a by b is to find a third quan- 
tify such that the product of it by b 
shall be a. This third quantity it was 

affreed to represent by It follows, 

a 

then, that 

b X r = a- 
o 

35. When the divisor is a factor of 
the dividend, the quotient is simply the 
dividend with that factor sfruck out of 
it. If the dividend be 20, that is 4 .5, 
and the divisor 4, the quotient is 5. So 
if the dividend be a b, and the divisor b, 
the tmotient is simply a; for a multi- 

S lied by b, the divisor, prepuces a b, the 
ividend. So and 

cr— <sT = a"**, 

foro"-"xa* <=a".[art.24]. Forexampk^ 

since 243 = 3»,and 27 = 3»; then 243 
-7-27 must be 3**' = 3*, or 9. 

3S. Though the divisor itself be not 
a factor of the dividend it will often 
happen that it has some factor that is 
also a factor in the dividend. This 
factor may be struck out of both of them 
without affecting the quotient It a b 


be the dividend, and a c the divisor, 

will be the quotient For ac . - = ab 
c 

by [34] ; that is, — multiplied by the 

divisor produces the dividend. Simi- 
larly, the quotient of6o’xy-;-3aAr:is 
2 ay 

striking out of each the factor 

Sax, 

37. When the dividend has morn 
terms than one, the divisor still remain- 
ing a quantity of one term, the quotient 
is found by dividing each term of the 
dividend by the divisor, in the manner 
just laid down. Thus, if the dividend be 
o + 6 + c, and the divisor d, the quotient 
will be 


because if we multiply this quantity 
by d the product will be the dividend 
a + b + c. [art. 26]. 

88. With respect to the sign of the 
quotient, we have the same rule as in 
multiplication, namely, that when the 
dirienr and dividend fuive like eigne, the 
quotient is weitive, when unlike, it it 
negative. This is deduced from the 
rule for the signs in multiplication [26], 
thus; 


+ <i- 7-(+6)=-|-^, because -t- 6 x 
0 


= -1- a; 

+ a - 7 - ( — *) = — -t, because — b x 

O 

{-^) 

= + a; 

— a -j- (+ i) = — -j, because + A x 

(-7) 

= - a; 

— a -f- (— 6) = because — Ax 

b 

(-:) 

= — 0. 


39. After what has been laid down 
we shall have no difficulty in finding that 

12a*6*e*-rl6<icf6* = • 

4«* ’ 

iUtfx — \5xy = — — ^ ; 

3y 13 

27r«-f-(9a4 — Scflx) 

= 27x*-^3a:(3i*-a«)= 

3 X* - o« 

40. When the dividend and divisor 
are both quantities containing more 


than one term, the operation of division 
becomes somewhat more complicated, 
Wc shall find it better to expUin first 
the reason of the common rule for di- 
viding one number by another. The 
rule m algebra dejiends on the same 
principles. The arithmetical rule is 
this : IVrite thedivieor to the left of the 
dividend ; from the left of the dividend 
mark off the emalleet number of digite 
that make a number not left than the 
divisor ; find by trials the greatest 
number of times that the divisor it 
contained in this period, and write the 
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retult a» the Iffi handdigit of the quo- 
tient ; multiply thcdwisor by thU digit, 
and tuhtrart the product from the period 
marked off; bring doicn to the right of 
the remainder the next digit in the 
dioiilend, and proceed with the number 
thus formed as uith the first period, 
writing the result aa the second aigit in 
the. quotient t proceed in the same tray 
to find the other digits of the quotient. 

Take as an example to divide 3978 
by 17. We seek the number which 
when multiplied by 17 g^ives 3978 for 
product. Now, we observe that the 
number must be between 200 and 300, 
for 17 X 300, or 5100, is greater, and 
17 X 200, or 3400, is less than 3978. 
The quotient then is greater than 200, 

Pivisor. Diridend 

17 > 3978 ( 

Subtract 17 x 200 = 34100 

5718 

Subtract 17 X 30= 51 10 

"ei 

Subtract 17 x 4 = 68 


let us call it 200 + a. Therefore 17 
(200 + a), or 17 X 200 + 17 a = 3978. 
If from each of these equal quantities 
we take away 17 X 200, or 3400, the 
remainders will be equal, that is, 17 a= 
578 

578, and a = — [art. 10], Again, to 

find a we observe that it must be between 
30 and 40 ; for 17x40, or 680, is greater, 
and 17x30, orSlO, is less than 578. As 
before, let a be 30 + A. Then 17 (30+6), 
or 510 + 176=578; and subtracting, as 
before, 17 6= 68. Finally, we observe 
that 6 must be 4, since 4 x 17 = 68 
exactly. The quotient then is 200 + 30 
+4, or 234. 

We may present this operation thus : 

Quotient. 

200 + 30 + 4 , or 234. 


If the digits cut off by lines be not 
written, which they need not lie, the 
operation will stand as the. rule directs. 

We find the succ'cssive digits in the 
quotient bv guessing at them as well as 
wc can. When we multiuly the divisor 
by the digit guesseil, if the product bo 
p eater than tlie partial dividend, the 
digit is too great ; when we sulitract, if 
the remainder be greater than the di- 
visor, the digit is too small. When the 
divisor is 12, or under, the operation is 
much shortened by going through the 
multiplication and subtraction mentally. 
Ttiis way is what is called s/iort di- 
vision. 

41. It will, of course, very often hap- 
pen, that the dividend does not contain 
the divisor any exact number of times ; 
that is, that there is no exact numl)er 
which when multiplied by the divisor 
produces the dividend. For instance, 
if we had to divide 3985 by 1 7, we should 
find, that when 1 7 X 234 is subtracted, 
there is 7 remaining. So that 

3985 = 17 X 234 + 7; 

here 7 is called the remainder. Now 
by art. [35] 

(17 X 234 + 7)-4- 17 = 234 + -^ . 

In general, if a be any number whatever, 
6 any number less than a, q the exact 


part of the quotient, and r the remain- 
der, then 

a-qb + r, 
and 



So that when in dividing any number 
by another tliere is a remainder over, it 
is to be written as divided by the divi- 
sor, and set down in the quotient. We 
shall return to these expressions when 
we come to treat of fractions. 

42. A few examples wrought out at 
length must make the reasons of this 
nile of division appear very plainly. 
We now proceed to the division of al- 
gebraical quantities of more than one 
term. For instance, to divide 1 1 a 6* 
+ 6 6’ + a* + 6n*6bya + 6. The 
course of the operation will show, that, 
since a stands first in the divisor, it will 
he most convenient to arrange the terms 
in the dividend according to the powers 
of a, putting its higher powers before 
its lower ones. It will then stand thus, 
fi* + 6a>6+ llo6»+ 66>. 

Now «• is a term in the dividend, and a 
is one in the divisor ; the term o’ could 
only come from the multiplication of a* 
in the quotient by a ; therefore a* is a 
term in the quotient. For the sam« 
reason as in me arithmetical example 
we subtract (a + 6) a*, or a? + a* 6 
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from the dividend, and there remains 6 a 6* + 6 6*. 


5a*6 + lla6« + 6 6*. 

Again, the term a a’ b in this re- 
mainder could only come from the 
multiplication of A a b in the quotient 
by a in the divisor ; therefore 5 a 6 is 
also a term in the quotient. As before, 
subtract (a + b)5 a b, or 5 a' b + 5 a b*, 
and tlierc remains 

a + b)d‘+ 6cPb + 
Subtract (a + 6) a* = a" + a' b 

5 a>b + 

Subtract (a+6)3o6=5a*6-(- 


Subtract (a + 6) 6 b* 


6 a 6* could only come from the multi- 
plication of 6 6* by a, therefore 6 6* is 
a term in the quotient ; and subtracting 
(n + b) 6 b*, or 6 a b* -f- 6 b*, there re- 
mains nothing. The quotient then con- 
sists of the three terms we have found, 
and is 

o* + 5ab-)-6 5*. 

The operation stands thus : 

11 ab* + 6b*fo* t Sob + 6b* 

Hob* 

5ab« 

6 a b« + 6 b» 

= 6 a b* -p 6 b^ 


The general rule is this : Arrange the 
terms of the dividend and of the divisor 
according to the powers of some one 
letter ; divide the first term in the divi- 
dend by the first in the divisor, and 
write the result as the first in the quo- 
tient ; multiply the divisor by this term, 
and subtract the product from the di- 


vidmd ; jpoceed to deal with the re- 
mainder, if any, in the same way. 

43. By applying the same reasoning 
as in the last example to all the steps 
of those which follow, the reader will 
become familiar with the principles on 
which the rule rests 


2a3 - 5ab*+ 2i")4 a* - 25o*b< + 20 a i» _ 4 4»(2 o’ -I- iab>-2bi 
Subtr.divis. X 2n» = 4a«- 10a<b« + 4o=b» t-i » a 0 - _ 4 6= 


10o«4« 

Subtr. divis. x 5ab* = I0ff»b* 


■ 4 o» — 25 o* 4* -H 20 a 4» — 4 4* 
— 25fi«4<+ 10o4» 


, . — 4 o*4” + 10 ab»- 4 4« 

Subtr.divis. X (- 24*) = _4o'4*+ l(ia4»-44» 


44. o - l)o> - 1 ( 0 * -b a -I- 1 

a* — a* 

Z* - I 
a* — a 

a — 1 
0 — 1 

Examining this last example, it is 
plain that in like manner <r* — I, or, 
generally, that a' — 1 may be divided 
by a — 1, without leaving any remain- 
der, and that we should have 

= o>-i + a-* -I- &c. -I- a + I. 

But we should find that a* -I- 1 , + l , 

or generally a" + 1 cannot be divided 1^ 
a — 1 without leaving a remainder. 

45. In like manner, if we divide 
(f + 1 , or a* -I- 1 , or any similar quan- 
tity where the index of a is an odd 
number, by a + 1, we shall find that 
there is no remainder over ; but if we 
try to divide + 1 , or any similar ex- 
pression where the index of a is an 
even number, by a -h 1, there will al« 


ways be a remainder over. Now if n 
stand for any number, 2 n -b 1 will stand 
for any odd number ; for every odd niim - 
ber is twice some other number with I 
added to it. a**+i -b l then can always 
be divided exactly by a -b 1 , and we 
find 

a»fi 1 

o -b 1 

= cT- o^-' -b &c. -b «• - a -b 1 . 

Once more, a* — 1, a* — 1, and all 
similar expressions in which the index of 
a is an even number, can be divided by 
a + 1 without leaving any remainder ; 
but a* — I , a* — 1 , &c., where the in- 
dex of o is an odd number, always 
leave a remainder. Now 2 n is the 
cneral representative of an even num- 
er, and tnerefore a** — 1 can always 
be divided without remainder byo -b I. 
We shall find 

a*" - 1 

a-b r 

= a**-' - a**-* + &c. - a« -b a - 1. 
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4G. Asa last example, let us propose 
to divide 1 by 1 + x. 

l+;r)l (I— T + *’ — x’+ &c. 

1 + X 


— X — 1' 

a* 

x« + j ■ 

— X* 

The division, it is plain, will never come 
to an end, and we have 

—5 — = 1 — X + X* — x*+ X* — 8k. 

1 + X 

47. Of course all tliese results, as 
tliey are true for all <mantitics, are also 
true for numbers. Thus, in the ex- 

Of + l + 1 

pressionfor ^ ^ ^ [art, 45] make 
n = 2, then 

(i> + 1 

— T~r= — o* + o* — a + 1 . 

a + 1 

Now, let 0 = 4, then 
4» + I 

= 4‘-4«+ + 1, 

4 + t 


or 

1024 + 1 

, . = 256 - 64 + 16 -4 + I, 

4 + 1 

that is. 


We said that o" + 1 cannot be di- 
vided by a — 1 without leaving a re- 
mainder. Yet make a = 3 and n = 4, 
and wc find that a* + 1, or 82, is di- 
visible without remainder by 3 — 1 or 2. 
The reason of this seeming discrepancy 
is simple. If we divide a « + 1 by o — 1 , 
we find for quotient 

a’ + o* + a+ lH 

a — 1 

so that our assertion holds true in ge- 
neral ; bufwhen 3 is put for a, it hap- 
2 2 

pens that j- becomes — or 1 , so 

that the remainder, as a distinct part of 
the quotient, is lo.st. 

In the result in art. [46], let us put 
— 2 for X ; then tliat expression be- 
comes 

«l-(_2) + (-2)*-(-2y>+ &c. 
or by art. [30] 

- 1 = 1 + 2 +.4 + 8 + 16 + &c. 
which is seemingly false. But if we go 
back to the operation by which wc ar- 
rived at the expression in art. [46], we 


shall find that there was always a re- 
mainder over, which we included in the 
&c., and that the true way of writing 
the result would have been 


= I , 

1 + X 1 + X 

1 , .X* 

’ =1 — X H , 

1 + X 1 + X 


- =1— X + X* — X* + ; 


1+x ‘ 

and so on. Now if we lake any of these 
expressions, for example the last, we 
shall find it true ; because, putting — 2 
for X, it becomes 

-l = l + 2 + 4 + 8 — 16. 

Once more, if for x in art. [40] 1 be 
put, the result becomes 

i = l_l + l_l + l_l + l_&c. 


Tliis is a result which has puzzled some 
eminent matliematicians, who thought 
that the &c. must comprise a set of 
terms exactly the same as those that go 
before it, and could not understand how 
a series of numbers, which, when added 
together, is alternately 0 or 1 , according 
as an even or an odd number of them 


is taken. 


an ever be equal to — . 


If 


the remainder be taken into the ac- 
count, the difficulty disappears, for we 
have 

— — = 1 - ^ 

1+x I + x’ 


or making x = 1 , 



=1— x + x* — x* + 

1 + X 

or making x = I . 


x' 

1+x’ 


- = 1 - 1 + 1 - 



and so on. 

These remarks arc introduced to show 
how careful we must be when we use 
algebraical results, not to forget the 
steps by which we arrived at them. 


0/ Whole Numbers. 

48. Such numbers as 2, 5, 9, 12, 90> 
Sec ure called whole numbers, or integers, 
(a Latin word meaning whole,) in distinc- 
tion to such numbers as 5J, J, &c. 
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49. When a whole number is the pro- 
duct of any other whole numbers, any 
one of them is said to measure it ; 
meaning tliat the number can lie divided 
by that factor without leaving any re- 
mainder. Thus, 20 is the product of 2 
and 10, or of 4 and 5 ; therefore 2. 4, 
5, and 10 measure 20. The reason of 
this term is plain. We can measure 20 
gallons by means of a vessel that we 
know to contain 2 gallons, or by means 
of vessels containing 4, 5, or 10 gallons; 
but we cannot measure 2 1 g^ons by 
any of these, nor 20 gallons by a ressd 
containing G. 

50. A number that is measured by 
any other is called a multiple of that 
other ; thus, 20 is a multiple of 2, of 4, 
of 5, or of 10. The numbers 2, 4, 5, 
and 10, again, are called submultiples 
(that is, under multiples) of 20. 

5 1 . Let a — qb, then c a will be equal 
to c q b ; for if equal quantities be mul- 
tiplied by the same quantity, the two 
products must be equal. Tnerefore b 
measures c a as well as a ; so that if one 
quantity measures another, it measures 
any multiple of tliat other. For ex- 
ample, 5 measures 15, therefore it mea- 
sures 6 X 1 5, or 90. ()n tlie other hand, 
if one number be measured by another, 
it is measured by all the factors of that 
other. 

52. Every number is the product of 
itself by unity ; thus, 1 9 is the product 
1x19. When a number has no other 
whole factors but itself and unity, it is 
called a prime number. Thus, 1 , 2, 3, 5, 
7, 29,31,101, &c. are all prime numbers. 

53. If we wish to discover whether 
any number is a prime, the only way 
we can do it is by tiying if we can find 
some number that will measure it ; if we 
are sure that none of the numbers less 
than itself measures it, we are of course 
sure that it is a prime. Now, if it be 
measured by any number that is not a 
prime we have seen that it must also be 
measured by all the factors of Uiat 
number [5 1 J, and some of these factors 
must be primes. If the number in 
question, then, be not measured by any 
prime number less than itself, it is not 
measured by any other number, and it 
is therefore a pnme. 

Again, let a be the number in ques- 
tion, and let & be its square root [11 j. If 
o be measured by any number greater 
than b, it must also be measured by 
some number less than b ; for since o 
multiplied by b produces a, the number 
by which any number greater than 


h must be multiplied so as to produce 
a, must be less than b. From all this 
it follows, that if any number be not 
measured by any of the primes that 
are not greater than its square root, 
it is not measured by any number what- 
ever, and is consequently itself a prime. 
To determine that 4 7 is a prime, for in- 
stance, it is sufficient to be certain that 
it is not measured by 2, 3, or 5 ; the only 
three primes not greater than its square 
root, which is fctween 6 and 7. So 
167 is a prime, for it is not measured 
by 2, 3, 5, 7, or 1 1 , the only primes not 
greater than its square root, which is 
between 12 and 13. 

54. Two numbers are said to be 
prime to each other when there is no 
number but unity that measures both 
of them; thus. 35 and 12 are prime to 
each other, though neither of them is 
itself a prime. On the other hand, if 
there be two numbers, both of which 
are measured by a third number other 
than unity, they are said to have a com- 
mon measure. 15 and 25 have a com- 
mon measure 5; 360 and 270 have 
common measures, 90, 45, 30, 18, 15, 
10, 9, 6, 5, 3, and 2. 

55. Let a = be and a' = b' c ; here 
a and o'* have a common measure, 
which is c. N ow 

a + d = c {b + b/), 
and 

a “ d ^ c(b — 6') ; 

so that e measures a -f- o' and o — o'. 
If two numbers, then, have a common 
measure, it also measures their sum and 
difference. Thus, 63 and 35 have a 
common measure 7 ; 7 also measiues 
their sum 98, and their difference 28. 

56. If any two numbers a and b have 
a common measure c, and if on dividing 
a by 6 there be a remainder r, c will 
measime r also. For if q be the whole 
part of tlie quotient, then by [41] 

a = q b + r. 

It from each of these equal quantities 
9 A be taken away, the remainders will 
be equal, and Uiercfore 

a — q b = r. 

Now c measures a ; it also measures b, 
it therefore measiues q b [51]; and 
therefore it measures the difference of 
those quantities [55] ; and that difference 
is r. Thus, 3 measures 57 and 12 


• Th* notation in AlsoSra U ofton roatie mn^ 
siniptor by donotinf ditfoiont qunnlitiea. not by dif- 
fereot letUrs, but bv tbf ditfarentljr 

m«krk«d« as Oa o'* or a . o^. 
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dividing! 57 by 12, there is 9 over, which 
is also measured by 3. 

5". On these principles we may esta- 
blish the rule for tindini; the greatest 
Divide a by b and let r be the 
Divide b by r and let r’ be the 
Divide r by r" and let r* be the 
Divide r" by r'' and let there be 
We have gone on dividing aby b, b by 
the remainder r, r by the succeeding 
remainder r', &e. till r", the third re- 
mainder, is found to divide r, the pre- 
oeding one, exactly, is the greatest 
common measure of a and b. 

In the first place, it is a common mea- 
sure of a and b. For it measures r' ; it 
therefore measures q" r' [5 1 ]; and there- 
fore q 'r'+r" [55], that is r. In the same 
way, since it measures r' and r, it mea- 
sures tj' r + r', or b. Finally, since it 
measures r and b, it measures qb + r, 
or a. 

In tlie second place, it is the greatest 
common measure of a and 6. For every 
common measure of a and b measures 
r [56 ] ; and every common measure of 
b and r measures r”, and every common 
measure of r and r' measures F". Now 
r" is itself the greatest number tliat 
measures r’ and r", and therefore r'' is the 
greatest number that measures a and b. 

It is plain, that as the (juantities r, r", 
r", &c. always go on diminishing, if the 
operation docs not stop sooner, we shall 
at last come to a remainder that shall 
be unity. When this is tlie case, the 
numbers are prime to each other, for they 
have no common measure but unity. 

58. The rule is this ; Divide th« 
greater nf the numbers by the smaller; 
divide the smaller by the remainder of 
the last division, xf any ; divide the 
a* — d‘x — a a:* +X’) a* — xs 
a* — a’ 


common measure of two numbers. Let 
the numbers be a and b, of which b is 
less tlian a. 

remainder, then a = q b + r. 
remainder, then b = q' r + r . 
remainder, then r = q" r' -P r". 
no remainder, then r = q‘‘ s', 
ttrst remainder by the remainder of the 
second division, any ; proreed in this 
till some remaimler diviile the preceding 
one, that remainder is the greatest com- 
mon measure \f it be unity, the num- 
bers are prime to each other. 

Of this rule take as an example the 
numbers 234 and 3348. 

234)3348(14 

234 

1008 

936 

1st remainder 72)234(3 
216 

2nd remainder ’ 8)72(4 
72_ 

Here 13 is the greatest common mea- 
sure sought. I n the same way, it will 
be found that 47 is the greatest common 
measure of 2961 and 799, and that 824 
and 319 are prime to each other. 

59. The rule for finding the greatest 
common measure of two algebraical 
expressions is the same. For example, 
to find the greatest common measure of 

a* — X*, 

and 

o» — rfx — ai’-l-i*. 

Dividing the expression in which the 
highest power of a occurs, by the other, 
we have 
(a + a; 

X — di X* + a x’ 


(^x + aix* — axr~x* 
ux X — X* — a xf — X* 
1 st remainder 2 xf —‘lx* 


Before dividing by this rernmnder, we 
observe that it is measured by 2 xf, 
which does not measure the first divisor, 
the quantity to be divided. 2 x* is 
therefore not a factor in the common 
measure of the remainder and first 
divisor, and therefore cannot be a factor 
in the common measure we are seeking 
[57], so tliat it may be struck out of 
our new divisor without affecting that 
common measure. 

vf — xf) if — 0*2; — az*-pa:^(a — .r 
0* — a 

— (fix -b xf 

— (fix +29 


We find that (fi — x* divides the former 
divisor without remainder, it therefore 
is the greatest common measure sought. 
This operation for finding the common 
measure of algebraical expressions is 
scarcely ever used in practice. 

60. If a and b be any two numbers, 
and c any prime number that neither 
measures a nor b, then c does not 
measure their product a b. Thus 3 
measures neither 5 nor 8, so it cannot 
measure 40, their product. This may 
be proved as follows. 

r mst, let b be less than e, and suppose, 
for the sake of argument, that a 6 is 
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measured by c. We have by [4 1 ] 
c = <7 6 + r, 

and if we multiply each of these equal 
quantities by a, tlie products must be 
^ual; therrfore 

ac = q al> + ar, 

Nowoc and q a 6 are both measured 
by c, and therefore as in [56] or is 
measured by c. Again, let 

c = (/r + r', 
then as before 

ac = a<^ r + ar', 

and as before a /is measured by c; 
and, similarly, if 

c = q''H + r>', 

we should prove that a r* is measured 
by c. Now the numbers r, /, r". Sec. 
always go on diminishing, and at last 
some one of them must be unity, since c 
is a prime, and therefore cannot be mea- 
sured by any number but unity. But 
on the supposition that a b is measured 
by c, we nave shown that ar, at', &c. 
must also he measured by e. It would 
follow, then, that I . a can be measured 
by c, which is contrary to our first sup- 
position. So that it is impossible that 
c can measure a b, unless it measure a 
at the same time. 

Next, if b be greater than c we have 
b = qc + r, 

where r is less tlian c, and multiplying 
by a this becomes 

ab = qac+ar. 

N ow, if a b be measured by e, a r must 
be so too, which we have just proved to 
be impossible. 

61. It follows from this, that if we 
take any number, and find a set of 
prime numbers which when multiplied 
together produce it, that is the only set 
of prime factors the number can have. 
For if fi be a number the product of 
a, b, and c all primes, no other prime d 
can measure it ; for d cannot, as we 
have just seen, measure a b, and there- 
fore it cannot measure a be, tliat is n. 
N 0 numtier, for instance, which is the 
product of 2, 5, and 7, or of any powers 
of these numbers, can be measured 
by 3. 

So the product of any set of primes is 
prime to the product of any other set, all 
of which arc different from the first. For 
no piime that measures tlie one pro- 
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duct can measure the other, and there- 
fore no number not a prime can mea- 
sui-e both. 

C-2 . Every number then can be reduced 
into only one set of prime factors. The 
way in which we so reduce it, is by 
dividing it continually by all the prime 
numliers that will measure it, till it be 
brought doivn to a number which we 
find to be a prime. Take, for example, 
the number 8316 ; we divide by 2, which 
we can do twice ; then by 3, which we 
can do tliree times ; it cannot be divided 
by 5 ; and when it is divided by 7, the 
quotient is 11, a prime. The operation 
stands thus : 

2)8316 

2) 4158 

3 ) 2079 
3)693 
3)231 

7)77 

II 

So that 8316 = 2« . 3« . 7 . 11. So 
3C0 = 2'.3»,5, and210 = 2.3.5.7. 

63. It follows from [01] that all the 
numbers that measure any number, must 
necessarily be the products of some of 
the prime factors of that number. No 
number can measure 210, but 1,2, 3, 5, 7, 
or the products of some of these num- 
bers. The common measures of two 
numbers must be the prime factors tliey 
have in common, and the products of 
tliese prime factors. Thus, 420 = 2* . 
3.5.7, and 360 = 2* . 3* . 5. The fac- 
tors they have in common are 2*, 3, and 
5, so that their common measures can 
have no factors but these. Their greatest 
common measure is plainly 2* . 3 .5, 
or 60. Ttieir other common measures 
are 2, 3, 4, 5, 6, 10, 12, 15, 20. 30. If 
one number have a prime factor which 
is not in another, it may be struck out 
of the first without affecting their com- 
mon measure. 

64. If a, b, and c be tlu^ numbers, 
and m be the greatest common measure 
of a and 6, the greatest common mea- 
sure of a, b, and c will Ije found by find- 
ing the greatest common measure of 
m and c. For, by the last article, in 
and its factors are the only numliers 
that measure a and b ; and the greatest 
of these numbers that measures c, that 
is, the ^-atest common measure of m 
and c, w ill therefore be the greatest that 
measures a, b, and c. If the numbers be 
1512, 588, and 330, the greatest com- 
mon measure of tiic two first is 84 ) and 
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1 ? 


the greatest coramon measure of 81 ami 
330 is 6. Tliereforc 6 is the gi'eatcst 
common measure of the three. So, if 
there be a fourth numlicr, the greatest 
common measure of tlie four is found by 
finding the greatest numljer that mea- 
sures at once the fourth, and the greatest 
common measure of the three. 

65. A common multiple of two num- 
bers is a number which both of them 
measure. Thus, 90 is a common mul- 
tiple of 6 and 1 5. It is useful to know 
that the least common multiple of two 
numbers is found by dividing their pro- 
duct by their greatest common mea- 
sure. The greatest common measure 
of 210 and 360 is 30, and tlierefore their 

1 . w I ■ 210x360 

least common multiple is — — , or 

2320. The reason of this appears when 
we consider that 210 = 2.3.5.7, and 
360 = 2> . 3*. 3 ; so that no number less 
than 2’ . 3* . 5 . 7 (that is, 2320) can be 
measured by both of them. But 2* . 3* . 

5 . 7 is tlieir product with 2.3.5 struck 
out of it, that is, their product divided 
Iw' their greatest common measure. 

Tile least common multiple of three 
or more quantities may, in like man- 
ner, lie found, by resolving them into 
67. Again, 

3 .10 = 3.(10 -1 + 1 
2.10> = 2.(16« - 1 + 
8 . 10 > = 8 .( 10 >- 1 + 1 ) 
and so on. Tlierefore the number may be i 
7+3(10-l) + 3 + 2.(16=-l) + 2 + t 


their prime factors, and considering 
these as in the instance above. Thus, 
the least common multiple of U4, 210, 
and 360 is 5040; for 144 =2*. 3« 
210 = 2. 3 . 3 .7, and 360 = 2* . .(« . 5, 
so that no number less than 2< . 3* . 5 . 7 
(that is, 304 0) can be measured by all of 
them. 

66. We now proceed to another way 
of considering numbers that leatis to 
important consequences. Let us take 
any number, as 98237, we may write it 
in this way, [art. 19j 

7 + 30 + 200 + 8,000 + 90,000, 
that is, 

7 + 3 10 + 2. 10« + 8. 10*+ 9. 10«. 

Now 3 . 10, 2 . It", 8 . 10*. See. are all 
measured by 2 and by 5, and therefore 
if the term farthest to the left, that is, 
if the units' digit be divided by 2 or by 
5, the remainder must be the same as 
when the whole number is divided by 
2 or by 3. It is only when the units' 
digit of the number ts o, or a multiple 
of 2, that this remainder, on dividing by 
2, is 0, and therefore it is only in these 
eases that the number is measured by 2. 
So it is only when its units' digit is 0 or 
5, tliat a number is measured by 5. 

= 3.(10 - 1) + 3, 

= 2 .( 10 * - 1 ) + 2 , 

= 8 .( 10 * - 1 ) + 8 , 
vritlen 

i.(10* - 1) + 8 + 9.(10« - 1) + 9, 


or w riting the same terms in a different order 
7 + 3 + 2 + 8 + 9 + 3. (10-1) + 2 (10* - 1) + 8 (10> - 1) + 9 . (t0« - 1). 


Now by art. [44] all the terms 3.(10 — 1), 
2 ( 1 6“ — 1 ). 8 . ( 1 — 1 ), &c. are mea- 
sured by 10 — 1, that is, by 9. So that 
the remainder when 7 + 3 + 2 + 8 + 9 
is measured by 9, is the same as the 
remainder when the original number is 
measured by 9. The same principles 
ap|>ly to all numbers, and therefore the 
remainder when any number is divided 
by 9 is the same ns when the sum of its 
digits is divided by 9. 

In like manner, since every number 
measured by 9 is also measured by 3, 
the quantities 3 .(10 — 1), 2.(16’ — 1), 
&c. are all measured by 3. It follows, 
as Ixifore, that when the sum of the 
digits of any number is divided by 3, 
the remainder is the same as when the 
nmulver itself is divided by 3. As 
examples of these iiroperties, 1 7 is the 
sum of the digits of 278 ; dividing 17 
by 9 tlie remainder is 8, and dividing it 


by 3 the remainder is 2, therefore when 
278 is divided by 9 or 3, the remain- 
ders are respectively 8 or 2. The sum 
of the digits of 1287 is 18, which is 
measured by 9, and Ihcrefore 1287 is 
also measured by 9. 

68. The common way of verifying the 
multiplication of two numbers, or prov- 
ing it to be correct, by casting out the 
nines, is founded on the property demon- 
strated in the last article. It is this : 
Talie the sums of the digits of the mul- 
tiplier, of the multiplicand, and of their 
supposed product separately; write 
down severally the remainders when 
these three sums are divided by 9 ; take 
the product of the first atid second of 
these remainders, the remainder when 
this product is divided by 9 ought to be 
the same as the third. For lei N and 
N' be the two numbers ; when N is 
divided by 9 let the remainder be r, and 
f 
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when N' is dividcil by 9 let the remniii- 
der be r'. Then by [4 1 ] 

N = 9 9 + r, 

N' = 9 9 ' + /. 

Mnltiplyins: these equal quanlities to- 
jrcthcr, the products must be equal, 
therefoie 

N N' = 81 99”+9 9 ^+ 99 / + rr', 
and as 8 1 9 9 ', 9 9 ' r. and 9 9 r", are all 
measured by 9, the remainder when rr* 
is divided by 9, is the same as when 
N N' is divided hy 9. 

Now, by art. f67] when we divide the 
sum of the durits in N hy 9 the remain- 
der isr, and when we divide the sum of 
tlie durits in N' by 9, the remainder is 
r’ ; and, from what precedes, when we 
divide the sum of the diipls in N N' 
by 9, the remainder oujjlit to be the 
same as when r r* is divided by 9. If it 
be not so, we are sure that the multipli- 
cation N N' has not been riehlly per- 
formed. Take the example of multipli- 
cation in [33] as an instance. 

Sura of dig. of 4786 = 33. Rem. = 7. 
Sum of dig. of 3783 = 30. Rem. = 2 . 
Sum oldig. of 1331943 8 = 32. Rem. = 5. 

70. Again, observe that 

3.10 =3(10 -I- 1 - 
2 . 10 *= 2 ( 10 *- 1 -b 
8 . t0’= 8(10“ + I - 
9.10* = 9(10*- 1 -b 

so that the number 98237 may be 
written 

7_3-b2-8 + 9 

-b3(10-bl)-b2(10»-l)-b8(KP-b 1 ) 
-b 9(10* - I). 

Now by [45] all the quanlities 10 -b 1, 
1 0 * — 1 , 1 0 “ + 1 , and 1 0 * — 1 , are mea- 
sured by 10 -b 1, that is, by 1 1 . There- 
fore if 7 — 3 + 2 — 8 + 9 be divided by 
11 , the remainder is the same as if the 
original number were divided by II. 
When this remainder is 0, the numlaT 
is measured by 1 1. So that if the digits 
of any number be taken alternately, and 
the sum of one of the sets be subtracted 
from that of the other, when the ditler- 
ence is 0, or 11, or any multiple of II, 
the numljer is measured by II. 

Observe that 98337 -(7 _ 3 -b 2 - 8 
-f 9) must l)c divisible l>y 1 1. In the same 
w ay, generally, if N he any niira! er, A 
the sum of its alternate digits beginning 
with the units' place, and B the sum of 


Tlie last remainder is the same as when 
2 X 7 is divided by 9. 

This proof is not quite perfect, for 
though It alwayc holds when the mul- 
tiplication is right, it may sometimes 
hold when it is wrong. It the product 
be too great or too small by any mul- 
tiple of 9, the remainder when it is 
divided by 9 is the same as if it were 
right; and therefore the proof will not 
in such a case show it to Iw w rong. 

C9. We found 

98237 = 7-b3-b2 + 8 + 9 

-b3(10 - l)-b 2 ( 10 »- l)-b &c. 

From each of these equal quantities 
take away 7 -b 3 -b 2 -b 8 -b 9, or 29, 
and the remainders will 1 « equal. 
Therefore 

98237 -29 

= 3(I0-l)-b2(10*-l)-b&c. 

W'e have seen that the second expres- 
sion is measured by 9, and therefore 
98237 — 29, or 98208 is measured by 
9. In general, if from any number tlie 
sum of its digits be subtracted the re- 
mainder is measured by 9. 

1) = 3 .(10 -b l)-3, 

1 ) = 2 .( 10 * - 1 ) -b 2 , 

1 ) = 8 . 00 * -b 1 ) - 8 , 
l) = 9.(10«-t)+ 9; 

the otlier digits, the expression 
N _ (A - B) 
is measured liy 11 . 

71. This way of expressing numbers 
would lead to many other properties of 
the same sort. \Ve shall give two 
more. Take the number 89764 ; it 
may be written 

64 -b 9700 -b 80,000, 
or 

64 + 97.100 -b 8 .100*. 

Now too and all its powers are mea- 
sured by 4, and therefore since 4 mea- 
sures 64, it measures 89764 also. In 
general, whenever 4 measures the two 
last digits of a number, it measures the 
number itself. Similarly, if the three 
last digits of a number t)e measured by 
8 , or the four last by 16, the nomlicr is 
measured by 8 or by 16. In the same 
way, it the two last digits be measured 
by 25. the number is measured by 25. 
If the three last be measured by 125, 
the number is measured by 125, and 
so on. 
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79. Take the number 9,937,524,361 ; it may be written 

301 + 524 .1000 + 937 . 1000* + 8 . 1000>, 

or, as in [70], 

381 - 524 + 937 - 8 + 524 (1000 + 1) + 937(1000^ - 1) + 8(I000» + 1). 


As before, 1000 + 1,1 000« -1,1 n00» + 1 . 
are all measured by 1001, and therefore 
bv all the faetors of 1001, and therefore 
by 7, for 7 X 143 = 1001. So th.at the 
number proposed divided by 7 leaves 
tlie same remainder as 301 — 924 
+ 937 — 8 does. If, therefore, we take 
any number and divide it into periods 
of three digits eaeb beginning from the 
right, and then take the difference of 
the sums of the ahernate periods, when 
that difference is measured by 7, the 
number itself is. For example, take the 
numl)er 2,724,016,614,837,540,988, 

968 + 837 + 10 + 2 = 1843, 

540 + 014 + 721 = 1878. 

The difference of 1878 and 1843 is 35, 
which shows tliat the number is mea- 
sured by 7. 

In the same way, since 1001 is mea- 
sured by 13, if the same differenee be 
measured by 13, the number is mea- 
sured by 13. 

73. We have seen [19]. that our way 
of writing numbers consists in an 
agreement, that the value of every digit 
shall be ten times as great as if it held 
the next place towards the right. We 
owe a very great deal of our present 
knowledge to this simple invention, 
which is so admirably adapted to the 
ends it has to serve. It came to us 
from the Arabs about A. D. 1000, and 
was not known to the ancients, though 
many of them thought and wrote very 
profoundly about numlx'rs. Instead of 
agreeing that the digits should increase 
in value ten times, it might have been set- 
tled that they should increase eight, or 
twelve, or any other number of times. 
Ten is called the base of our scale of 
notali'in, as eight would be the base of 
a scale where the digits increased eight- 
fold, or twelve, of one where they in- 
creased twelve-fold. When we come 
to consider decimal fractions we shall 
see reason to think that twelve would 
have been a more convenient ba.se than 
ten. Men were, perhaps, led to name the 
numbers according to a scale proceed- 
ing by tens, on account of the facility 
that the ten fingers would then give 
them in counting ; and, afterwards, 
when they thought of ciphering they 
would naturally use tlie same scale. 


74. In our scale, or the decimal scale 
as it is called, we can express any num- 
ber by means of nine digits, and zero 
or nothing. In the scale whose base is 
eight, we can express all numbers by- 
means of seven digits and zero, and so 
for others. 

A number may be transferred from the 
decimal scale into any other by the fol- 
lowing rule ; Divide the number by the 
base of the new scale, and write the re- 
mainder as the units' digit sought ; di- 
vide the quotient by the base again, and 
write the remainder at the digit next 
the units' ; proceed in this way till a 
quotient is obtained less than the base, 
this quotient is the digit of the highest 
order in the number in its neio Jorm. 
}Vhenever there is no remauuier, 0 «> 
the corresponding digit. Let it be re- 
quired, tor instance, to present the num- 
ber 2931 in the scale whose base is 8. 
Dividing by 8, we find 

2931 = 366 X 8 + 3. 

Again, dividing 366 by 8, we find 
2931 = (45 X 8 + 6) 8 + 3 
= 45 X 8* + 6 X 8 + 3. 
and dividing 4 5 by 8, 

2931 = 5. 8’ + 9. 8* + 6. 8 + 3. 

If this be written 5563, and if be under- 
stood that the second digit is multiplieil 
by 8, the third by 8*, and the fourth by 
8", each digit is 8 times as great as if 
it stood in the next place to the right, 
and therefore the number is expressed 
in a scale whose base is 8. 

So if (10) and (II) he the two addi- 
tional digits necessary in the scale whose 
base is 12, the number 13583 transferred 
into that scale becomes 7 (lu) 3 (11). 
Similarly, 139 transferred into the scale 
whose base is2, becomes 1 000101 1 ,which 
is equivalent to 2’ + 2^ + 2 + 1. Since 
54 is equal to 2 . 3', it will be expressed 
in the scide whose base is 3 by 2000. 

75. To reduce a numlrer from any 
other scale into the decimal, the rule .s 
this ■ Multiply the digit farthest to the 
left by the base of the scale in which the 
number is expressed, and add the next 
digit to the product ; multiply the sum 
again by the base, and add the third 
digit ; proceed in this way till the units' 
digit is adiied, the result is the number 
in the decimal scale. For example, if 

c ! 
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3465 be a number expressed in the 
scale whose base is 9, it is equivalent to 
3.9> + 4.9* + 0.9 + 5, 
and this is the same as 

(3.9 + 4) 9* + 6.9 + 5, 

or as 

{(3.9 + 4) 9 + 6 } 9 + 5 
and this last expression merely indicates 


3000, where the base is 4, is 192 in 
tlie decimal scale. 

76. Some of the properties we have 
been considering are general, and are 
the same in every scale of notation ; 
such are those depending on the nature 
of prime factors. Some, again, are 
owing to the particular scale in which 




The working is this, 

3465 

9 

31 = 9 X 3 + 4 
9 

285 = 9 X 31 + 6 
9 

2570 = 9 X 285 + 5 
In like manner, 19(11)74 in the 
base whose scale is 12, is 37960, and 


furnishing tests of the capacity or a 
number to be divided by certain others. 
In the decimal scale a number is mea- 
sured by 9, when the sum of its digits 
is measured by 9 ; and in the scale 
whose base is 1 1 , a number would be 
measured by 10, when the sum of its 
digits was measureil by 1 0. There is a 
way of exhibiting the results of this latter 
kind very gene^ly. Let us take the 
expression 

N = A„ + A, R + A.R* + A, R* + A. R* + &c.» 
as in art. [70] it may be put into the forms 

N = Ao + A. + Ai + A, + A, + &e. + A, (R - 1) + A,(R* - 1) + A,(R* - 1) 
+ A,(R*-l) + &c. 

N = A. + A. + A, + &c. - (Ai + A, + &c.) + A. (R + 1) + A,(R« - 1) 

+ A, (R* + 1) + A. (U* - 1) + 

Every number that measures R, mea- R + 1 measiires A , (R + > ). ~ 

sures A, R, A, R*, A, R». &c. [art 51], A,(R* 1- 1), &c. [art. 45], and therefore 
and therefore in the first of these expres- in the third expression every factor of 
sions every factor of R that measures A,, 
measuresN [art. 55]. 

Every number that measures R — 1, 
measures Ai (R — 1), A«(R* — 1). &c. 

[art. 44], and therefore in the second ex- 
pression every factor of R — 1 that mea- 
sures Aj + A, + A, + &c. measures N. 

Lastly, every number that measures 

N = Ao + A,r* + A.r** + A.r*" + A.r** + &c. 

N = A.+ A, + A, + A, + A. + &c. + A.(r" - 1) + A.(r*- - 1) + A,(r»' - 1) 
+ A.fr*" - 1) + &c. 

N = A. + A, + A. + &c. - (A, + A, + &c.) + A, (r- + 1) + A, (r*" - I) 

+ Aj(i^' + 1) + A.(H‘ - 1) + &c- 

And, as before, N is measured, first, by Or we suppose the nutnber N which is 
all the factoi's of r* that measure A©; now expressed m the decira^ scale, to 
secondly, by all the factors of r" - I be divided into periods of two digits 
that measure A„ + A, + Ai+ See. ; and, each, of which A, is farthest *0 R'6 
thirdlVt by all the factors of r"+l that right, Ai next to it, and so on 
measure 

A, + Ai + A, + &c — (Ai + A,+&c,), 


in the third expression every 1 
R + 1 that measuies A„ + A, + A, + 8cc, 
— (Ai + A, + See.) measures N. 

Now, let us suppose r to be the base 
of the scale of notation in which the 
number N is expressed, and instead of 
R in the expressions, let us write r". 
They become 


For imstanoe, let 

r = 1 0, and » = 2 ; 

then 

r" =100, r" - 1 = 99, andr" +1 = 101. 
Also 


Then 

liy the three last mentioned properties 
N is measured ; first, by such of the 
numbers 2, 4, 5, 10, 20, 25, 50, (the 
factors of 1 00,) and 1 00, as measure A , ; 
secondly, by such of the numbers 3, 9, 
11, 33, (the factors of 99,) and 99, as 
measure .\„ + Ai + Ai &c. ; and thirdly, 
oy the number 101 (a prime) if it mea- 
sure 
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N = A, + A. 100 + A, 10000 
+ A, 1000000 + &c. 
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A, + A| + A^ + See. — (A| + A| + See.) 
So if r be 8, and n still 2 ; 

r" = Ct, r" - 1 = G3, r" + 1 = 6S ; 

and the number is suppose 1 to be ex- 
pressed in the scale whose base is 8. Di- 
viding it into periods of two dispts each, 
from the right, we have it measured ; 
first, by such of the numbers 2, 4, 8, 1 fi, 
32, and 64 as measure A„ ; secondly, 
by such of the numbers 3, 7, 9, 21, and 
63 as measure A, 4- Ai + At + &c. ; 
and thirdly, by such of the numbers S, 
13. and 65 as measure A„ + At -I- &c. 
— (A, 4- Afl- &c.) 

It is plain, that by varying r and n 
we may find as many properties of the 
same Kind as we please. These pro- 
perties are of little practical use. and 
the expressions are inserted chiefly as 
affording examples of the comprehen- 
siveness of algebraical language, and 
showing how little beyond an under- 
standing of the symbols is necessary', to 
enable us to arrive at results seemingly 
abstruse and difficult 

Of Fractiom 

77. It will often happen, when we 
are expressing the magnitude of any 
thing by means of a number, that the 
unit we employ is not contained any 
exact number of times in the thing in 
question, but that there is a part over 
less than the unit. We can still, how- 
ever. express the magnitude of this 
part by means of the same unit. We 
suppose the unit to be broken down 
into a stated number of eipial parts, and 
then we say how many of these are 
contained in the. portion that is over. 
This way of expressing the magnitude of 
things is calleil a fraetinn, from a laitin 
word meaning to break. We say that 
a distance is eight miles and two thirds 
of a mile, meaning, that in addition 
to eight miles we must divide a mile 
into three equal parts, and take two of 
these. 

78. Let us consider any fraction, such 
as nine tenths. Here unity is to be 
divided into ten equal parts, and of 
these nine are to be taken. Ten times 
any one pai-t must make unity ; therefore 
ten times the nine parts must make nine 
times unity : so that ten times nine 
tenths make nine, and therefore nine 
tentlis is the number which, when mul- 
tiplied by ten. gives nine for product. 
Now it has been agreed f 1 0] to write 


g 

that number — , and therefore the frac- 
tion is to be written in the same way. 
So any other fraction as two thirds is 
2 

to be written - ; The lower number 


showing into how many parts unity is 
to be divided, is called the denomiruitor t 
the upper one, showing how many of 
these parts are to be taken, is called the 
numerator. 

On the same principles, whenever 


15 


there is such a number as — ■ resulting 


from division, it is a fraction, and may 
be read as such. Its meaning is 15 
parts of unity divided into 17 equal 
Q Cfl “ 

parts. Such quantities as , — -j— , 

are called algebraical fractions. 

79. We have already seen [36], that 
when the same quantity is a factor in 
the divisor and dividend, it may be 
struck out of both without affecting 
the value of the quotient ; and so when 
it is a factor in the numerator and de- 
nominator of a fraction, it may also be 


struck out of both. Thus, ~ = — , 
be b 

23 5 

and — = — . Whenever, then, there 
65 13 


is a common measure of the numerator 
and denominator of a fraction, it can 
always be reduced into one of equal 
value, but of which the numerator and 
denominator are smaller numliers, or 
less complicated expressions. Thus, 


5005 

43316 


can be reduced to 


476’ 


where the 


common measure is 91, and 

6 (T’ — 6 a* y 4- 2 a V* — 2 y’ 
12n»— 15 ay 4- 3y* 
to 

Ca« 4- 2 y* 

12a - 3y’ 

the common measure being a — y. 
When the numerator and denominator 
have no common measure, the fraction 
is in its lowest tenns, and is called an 
irredueible fraction. 

80. For the same reason, if the nu- 
merator and denominator of a fraction 
be multiplied by the same quimtity, its 

9 

value is not changed. For instance, — 
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45 .0 T. I-4U- 

= _ and -T- = — . By means of this 
50 b be 

property, when several fractions have 
different denominators, tliey can, with- 
out altering their values, he changed 
into fractions that shall all have the 
same denominator. To do this, Multi- 
pUj the numerator and denominator of 
ereryoneof the fraclioneby the product 
of alt the denominators, ea cejd its own. 

Thus, if tlie fractions be ^,and4, 

0 a / 

the first liecomes f the second 

bdf bdf 

and the third ^ *hey be 

0 0 / 4 

3 j •* 1 40 45 

-, and j , they become — , — , and 

15 

60' 


AVhen the denominators of any of 
the fractions have a common measure, 
the common denominator resulting 
from this rule is irrealer than is ne- 
cessary. If the least common mul- 
tiple of all the denominators be found, 
as directed in art. [65], the fractions 
may lie reduced into olhei s whose com- 
mon denominator is this multiple. This 
is done by multiplying the numerator 
and denominator of every fraction by 
the common multiple divided by the 
denominator of the same fraction. 

Take, for example, the fractions 


3 4 

— , The least common multiple of 

12,4, and 9, is 36. Multiply the nume- 
, 5 , 36 

rator and denominator To' 


, 3 , 36 „ j ^ , 36 

3, of - by — , or 9, and of - by — , 

■ . , 15 27 ,16 

or 4, and they become — . and — . 


81. Since we may multiply the nume- 
rator and denominator of a fraction by 
anv quantity without changing its value, 
that quantity may lie — 1. If we mul- 
tiply the numerator and denominator of 

- — - by — 1 , it liecomes So that 
c -d ^ d—c 

without altering its value, the signs of 
all the terms in the numerator of a 
fraction may he changed, if, at the same 


lime, the signs of all the terms in its 
denominator be cliauged. 

^ , a b a + b , 

62. By [37] — ^.and 

— — — ^ To add or subtract 

c a e 

fractions, then, that have the same de- 
nominators, tee add or subtract their 
numerators. To add or subtract frac- 
tions that have different denominators, 
tee must first reduce them to fractions 
that have the same denominator. 

11 4 -1- 3 ^ 7 

3 4 “ 12 “ 12’ 

and 

1 J_ = J. . 

3 ^ 4 12 ' 

a c ad + be 

and 

a c ad — be 
~b ~1 ^ ~~bd~ ’ 
a — 34 5a— h _ 7 a — 7 b 

c 2 c 2c’ 

a + 4 0 — 4 

0 — 4 a + b 

0 * + 2 a 4 + 4* a' — 2 ab -I- b’’ 
ifi — 4* u* — 4* 

inb 

83. AVhen the numerator of a frac- 
tion is less than the denominator, the 
fraction is less than unity, and is called 
a proper fraction. When the denomi- 
nator IS less than the mmierator, the 
fraction is greater than unity, and is 
3 , 

called an improper fraction, — is a pro- 


per, and — 


an improper fraction. 


A 


number made up of a whole number 
and a fraction is called a mixed number ; 

as 13 -b or 7 + X , or, as these aro 
3 2 

usually written, 13Ji and 7j. 

84. Every whole mimlier may be con- 
sidered as an improja-r iraelion whose 
denominator is unity, and it may lie re- 
duced to an impro)xr frimlion of any 
oilier denomination, by multiplying it 
by the number that is to be the denomi- 
nator. Thus, 7 is the same as or 
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10 12 

numlicr may be written as an improper 
fraction, by" chansinar the whole part of 
it into a fraction, with the same deno- 
minator as the fractional part. Thus, 
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nomOiiilors for Us dmominalor. To 


5 24 5 

“ G G 


29 


0 c 

multiply ^ ^ Ity [®®]' 'o multiply 

^ by c, and divide it by d. The result, 
by [85] and [8G], will be ~ . So 


a + 


3 5 15 5 

4 ^ G “ "24’ 

a c , c a , ,, 

89. Since-;- X and -7 x 7-1 both 
0 a do 


^ . Similarly 

ac + l> 
c c 

An improper fraction may be reduced 
to a whole or a mixed number, by di- 
viding out the mimei-ator by the deno- equal it follows that 

minator. Thus, j = 7-r- a c c a 

® “ , ,, 'iX-j=-tX 7-. We m.sy thcre- 

85. To miilti|)ly a fraction by a whole 0 d d u 

numlter, multiply Us numerator by the fore extend to fractions the proposition 
For c X — means >n art- [23], which was proved tliei-e for 


whole number. 
[art. 7] 


-7- + -7- + &c. taken c times ; 
b b 

that is, by [82], 

a -t- a + a -t- &c. [taken c times] 
b ’ 

CO 3 30 

or -J-. So 10 X -- = . 

O 4 4 


whole numbers only. 

90. Any jnirer of a fraction has the 
numerator raised to that jiower for a 
numerator, and the denominator raised 
to the same power fur a denominator. 

/o\’ a a a a’ 

For instance, I r I = -7-, or 7-. 

\b / b b b' Ifi 

/ 1 1 / 3 \* 27 

Similaily, (^ ) = 7^. (7 ) =[27 

8G. To multiply by a fraction is to 91. Let us next propose to divide any 
multiply by its numerator, and divide .• * nr 

by id ^nominator. Supix.se we have quantity, as o, by a fraction, as -. We 

to multiply c by j. If we take a . c, geek „„ expression for « -7- p Multi- 

we have multiplied c by a quantity b Uje divisor and the dividend, both 
tunes too (treat, and therefore the pro- ^ 

duct is 6 times too great. For the true |jy c, and this becomes a c-j-e. 

a c ^ 

product, therefore, we must take -7- : . „ „ ac m j- 

b or, a c-i-b; or, finally, -y-. 10 dl- 

or the quantity which, when multiplied * 

by b, produces a c. Similarly, vide any quantity, then, by a fraction, 

3 43 multiply it by the denominator of the 

X 15 = — . frui tion, and dii ide the product by its 

„ , . , numerator. Thus, 

67. To divide a fraction by any yuan- 

tity,is to multiply its denominator by 50-i-- -=-i- 50 — - or55 — 

• 10 9 ■ ’ 9 9 ■ 

92. When the dividend is a fraction 
multiply the numerator of the dividend 
quotient is -7— ; for, multiplying this by the denominator of the divisor for 
" ^ the numerator of the quotient, and the 

quotient by c, the divisor, the product denominator of the dividend by the 
(, g a numerator of the divisor Jor its deno- 

[85]is—. or -,[79] Ihe dividend. a , c a d 

88. To multiply one fraction by minator. Thus, ^ ^ c* ^ 

anotlier ■, Take the product of their ^ ^ 5 24 

ninnrrutors for the numerator of their rgii _ . So r- ~p~ — "777 • 

product, and the firoduct of their de- be 0 6 a 


that quantity. Dividing by c, the 


Digitized by Google 



24 


ARITHAIETIC AND ALGEBRA. 


93. Observe, that 


(r) a 

means -i- c = , 

c 0 be 

hy [87] ; that 

a , b a c 

— t — means a “ — = -i- , 

(7) ” ‘ 

by [91] ; that 



a d 

17 ’ 


by [92] ; that 



d d 

and that 


a b 

7d' 


a a ad 



94. To multiply a mixed number by 
a fraction, or by a mixed number, or to 
divide a fraction or a mixed number by 
a mixed numlwr. Reduce to improper 
fraclioni, and then divide or muJliply 
by the rules laid down. For instance. 


10-^ X 7— = 
4 9 


« 64 2752_. 4 

4 9 ”36 '*’ 7 ’ 


si — 2- = 

5 • 7 5 • 7 ’“'' 


31 

5 


X 


_T_ 

IS 


217 
75 ’ 


or 2 — . 
75 


95. AVhen we multiply any quantity 
by a proper fraction, we have to divide 
it by a quantity greater than that by 
which we multiply, and therefore the 
product is less than the multiplicand. 
When we multiply by an improper frac- 
tion the product is greater than the 
multiplicand. Again, when wc divide 
ny a miction, if it be a proper fraction, 
the quotient is greater ; if it be an im- 
proper fraction, the quotient is less than 
the dividend. When the multiplicand 
is the same, the product increases when 
the multiplier is increased, and dimi- 
mshes when it is diminished. When the 
dividend is the same, the quotient di- 
minishes when the divisor is increased, 
and increases when it is diminished. 

96. Unity divided by any quantity is 
called the reciprocal of that quantity. 


I 4 

Thus — is the reciprocal of m. I ^ — 

77% 5 

= ~ isthe reciprocal of — . By [91], 
4 5 

to divide by any quantity is the same 
thing as to multiply by its reciprocaL 
Any quantity multiplied by its recipro- 
cal, must be 1 . 

97. The sum of two irreducible frac- 
tions whose denominators are prime to 
each other, can never be a whole num- 

2 g 

ber. Thus, cannot possibly be 

a whole number. For, let the fractions 

.a a' 

be — and -jp-, and let their sum be p. 
'Then 



Multiply each of these equal quantities 
by A, and the products will be equal. 
Therefore 

o' 6 , 

« + -jr = 

Now a' is prime to A', because is an 

V 

irreducible fraction, and A is prime to A', 
by supposition; therefore, by [61] and 

[62], o' A is prime to A*, and is an 

irreducible fraction. It follows that A p 
cannot be a whole number ; for a whole 
number cannot be equal to the sum of 
another whole number, and an irreduci- 
ble fraction : and since p b is not a 
whole number, p cannot be a whole 
number. It is a consequence of this, 
that if there be any set of irreducible 
fractions, and the denominator of one 
of them be prime to all the rest, their 
sum cannot be a whole number. 

0 / Compound Numbers. 

93. Instead of expressing the magni- 
tude of a thing by means of one unit and 
its fractional parts, it is usual to have 
for each kind of thing a scale of units 
of different magnitudes. We state how- 
many times the unit of the gi-eatest 
magnitude not greater than the thing 
in question is contained in it, then how 
many times the next gi-catest is con- 
tain^ in the part over, and so on to 
the least. In this way wc avoid the 
inconvenience of having only a small 
unit, which would oflen make it ne- 
cessary to employ very large numbers 
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fts well as that of havini? only a 
one, which would incumber our opera- 
tions with fractions. Units of the same 
kind but of different magnitudes, as 
pounds, shillings, pence, and farthings, 
which are units of value, or miles, fur- 
longs, poles, yards, feet, and inches, 
which are units of length, are calle<l 
units of different dmominatton.^. A 
magnitude expressed in units of differ- 
ent denominations is called a comijound 
numbtr. 

99. Numbers are changctl from one 
denomination into another by the rules 
of reduction. To reduce from a higher 
denomination into a lower. Multiply 
the number of the highest denomination 
by the number of times that the unit of 
the second denomination is contained in 
that of the highest^ and to the product 
add the number of the second, if any ; 
multiply this result by the number of 
times that the unit of the third denomi- 
nation is contained in that of the second, 
and adtl the number of the third, if 
any : proceed in this way till the. num^ 
ber is reduced to the denomination re- 
quired. 

To reduce 5/. 6c/. to pence, for in- 

stance : since there arc 20f. in a pound, 
5/. 8^. are eoual to(20x 5 + 8)tf., or IC8 j.; 
and since there are 12c/. in a shilling, 
108$. G(/. are equal to (12 X 108 -h 6)c/., 
or 1302c/. 

100. To reduce a fraction of a unit 
of a higher denomination into a lower, 
Multiply the fraction by the number of 
times that the unit of the lower deno- 
mination is contained in that of the 
higher; the product is a fraction of 
the lower denomination^ and if on im- 
proper fraction, may be reduced into a 
mia td number of that denomination. 

For example, to reduce f of a yard 
into feet and inches. There are three 
feet in a yard, therefore J of a yard are 
18 

I of 3 feet, or — of one foot, or 2/ feet. 

Again, ^ of a foot are f of 12 inches, or 

48 

— of one inch, or 6^ inches. So that f 

of a yard = 2 feet 6? inches. 

101. To reduce a number from a 
lower denomination to a higher. Diride 
it by the number of times that the unit 
in which it is expressed is contained in 
that of the neat higher denomination, 
noting the remainder ; divide the whole 
part of this quotient again by the fr:m- 
ber of times that the unit of its present 
denomination is contained in that of the 
next higher, noting the remainder, as 


before; proceed in this way till the 
number is raiseil to the denomination 
required; the several remainders are 
the numbers of the several lower deno- 
minations. 

For instance, to reduce 87431 seconds 
to hours. Since 87431 - 60 x 1457 + 

1 1 , and there are 00 seconds in a mi- 
nute, 87431 seconds = 1457 minutes, 1 1 
seconds. So, since 1457 = 60x 24 + ir, 
and there are 60 minutes in an liour, 
87431 seconds are 24 hours 17 minutes 
11 seconds. 

102. To reduce whole or fractional 
numlxrs of lower denominations into 
fractional parts of a higher ; Deduce the 
numbers into their lowest denomina- 
tion, and divide the result, whether it be 
whole or fractional, by the number of 
times that its unit is contained in the 
unit of the denomination into which the 
whole is to be reduced. 

Thus, to reduce 7s. 4]c/. to a fraction 
of a pound ; it is the same as 88 [ai t. 

99]. But a penny is of a pound, and 

oon 44*? 

therefore 83Jc/, = — - , or — — of a 
^ 240 1200 

pound. 

103. To a<ld compound numlxjrs to- 
gether, Dnteihem under one another, the 
numbers of the same denoynination being 
all in the same column ; take the sum 
of the column of the lowest denomina- 
tion, and reduce it as far as practicable 
into the next higher ; wrilc under the 
column of the lowest denominathn the 
part of its sum that is of that denomi- 
nation, and carry the other part to be 
added to the ne,ct column ; the sum of 
this column to be treated in the same 
u'ay, and so on to the column of the 
highest denomination. 

To subtract one compound number 
from another, JVrite the number to be 
subtrartpil under the other, as in addi- 
tion. When a number of any denomi- 
nation in the upper number is less than 
the one corresponding lo it in the lower, 
add to it as many as will make 07te unit 
of the next higher denomination, and 
xncrease the number of the ne.il higher 
dennminalion in the lower 7iumber by 
unity ; thc7i proceed to subtract the 
lower nu77iber part by part. 

104. To multiply a compound num- 
ber by a simple nnml>er, Multiply every 
partietdar part of it by the simple num- 
ber, and reduce the products as fur as 
is practicable to higher denominations. 
This operation, however, is much better 
performed by the rules of practice, ex- 
plained in the next article. 
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To diWde a compound by a simple 
number, Divide the number nf the 
hijcheft denominnti'm by the divisor, 
and write the whole port of the yiuttient 
as the number of that denomination in 
the general quotient ; reduce the remain- 
der, if any, to the next lower denomi- 
nation, and adding the number of that 
4enomination, if any, proceed as before, 

Tliese rules are founded on the same 
principles as Ibose for the midition, sub- 
traction, multiplication and division of 
simple numbers in arts. [’.fO], £21], [33] 
and [3 0]. 

10.5. Suppose we have to multiply 
Is. erf. by 36, we may multiply its parts 
separately, as is directed in the last 
article. But the operation will be much 
abridjted, if we notice that ’Is. lirf. are J 
of a pound ; that therefore we have to 
tnd 36 times J of a pound, or i of 36L, 
which is 1 J/., or 4/. 1 0*. 

Afrain, if we have to multiply Is. 9d. 
by 17i, we observe that 3*. tirf. = 2*. 
«rf. + 1*. 3d., or hi. + VaL Therefore 
17J X 3*. 9rf. = 17J X (1 + t 1*)L, or 

<« + -ik) ^ ' ^ 

10s. Tlierefore, if we divide 17«. 10s. 
by S, and then by 16, or, which is the 
same thing, divide 17f. 10s. by 8, and 
the quotient by 2, and then add the 
two quotients, their sum will be the 
answer. We have 

1. s. d. 

8) 17 10 0 

2) 2 3 9 

1 1 lOi 

3 5 7^ 

On the same principles, to multiply ll. 
1 4s. 3rf. by 1 7 3, is to take the product 
<• + i + i + i + tV + Fo) X 173L, 
as appears below : 

/. s. rf. 1. s. rf. 

I 00 6 173 00 

i of If. = 0 4 0 34 12 0 

0 4 0 .34 12 0 

0 4 0 2 31 12 0 

4 of 4s. = 0 2 0 8 17 6 0 

1 of 2s. = 0 0 3 I 2 3 3 

1 14 3 296 6 3 

Similarly, to multiply 2 feet 10 in. by 

llj, is to lake the product 
U + i + A + i'i+Vslx II yds. 2 ft, 3 in. 
Since 5 yd. = 2 feet 3 in. 

>()•. ft. in. 

2 1 1 12 3 
in. fl. in. 

i Of 1 0 0 = 1 6 2 5 2 7i 

J of 0 1 C = 0 9 3 2 2 9J 

iofU09 = 0 3 0 2 Hi 

0 3 3 0 2 Hi 

*of0 0 3 = 0 I_ 0 0 Ml 

2 10 11 0 3 ^ 


The submultiples [.50] of a unit of a 
hiffher denomination, wlien tliey can bo 
expre.ssed in whole niimlM*rs of lower de- 
noininaliona, are called the aliquot jHirlt 
of that unit. Thus, lit#., 6#. .5#., 

4#., and 3s. 4rf., which are respectively, 

~ of a pound, are 
2 3 4 5 G 

aliquot parts of a pound. So 1ft. G in., 

1 ft. 9 in., G in., &c„ are the aliouot parts 
of a yard. Every coinpoiinu numl>er 
of lower denominations can be reduced 
in many different ways into aliquot parts 
of a unit of a higher denomination. A 
little familiarity wdth the rule of ;>rac- 
/icc, which we have resolved t!ie 
foregoing questions, teaches us tlie most 
convenient set of aliquot parts into 
which to reduce any number. The rule 
is this : Pctluce the comivmnd number 
to be multiplied into a series of aliquot 
)xtrts t\f a unit of some dimomination, 
such^ that every aliquot part is either 
the same as the pren ding^ or some sub- 
multiple of it ; cfwsider the multiplier 
as a number of that dmonmuiti<pn, with 
respect to tchich the aliquot parts are 
taken, and reduce its fractional part, if 
any, into loicer denominations ; divide 
the multi])tieT, in this state, by that 
number by which the first aliquot part 
is a submultiple of the stanikird unit; 
divide the quotient by that number by 
which the second aliquot part is a sub- 
multiple. of the first; proceed in this 
way till all the aliquot parts are ex- 
hausted, observing to repeat a quotient 
twice or more, when tu'O or more aliquot 
parts are the same; add all thesequotients, 
and their sum is the product sought. 

IOC. The process of multiplication is 
the addition of a quantity to itself a cer- 
tain number of times, so that w hatever 
the multiplicand be, the multiplier must 
always be an abstract number, and the 
product a quantity of the same nature 
as the multiplicand. It is Iherelbre an 
absurdity to speak of multiplying such 
quantities together as pounds and yards, 
or pounds and pounds, or yards and 
yards. When there arc so many yards 
of cloth, for instance, at so much a 
yard, and the price of the whole is re- 
quired, to find it, wc do not multiply 
money by yards, we take a certain sum 
of money as often as there are yards of 
cloth, the sum, of course, is a sum of 
money. Again, if a pound will buy a 
certain number of yards, and wc have 
a certain number of pounds, and wish 
to know how many yards we can buy, 
we take the number of yards as often 
as there arc pounds, and the sum is a 
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numlipr of yards. There is one seeming 
exception to tliis, namelv, that we hi- 
miUarly multiply feet hy feet, or inches 
by incfies, amt have for product square 
feet or square inches. But this only 
needs a little explanation. Siqipose, 
for instance, that there is a stiuare 
hoard, 8 inches each way, to find the 
size of its surface, we are said to mul- 
tiply 8 inches by 8 inches, and to have 
for pnxluct 64 square inches. But the 
proper way to consider the matter is 
this ; suppose the board to be divided 
into squares, so as to resemble a draught 
or chess board ; then, because there are 
eight inches along the end, ttierc are eight 
squares in every row ; and liecause there 
are eight inches along the side, there 
are eight rows of squares. All tliaf we 
do, then, in multiplying 8 by 8, is taking 
8 sciuarc inches 8 times, and adding 
them together; and, strictly speaking, 
this is not multiplying inches by inches, 
any more than if there were a shilling 
on each square, it would lie multiplying 
shillings by shillings, to find their num- 
ber by multiplying the number in evciy 
row liy the number of rows. 

tv e cannot , therefore, properly speak- 
ing, multiply one compound number by 
another. VVhen we have such a ques- 
tion as to find the value of 8 lbs. 9 oz„ 
at 74. 6(1 per lb., we must consider, that, 
as there are 16 oz. in a pound, 9 oz. are 

of a lb., and therefore cost of the 
price of a pound ; and so, to find the 
answer, multiply 7». 6d. by 8/*,. In 
siieti cases, a little attention will always 
teach us wliich of the comiaiund num- 
bers is to be reduced to a simple num- 
ber liefore we multiply. The rule of 
duotlfrimal mitltiphcaiion^ which is 
another way of multiplying compound 
numliers ot certain kinds, depends on 
principles that cannot properly be ex- 
plained here. 

107. The product of a compound 
nnmlier by a simple number, is, as we 
have seen [106], a compound number of 
the same nature as the multiplicand, and 
we have also seen [10], that the division 
of the product by the multiplicand gives 
us the multiplier for quotient. We may 
therefore properly diviile one compound 
number by another of the same nature, 
for in so doing we seek the simple num- 
ber which must multiply the divisor so 
as to produce the dividend. The most 
convenient way of performing this di- 
vision, is to reduce the divisor to its 
least denomination, and proceed a.s is 
directed for a simple number [104], 


Of Simple Equations. 

1 08. The sum of two numtiers is 89, 
and their difference is 31 ; let it he re- 
quired to find out what the numberi 
are. Call the less mimlx;r r. Then, 
since their ditferetice is 3t, the greater 
is 31 -1- X. .Mso, their sum is 89, there- 
fore 

X [the less] -I- (31 + x) [thegreatcr]=89, 
that is, adding the greater to tile less 
2x + 31 = 89. 

If from each of these equal quantities 
we take away 3 1 , the remainder will be 
equal. Therefore 

8* = 89 — 31, or 2x = 58. 

And dividing each of the equal quanti- 
ties by 2, 

X = 29, and therefore 31 + x = 60. 
We find the one number to be 29, and 
the other 60; and these two numbers 
satisfy the conditions that were given. 

In the same way, if the question had 
been to find two numbers whose sura 
is a, and difference 6, calling the less 
X, we should have found 

2 X + 6 = a, and x — ~ ^ . 

’ O 


The numbers are - — - and " •. 

2 2 


In 


these expressions any numbers may 
be substituted for a and 6. and so an 
answer found in any particular case. 

Two expressions connecterl by the 
sign of equality, as in these examples, 
make an eijuutiim. The two expres- 
sions so connected are called the two 
memArr* of the equation. An equation 
in which the quantity whose value is 
sought, occurs in the first power only, 
is called a equation; adistinction 

of which tile importance will appear 
afterwards. 

109. In the example in the last 
article, we removed the number 31 from 
the left hand member of the equation 
to the right, changing its sign. In the 
same way, iti any equation, if a term be 
struck out of one member, and written 
in the other with its sign changed, the 
new expressions so formed will be equal 
to each other. 

If in this way we remove every term 
from the left hand member into the 
right, and every term from the right 
hand member into the left, the two 
memliers will have the same terms as 
before, only tlie sign of every term will 
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be changed. Thus, if 

a — nx=mx — b, 
we should have 

b — jnx = nx — a. 

fl'e may therefore change the sign of 
every term in an equation, and the new 
members will still be equal to each 
other. 

If we remove all the terms from one 
member into the other, we shall have 
zero on one side of the equation. Thus 
a — nx = mx — b 

becomes 

a + 6 — (n + m) X = 0. 

The meaning of this is. that a + b, and 
(n + m)x, are two quantities such that 
their difference is nothing, that is, they 
are equ.al quantities. We shall after- 
wards find, that this way of stating an 
equation is sometimes very convenient. 

110. Again, let it be required to find 
that number, the third part of which 
added to its seventh part makes 20. I,et 
the number be called x, as before. 

Its third part is and its seventh is 
3 

Therefore 



Multiply both members by 21 ; then, 
since tlic products must be equal, 

7x + 3 X t= 420 ; 
and adding, as before. 

10 X = 420. 

Now divide each member by 10, and 
we find X = 42. Tlie third part of 42 
is 14, its .seventh part is 6, and these 
added make 20. 

When there .are fractional terms in 
an ciiuation, we can always get rid of 
them, as in this example, by multiplying 
both members by the product of all tlie 
denominators, or by their least common 
multiple, if it be less th.an their pro- 
duct. liy [80] all the fractions may be 
reduced to a common denominator, 
which will be this common multiple, 
and multiplying all the terms by it, the 
ii act ions will disappear. 

111. These examples teach us how a 
simple equation is to be solved, that is, 
now we are to extract from it the value 
of the unknown quantity. Clear both 
members of frarUons, if there be auu, 
[110]; collect into one member all the 
terms containing the nnknmen quan- 
tity, and into the <Jher all those that do 


AND ALGEBRA. 

not contain it ; collect into one the co- 
efficients of the terrr^ containing the 
unhnoten quantity, divide both mem- 
bers by the whole coefficient of the un- 
known quantity, which will then stand 
alone in one member. 

We may observe here, that a simple 
equation can have only one solution. 
By the rule, every simple equation can 
be reduced to the form. 

Ax -I- B = 0. 

If a be a value of x that solves it, we 
have 

Aa + B = 0. 

Suppose, if possible, that o' is another 
value of X that solves it, then 
A o' -t- B = 0. 

Subtract A o' -1- B from A a + B, tlie 
difference must be nothing, so that 
A . (a — o') = 0. 

But a product car. be nothing, only when 
one of its factors is nothing. So that 
n — o' = tl, that is to say, ti c.annot be 
a solution, but on the condition that it 
is equal to a. 

112. We will now apply this very 
simple nde to a few questions, with 
some remarks on the results which we 
sh.ill obtain. Take the question pro- 
posed in art. [3]. I-et the time which 
the father and son take to dig the field 
together be c.alled x. Tlie father in one 

day digs j- of the field, in two days 

2 

he will have digged ^ of it, in x days 

he will have digged of it. So the 

son in x days will have digged — of the 
1 6 

field. But in x days they will have 
digged the whole field. Tl.crefore 

— of the field + -fr of the field 

1 u 15 

= the whole field. 

The magnitude of the field is a quantity 
which is a factor in every term of this 
equation, dividing each member by this 
quantity 


Whence, by the rule, multiplying by 80, 
the least common multiple of 10,' and 
IG, 


Digitized by Google 



ARITHMETIC AND ALGEBRA. 


8x + 5* = 80, 
and 

80 2 , 

Similarly, if the fallier'a lime were a, 
and the son's 4, we should find 



and 

(I f> 

* ” a + 4" 

IVith regard to this expression for r, 
observe tliat a enters into it in the same 
way as 4 does ; a therefore might be 
written for 4, and 4 for a, w ithout chang- 
ing its value. Such an expression is 
said to be Kummetrical with respect to 
a and 4. This must necessarily be the 
case from the <iuestion ; for if the father 
took 4 days, and the son a, to dig the 
field, the answer would l>e the same. 
An examination whether an algebraical 
resiUt tx! symmetrical with respect to 
quantities that enter into the conditions 
of the question in the same way, often 
enables us to detect errors. 

113. A fatheg is 40 years old, his son 
is 8 ; in how many years hence will the 
father's age be just three times the 
son's ? Let the number of years to that 
time be called .r. In x years the father 
will be 4 0 -I- X years old, and the son 
8 -I- X. But the father's age will be 
then tliree times the son's ; therefore 
40 + X = 3(8 -I- X) = '21 -I- 3x. 
Carry X to the one side of the equation, 
and 24 to the otlier, and it will become 
40 — 24 = 3 X — X, or 16 = 2 X, 
whence x = 8. Tlic father's age at the 
end of 8 years will be 48, and the son's 
16. 

If the father's age had been called a, 
and the son's 4, to answer the same 
question we shoidd have had, as before, 
a-l“X = 34 + 3x, 

2 X = a — 3 4, 
a — 3 4 

* “ 2 ’ 

an expression which rives a value of x 
for every different value of a and 4. 
Suppose that the father's ^e is 40, and 
the son's 18. Here the time when the 
father's age was three times that of the 
son's is already past, so that the ques- 
tion, if put as it stands above, would be 
absuid. Let us see what our expression 
for X becomes in this case: making 
0 = 40 and 4 = 18, 


40 — 3 X 18 40 —54 

- I - — = - ='> 

a negative quantity. In our original 
conditions, the fallier's age was to be 
40-t-x, and the son's 18-t-.r. These 
are in the present instance 40 — 7, or 
33, and 18 — 7, or 11. .\nd 33 is 3 
times 1 1 . The negative sign teaches us 
that the number of years that is tomake 
the father's age 3 times the son's is to 
be subtracted, not to be added, and ac- 
cordingly we find, that 7 years ago the 
father's age was just three times the 
son's. 

Observe, that when a = 3 4, x = 0 ; 
that is to say, that when the father is 
three times as old as the son at the Jire- 
sent time, x is neither a quantity to be 
added nor subtracted. 

This question may be made still 
more general by proposing to find when 
the father's age will be n times the 
son's. We should have as before 
a-t-x=»i4-(-nx, 
whence we find 

a — nb 


114. A and B find a purse with shil- 
lings in it, A takes out two shillings 
and one sixth of what remains ; then B 
takes out three shillings and one sixth 
of what remains ; and then they find that 
they have taken c<|ual shares. How 
many shillings were in the purse, and 
how many did each take ? Let x be 
the number of shillings in the purse at 
first. 

A takes out 2s. i there remain x — 2. 

J j; 2 

He fakes - of this remainder, or : 

6 6 

there remain — of the first remainder, 
6 

or 

5 X - 10 

6 ■ 

B lakes out 3s. ; there remain 

5X-10 .Sx-28 

— 3, or I 

6 6 

He takes — of this remainder, or 
6 

5x - 28 
36 ■ 

X 2 

Now A has taken out 2 -| , and 

6 ’ 

5 X — 28 

B has taken out 3 -f — ,and 

o6 

therefore since their shares are equal 
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Multiply both member* by 36, and they 
become 


72 + G - 12 = 108 + 5x - 28. 
And collecting the term* 

X s 20. 

There were 20t. in the purse. A's 

, X — 2 20 -2 

share was 2 + — - — , or 2 + , 

6 6 


or 5». ; and B's was 3 + 


5x - 28 
36 


which win be found to be 5r, also. 

115. There is a certain number consist- 
ing of two digits, and their sum is 6. If 
18 be added to the number the sum will 
consist of the same digits, in an in- 
s'crted order. What is the number? 
Let its tens' digit be called x, then since 
the sura of its digits is 0, its units' digit 
will be 6 — X. The number then is 
1 0 X + 0 — X. N ow if 1 8 l)e added to 
the numlicr, it* units' digit becomes x, 
and its tens' 6 — x, and therefore it be- 
comes 1 0 (6 — x) + .r. Therefore 

1 0 X -f 0 — X [the original number] -H 8 
= 10(6— x) + x [the new number]. 
And collecting the terms 

18 X = 36, or X = 2, 

The digits are 2 and 4. The first num- 
ber is '24 ; and 24 + 18 = 4'2. 

116. A hare is SO of her own leaps 
before a greyhound ; she takes three 
leaps for every two that he takes, but 
he covers as much ground in one leap 
as she does in two. How many leaps 
will the hare have taken before she is 
caught ? Call tlie number of leaps x. 
Since the dog t.akes two leaps only for 
every three that the hare takes, he will 

2 

have taken - x leaps while she takes x. 

But since one of his leaps is equal to 
2 

two of hers, in these — x leaps of his 

he will have covered ns much ground 

2 4 

as 2 . — X, or — .r hare's leaps. N ow 

3 3 

when he has done this, he catches the 
nare. by our supposition, and he was 80 
of her leaps Whind her at first, there- 
fore he has run a distance equal to 
80 + I of her leaps. We have thus 
found two expressions ior the distance 


run by the dog liefore he c.afches the 
hare, which of course must be equal. 
So that we have 

4 

— X = 80 -I- X, 

and multiplying by 3, 

4x = 240 + 3x, 

whence 

X = 240. 

Suppose that, all other circumstances 
lieing the same, it had been said gene- 
rally, that m of the greyhound's leaps 
were equal to » of the hare's. Then 
2 

his — X leaps would have covered as 

ft 2 

much ground as — . — x of the hare's 
m3 

and we should have had 

2 n 

- x = 80 + .r. 

3 m 

2 nx = 240m + 3 mx, 

(2 n — 3 m) X = 24 0 m, 
and 

240 m 

X = . 

2 n — 3 m 

Now suppose, that m were 3, and n 

were 4, x would become or 

— 720. Let us inquire into tlie mean- 
ing of this negative sign. As our ques- 
tion now stands, the hare is 80 leaps 
before the dog, she takes three leaps 
for his two, and three of his are eipial 
to foix of hers. In this case it is clear, 
that the hare runs faster than the dog, 
and that she is continually getting away 
from him. In turning our question 
into an equation, the way in which we 
expressed that in x leaps the hare 
would be caught, was by expressing 
that at the end of x leaps the hare and 
dog would be together, which when the 
dog runs faster than the hare means 
the same thing. But just as when the 
dog runs faster than the hare, we look 
forwaid for the lime when they will lie 
together; so when the hare runs faster 
than the dog, we must look back for Ihe 
time when they were together. Ac- 
cordingly we shall find, that if Ihe chase 
have lasted for 720 leajis up to the pre- 
sent time, if began by the dog and 
hare being together, and in 72o leaps 
the hare has gained 80 on the dog. 
This is-what is meant by the negative 
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Kijrn. It is impossible that onr alge- 
braical symbols should contemplate 
any beginning or ending to the chase. 
What IS called the laic of continuity 
mpures that we should consider it as 
prolonged indefinitely both ways. 

Once more, suppose that in our ex- 
pression m were 2. and n, 3. In that 
case, we have the dog making two leaps 
for the hare's three, while two of his 
leaps are equal to three of hers. They 
run with the same speed, then ; and if 
the course he lengthened ever so far 
either way, they have been, and always 
will be, at the same distance from each 
other; so that they never have been, 
and never will be, together. Let us 
see how' this result is .siiown by our ex- 
pression for X. It becomes 

210 ^0 240 

X = , or , or — . 

2X3 — 3x2 6-6’ 0 

W’hen the denominator of a fraction 
becomes less, the fraction itself l)e- 
comes greater. When the denomina- 
tor becomes very small, the fraction 
becomes very great ; and no quantity 
can be named so great but that we can 
make the traction greater than it, by tak- 
ing a quantity small enough for its de- 
nominator. It follows, that a fraction 
whose denominator is notliing, is greater 
than any quantity that can be named. 
The value of x just found, is theie- 
foro greater than any quantity that can 
be named ; and this shows that the 
number of leaps taken before the dog 
and hare come toge her is greater than 
any number that can be named, that is, 
that they never come together. 

117 A quantity greater than any 
quantity that can he named, as ex- 
plained in tlie last article, is said to l>e 
infnitehj great. A number infiniiely 
great is called ifi/mity. Tlie alge- 
braical symbol for infinity is ® . 

118. \Ve see that the main difficulty 
of answering such questions as these, 
lies in finding equations to express t hem, 
as soon as that is done the solution is 
easy. The art of turning such ques- 
tions as occur into algebraical lan- 
guage. is one for which no general rule 
can be given ; it consists m separating 
from lire question all the circumstances 
that are not essential to its solution, 
and can lie acquit ed only by pnictice 
and careful thought. Questions that 
can he solved by a simple equation, and 
one unknown quaniity, can always be 
answered by one of the aritlimetical 
rules of single or double po4i7io«. Of 


these an account w ill be given, after we 
have treated of in'oportions.'* 

119. Suppose that there is such an 
equation us 

5 JT -p 7 y » 43, 

containing two unknown quantities, n 
and y. For every different value given 
to ly, T has a different value; so that 
we can find as many j>airs of values of 
X and y as we please, whieh, when sub- 
stituted for them in the led hand mem- 
Irer, make it equal to 4.1, and which are 
therefore said to satiufy the equation. 
Suppose, again, that there is another 
equation of the same sort, 

12.T — 8 y = 4 ; 

w'o can, in the same way, find as many 
pairs of values of x and y to satisfy it 
as we please. Now, of all the pairs of 
values that satisfy the one of these 
equations, there is one, and hut one, 
that will satisfy the oilier. It may be 
found in this way. Multiply hotli nlem- 
bers of the first equation by 8, tlie co- 
efficient of y in the second, and both 
numbers of the second by 7, the co- 
efficient of y in tlie first. They tlien 
become 

40j? + 56y = 344, 

F4 r — 56y = 28. 

If equal quantities be addetl to equal, 
the Mims must be equal ; the sum of 
the left liand memliers of these equations 
is therefore equal to that of the right; 
and as we are now supposing j* and y to 
have the same value in the one equation 
as they have in the other, these sums 
arc 

124 a* = 372 ; whence x = 3. 
Substituting this value for x in the first 
equation, it becomes 

15-P7y = 43, 

which gives 

y = 4. 

It is impossible that any pair of 
values of x and y, other than 3 and 4, 
can satisfy lx>th equations : for no values 
can satisfy both equations that do not 
also satisfy the equations 

1 24 X t= 372, and 1 3 -f- 7 y = 43 , 
and we know that there is but one 
value that can satisfy a simple equation, 
containing only one unknown quantity. 
[111]. 

120. This furnishes us with a cmeral 
rule for finding values for two unknown 


• 8e, us. 138. 
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qiiantitios (hat will satisfy two equations 
containing Uiem. Clear the equallnnt 
of fraetiunt, if there be amj, and in 
each of the equatiom eoUect the co- 
efficients nf each of the unknown quan- 
tities in'o one; fix on one of the un- 
knoum quantities, and multiply all the 
terms of each equation by the coefficient 
of that quantity in the other; that 
unknown quantity will now have the 
same coefficient in both equations, and 
by the addition or subtraction of their 
members, according as this coefficient 
has different or the same signs in the 
two etquations, they will be reduced to 
one equation containing one unknown 
quantity; when the value of this un- 
known quantity is found, substitute it 
in one of the original equations, which 
will then contain the other unknown 
quantity only. 

121. I liave a certain number of 
counters in each hand ; if I put ten out 
of my left into my right, there will be 
twice as many in my right as remain in 
my left ; if I put ten out of my right 
into my left, there will be three times as 
many m my left ns remain in my right ; 
how many are there in each hand? 
Call the number in the right x, and that 
in the left y. ^Vllen I put ten out of 
my left into my right, these numbers 
become w + 1 0, and y — 1 0 ; and when 
I put ten out of my right into my left, 
they become w — 10, and y + 10. Now 
by the question 

w + 10 = 2 (1/ _ 10), 

and 

y + 10 = 3 (X - 10); 
or, raidtiplpng and collecting the terms, 

2 y — X = 30, 

3 ,r — y = 4 0. 

Multiply the fii-st of these equations by 
3, it becomes 

6 y — 3 w = 90. 

To tliis add the second, and we find 
5 y = 130, 

whence y = 20. Substitute this value 
for y in the second equation, it becomes 
3 X - 26 = 40, 

whence x = 22. So that 22 in the right 
band, and 26 in the left, arc the num- 
bers which satisfy the conditions given. 

122. Just in the same way, when 
there arc three unknown quantities, and 
three equations containing them, we 
can find one set of values that will 
satisfy every one of the three equations. 
This IS done on the same principles as 
when there are two unknown quantities. 


A, B, .and C, sit down to play, every 
one willi a certain number of shillings. 
A loses to B and C as many shillings 
as each of them has. Next, B loses to 
A and C as many as each of them now 
has. I.astly, C loses to A and B as 
many as each of them now has. After 
all, every one of them has 16 shillings. 
How much did every one gain or lose ? 

Call A's first sum .r, B's y, and C’s x. 

First ; A loses y to B, and z to C. 
He has remaining x — y — z. B has 
2 y, and C has 2 z. 

Secondly ; B loses to A x — y — x, 
and to C 2 X. He loses altogether 
X — y — X -1- 2 X, or X — y -(• x. 

A now has 2x — 2y — 2x. 

B has 2 y - (X - y -I- X), 
or 3 y — X — X 

C has 4 X. 

I.asdv ; C loses to A 2x— 2 y— 2 x, 
and to B 3 y — — X. He loses in all 

2x — 2y — 2x-t-(3y — x -x), or 
X -h y — 3 X. 

A now has 4x — 4y — 4x. 

B has 6 y — 2 .X — 2 X. 

C has 4 X — (X + y — 3 X), 
or T z — X — y. 

Now, at last they all have 16. So that 
A's sum, or4x — 4y — 4x = 16, 
whence 

•r - y - X = 4 (a) 

B's sum, or 6 y — 2 X — 2 X = 16, 
whence 

3y _ _ X = 8. , . (6) 

C's sum, or 

7 X - X _ y = 16 . . (c) 

Add (a) and (b), then 

2y -Iz = 12. . . (rf) 

Add (a) and (c), then 

6 X - 2 y = 20. ... (e) 

Add (d) and («), then 

4 X = 32, 

whence x = 8. Substitute 8 for z in (d), 
it becomes 

2 y — 16 = 12, 

whence y = 14. Substitute 14 and 8 
for y and x in (a), it becomes 
X - 14 - 8 = 4, 

whence x = 26. So that A's original 
sum was 26, and he has lost 10. B's 
original sum was 14, and he lias won 
2. C's original sum was 8, and he has 
won 8. 
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123. We have seen [119], that we 
may find as many pairs of values of 
two unknown quantities as we please, 
that will satisfy one equation that con- 
tains them both. In the same way it 
may be shown, that we can find as 
many sets of values as we please of 
three unknown quantities that will sa- 
tisfy one equation, or each of two equa- 
tions containing them all ; and so for 
a greater number of unknown quanti- 
ties. It follows, that when we make 
use of two or more unknown quantities, 
to solve any question that admits of one 
value only for each unknown quantity, 
we must always obtain as many equa- 
tions as there are unknown quantities. 

Again, in solving such a question, 
if we obtained one equation between 
two unknown quantities, and formed 
another by multiplying all its terms by 
some quantity ; or if we obtained two 
equations between three unknown 
quantities, and formed another by add- 
ing tliese two together, the new equa- 
tion so formed would be of no service. 
It could give us no new information with 
respect to which of all the pairs of 
values of the two unknown quantities 
that satisfy the single equation, or of 
all the sets of values of the three un- 
known quantities that satisfy the two 
equations, is the pair of values, or the 
set of values required by our question. 
The new eipiation is not an itidf^>rndent 
one. The reader will find on trial, the 
impossibility of reducing two equations 
between two unknown quantities, to 
one equation containing one unknown 
quantity, when these equations are not 
independent. We shall return to this 
when we treat of indeterminate ■problems. 

When there are more equations than 
there are unknown quantities, it may 
be impossible to find one set of values 
that will satisfy them all. Suppose, 
for instance, three equations between 
two unknown quantities. W'e can find, 
as we have seen [art. 120], a pair of 
values that will satisfy the first and 
second, and also a pair that will satisfy 
the first and third ; but it is a mere 
chance if the two pairs of values so 
found be the same 

Of Proportions. 

124. Let there be two sets of num- 
bers, such as 

9, 21, 33, 40, 60, 94^, 297 

2 

C, 14, 22, 2G-, 40, 63, 193.... 


The numbers in the upper line are 
any whatever ; those in the lower are 
so taken, that when a number in the 
upper line is divided by the one under 
it in the lower, the quotient shall al- 
ways be the same, as in the present in- 

3 

stance When this is the case, the 

numbers in the lower line are said to 
be in direct proporiion, or directly pro- 
portionalt to the corresponding ones in 
the upper. Since the quotient, when 
a number in the lower line is divided by 
the one above it, is the reciprocal [9GJ 
of the quotient when the number in the 
\ipper line is divided by the one below 
it, that quotient also is always the 

2 

same ; in the present instance it is 

Therefore the numbers in the upper 
line are also in direct proportion to tlie 
corresponding ones in the lower. 

125. Daily experience furnishes us 
with sets of numbers that are in direct 
proportion to each other. Thus, if the 
lower line contains different numbers 
of yanls of clotli of the same .sort, and 
the upper their respective prices, the 
numbers will be in direct proportion ; 
for the price divided by the number of 
yards, gives the price of one yard, 
which is the same, whatever be the 
number of yards. So if the one line 
were numbers of miles travelled at the 
same rate, and the other the respective 
numbers of hours spent in travelling, 
the numbers in the respective lines would 
be in direct proportion ; for the number 
of miles divided by the corresponding 
number of hours, gives the number of 
miles travelled in one hour, or the rate 
of travelling, which is uniform. 

To find out whether any two corre- 
sponding sets of numbers are in direct 
proportion, we must consider whether 
we are sure that the quotient of two 
corresponding numbers is the same 
for all. If we do not see a reason, as 
in the cases just referred to, why it 
cannot be otherwise, we must not con- 
clude that they are in direct proportion. 
If one set of numbers, for instance, ex- 
pressed the different sizes of barrels, 
every one with a hole in it of the same 
bore, we have no right to suppose that 
another set of numbers exprt-ssing the 
minutes that every barrel takes to run 
out, will be in direct proportion to the 
first ; for we see no reason why all the 
quotients must be tlie same. In cases 
like this, where we do not see our way 
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dearly, other parts of the mathematics 
can be emiiloyed to find out whether 
the numbers are or are not in direct 
proportion; and if not, to find in what 
way they do depend on each other. 

126. If we examine attentively what 
we mean when we speak of ttie propor- 
tion wliich one thine liears to another 
of the same kind, we shall find that we 
mean the macnitude of the quotient, 
when the number expressinc the mae- 
nitude of the first thing is divided l)y 
that expressing the magnitude of the 
second. We call the proportion great 
wlien this quotient is great, and small 
when it is small. Thus, 12 bears to 4 a 
greater proportion than 1 8 does to 9 ; be- 
cause ^^is greater than -j-. So 2 bears 

to 1 1 a less proportion than 7 does to 
2 7 

23 ; because — is less than — : and IS 

bears to 5 the same proportion as 24 
15 24 

does to 8 ; because -- is equal to-—. 

s> O 

The proportion that one quantity 
hears to another, is often called it.s 
rutin to that otlier. From our defini- 
tion of direct proportion, it will be seen 
that when there arc two sets of quanti- 
ties, of whieli every pair of corre- 
sponding quantities have the same pro- 
]K>rlioii or ratio to each otlier, the 
quantilies in the two sets are in direct 
proportion to each other. 

127. SupiKjse, now, that a and b are 
corrcsponiiing quantities in two sets 
that iwe in direct proportion, and that 
o' and t/ are other two ; then by art. 
[124J 

a _ o' 

Tliis relation between these quantities 
is often written in this way, 
a-, b : : : b' ; 

and this is rend, a is to b, as o' is to 
1/ ; that is, a has to h the same ratio 
or proportion as o' has to ft*. From 
their situations in this wav of stating a 
proportion, a and 1/ are called extremes ; 
i and «' means, that is, middle ones. 

128. If we multiply each member of 
the equation in the last article by b V, 
it Iwcomcs 

aii = el b. 

The product of the extremes then is al- 
ways equal to the product of the means. 
Thus, since 

4:3 12:9, 

we have 

4 X 9 = 3 X 12. 


Again, if we multiply each member 
of the same equation by it becomes 



whence 

axd wb-.b' i 

showing that the first has the same 
ratio to the third, as tlie second has to 
the fourtli. Thus, since 
5:15:; 3: 9, 

we have 


5:3::15:9. 

Again, if unity be added to each 
member of the same equation, it be- 
comes 



or 

a + b d+ V 

b ~ bt ' 

That is, 

a-t- 6:6 ::o' + H-.f/. 

And similarly hy subtr,acting unity, 
a — 6 : 0 : ; o' — b' : b'. 

So that the sum or difference of the 
first and second has to the second the 
same ratio, as the sum or difference of 
the third and fourth has to the fourth. 
Thus, since 

7:3 :: 35: 15, • 

and since 7 -I- 3 = 10 and 35 + 15 = 50, 
we have 

10:3 :: 50:15. 

Also, since 7—3 = 4 and 35 — 1 5 = 20, 
we have 

4:3:; 20:15. 


Quantifies in direct proportion have 
many other properties, all of which can 
be easily deduced from the equation 
a _ o' 

129. When we have 
a _ b 
b ~ c’ 


or 

a:b b:c, 

where the two means are the same, b is 
said to be a mean proportional between 
a and c, and c is s.aid to be a M/rrf 
proportional to a and b.a, is also said 
to have to c the duplicate ratio of a to b. 
The last term is not a very well chosen 
one ; the ratio of a to c is considered 
as if it were made up of the ratios of a 
to b and of A to c; now the ratio of h 
to c is the same as that of a to b. there- 
fore the ratio of a toe Is the ratio of a to b 
two- fold, or the duplicate ratio of a to A. 

In this case a, b, and c are sometimes 
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continued priiportion. When 
three quantities are in continued propor- 
tion, the product of the first and thinl is 
equal to the square of the second. This 
follows from the first property proved 
in art. [128], which becomes in tliiscase 
a c = A*. 

Similarly, the quantities a, b, c, d, e, 
&e. are said to be in continued propor- 
tion, when 



and just as before, a U said to have to 
d the triplicate ratio that a has to A,- 
a is said to have to e the quadruplicate 
ratio (or fourfold ratio) that it has to 
A, and so on. 

Since 

A _ a 
~c ~ T’ 


multiplying both members of this equa- 
tion by we have 

a a* 
c A* ' 


Again, multiplying the first member of 
he last equation by j, and the second by 


which are etiual quantities, we have 
a a* 

■rf °° Ai’ 
and in like manner 

a _ a> 

7 " A^"’ 

and so on. 

130. Let us next have two lines of 
numbers, such as 

1, 2, 3, 8, 16-.40 

180, 90, 60, 22^,11, di 

where the product of any two corre- 
spondine numbers is always the same, 
in this instance 180. When this is 
the case, the numbers in the one line 
are said to be invertely or r^ro- 
cally proportional to those in the 
other. The numbers in the one line 
are in fact directly proportional to the 
reciprtx-als [96] of those in the other. 
For let a and A l>e two correspond- 
ing numbers. The reciprocal ot a is 

— , and this divided by A is — r. N ow 

a A is, by supposition, the same as the 


product of any other pair of numbers, 
TTierefore on dividing the reciprocal of 
any number by the corresponding num- 
ber, the quotient is always the same ; 
that is, by [124], every numlier is di- 
rectly proportional to the reciprocal of 
the corresponding one. 

IVhen two sets of numbers are in 
direct proportion, those in the one set 
increase when those in the other do, 
and at the same rate ; if a number in 
one set be doubled, tlie one in the other 
set is also doubled. When they are in 
inverse proportion, those in the one set 
diminish as those in the other increase, 
and that too at the same rate ; if a num- 
ber in the one set be doubled, the one 
in the other is halved. 

131. As in the case of direct propor- 
tion, we must never conclude that sets 
of corresponding numbers are in inverse 
proportion, unless we can prove that 
tlie product of every pair of them must 
be the same. If one set contains the 
different numbers of labourers that 
may be set about the same piece of 
work, and another set the numbers of 
days that the respective bands of labour- 
ers would take to finish it ; the numbers 
in the one set are inversely proportional 
to those in the other : for the number 
of days multiplied by the corresponding 
number of labourers, gives for product 
the number of days' labour of one man 
required to do the work, which will be 
the same whatever be the number of 
labourers. So if one set of numbers 
contains the hours taken by ditferent 
persons to travel the same distance, and 
another the number of miles that every 
person travels in an hour, the corre- 
sponding numbers will be in inverse 
proportion ; for the number of hours 
multiplied by the space travelled in an 
hour, gives the whole distance travelled, 
the same for all. 

132. It a and a’ be two numbers, and 
A and 1/ tw o corresponding ones in in- 
verse proportion, we have 

a b = d b'. 

From this we find 



or 

: A' :: a' : A. 

They are in direct proportion, then, if A 
and A' change places. On the other 
hand, if there be two numbers, and 
ot.her two in direct proportion to tliem, 
if the second two change places, thqr 
will now be in inverse proportion to the 
D 2 
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first two ; and this is the reason why 
the sort of proportion of which we are 
now speaking is called inverse. 

133. When two numbers are given, 
and a third, it is the business of the 
rule of three in arithmetic to find a 
fourth, such that the second and fourth 
shall be either in direct proportion to 
the first and third, or in inverse, as the 
question may require. The first and 
third must both represent things of the 
same sort, as, for instance, sums of mo- 
ney or labourers ; the second and fourth 
must also be of the same sort, as yards 
of cloth or hours. As in the former 
cases, let a and o' l)e the first and third, 
A and bf the second and fourth. 

When the proportion is direct, we 
have [art. 127] 

a:b ;; o': b' ; 

and the equation in the same article 
gives 



which shows that The fourth i$ the 
product of the second and third divided 
by the first. 

When the proportion is inverse, we 
have [art. 132] 

a-.V-.:a’-.b, 

and the equation in the same article 
gives 



which shows that The fourth is the 
product of the first and second divided 
by the third. 

Whether the question furnish us with 
numbers that are in direct proportion 
or inverse, can, as we have seen, always 
be found out by a little consideration. 
For example, if a garrison of 800 men 
victualled for 90 days be reinforced by 
300 men, for how many days is it now 
victualled ? Here 800 men and 1100 men 
are the first and third quantities ; 90 
days and the number of days required, 
the second and fourth. The numbers of 
days are inversely proportional to the 
numbers of men ; for the number of days 
must be such that the product of it, 
by the numlier of men, shall be the 
number of daily rations of food in the 
garrison for one man ; and the number 
of these rations is the same after the 
reinforcement as it was before. There- 
fore by the second rule, we have 


Pays required = 


800 X 90 
1100 



134. Questions in compound propor- 
tion are those in which five quantities 
are given, and a sixth is required, or in 
which seven quantities are mven, and 
an eighth required ; and the uke. Such 
questions can always be answered by 
reducing them to one of the two kinds 
of simple proportion. For instance ; if 
20 men weave 84 yards in 6 days, how 
many days will 1 2 men take to weave 
100 yards? Call the number of days 
souglit X. Since the number of yards 
woven in a given time is directly pro- 
portional to the number of weavers, 
and since 20 men weave 84 yards in 
six days, 12 x 20 or240 men will weave 
12 X 84 or 1008 yards in six days. 
Also, since 12 men weave 100 yards in 
•r days, 20 x 1 2 or 24 0 men will weave 
20 X 100 or 2000 yards in x days. So 
that our question, which stood at first 
thus, 


Men. 

Dny*. 

Yanli. 

20 

6 

84 

12 

X 

100, 

will stand thus 



240 

6 

1008 

240 

X 

2000; 

where the nimiber of 

weavers is the 

same in both. 

This 

numlier, then, is 


now of no consequence to the question, 
and it may be put ; If a certain number 
of men weave 1008 yards in 6 days, 
how many days will they take to weave 
2000 yards ’ By the rule of direct pro- 
portion [133] the answer is 
6 X 2000 ,, 912 , 

1008 " " 

20 X 100 X 6 
12 X 84 ■ 

135. In every question of compound 
proportion there is one quantity given 
of the same nature as the quantity 
sought, X. Call tills given quantity, for 
shortness, a. Of the other quantities 
given one half belongs to a and the 
other half to x. The rule of compound 
proportion is this ; Write a, and the 
quantities belonging to it.inoneline, and 
X, and the quantities belonging to it, 
belotc, in another, observing to have 
quantities of the same nature one under 
the other ; tchen two corresponding 
quantities have to each other the direct 
proportion of a. to x chimge their places, 
writing the lower one in the upper line, 
and the upper one in the lower ; divide 
the product of a the quantities in the 
Upper line as it now stands, including a, 


Digitized by Coogle 



37 


ARITHMETIC 

by the prr/duct of ail the given quanti- 
lice in the lower line, the quotient is x. 

Thus, in the question in art. [ 1 34 J, be- 
cause the number of yards woven is in 
direct proportion to the number of days 
taken to weave them, we make 84 and 
1 00 chanire places ; and because the 
time required to do a piece of work is 
in inverse proportion to the number 
of men employed about it, we let 20 and 
12 stand as they are. So that we find 
X, as before, to be 

20 X 100 X 6_ 

12 X 

Take another example ; If 10 men dig 
8 acres in G days, working 8 hours a day, 
how many men will be able to dig 7 
acres in 3 days, working 10 hours a 
day? Writing the quantities as the 
rule directs, tliey stand 

Mfn. Acres. Dsjrs. Hoars. 

(a). 10 8 6 8 

a; 7 3 10 

The days and hours are in inverse pro- 
portion to the number of men, so that 
the numbers expressing these quanti- 
ties must stand as they arc. The acres 
are in direct proportion to the number 
of men, and therefore the numbers 
expressing acres must change places. 
Then, by the rule, 

10x7x6x8 

X = . 

8 X 3 X 10 

Before we multiply we can strike the 
common factors out of the dividend and 
divisor. We then find 
7x6 

X = — ^ — = 14 men. 

The truth of the rule in any particu- 
lar instance can easily be ascertained in 
tlie same way as in art. [134]. 

13G. When the numbers in one set 
are directly proportional to those in an- 
other, if y stand for any number in the 
one set and x for the corresponding 
one in the other, and if m be the quo- 
tient always proceeding from the divi- 
sion of a number in the first set by the 
corresponding one in the other, then 
y - mx. 

For in that case we shall always have 



This relation between y and x is some- 
times expressed by saying that y varies 
directly as x. Thus, because the work 
done in a given time is proportional to 
the number of workmen, we say that 


AND ALGEBRA. 

the work varies directly as the number 
of workmen. 

So, when the sets contain numbers in 
inverse proportion, if m be the product 
of two corresponding numbers we shall 
have 


m 



For in that case 

m 

yx = — X = m. 

X 

Here we say, that y varies inversely as 
x; for instance, the time of doing a 
piece of work varies inversely as the 
number of men employed. 

137. Besides being directly or in- 
versely proportional, there are a great 
many other ways in which the numbers 
in one set may depend on those in an- 
other. For instance, take the sets 
5, 20, 125 , 243, 845, . . .(p) 

1, 2, 5, 7, 13, ...(x) 

where the numbers in the upper set 
are directly proportional to the squares 
of those in the lower, and consequently 
increase when those in the lower set in- 
crease, but at a much faster rate. In 
this case, any number in the upper line, 
divided by the square of the one below 
it, will be found to be 5, so that 
y = 5 X*. In general, when y = mX‘, 
where m always remains the same 
whatever values are given to x and y, y 
is said to vary directly as the square of 

X. Similarly, if y = ^, y is said to vary 

inversely as the square of x. Here y 
diminishes while x increases, and at a 
much faster rate. 

The symbols x and dc. b'ut more usu- 
ally the former, are sometimes used to 
denote variation. Thus, that y varies 
as the cube of x is sometimes expressed 
y X X*. But it will always be found 
much more convenient to use the sign of 
ec^uality, as we have done above. If 
this be attended to, such questions as 
the following can give no trouble. 

If y vanes inversely as x, and u 
varies as the square of y, in what way 
does u vary with respect to x7 We 

have y = — • Also,u = m' y*. In this 

X 

expression for u substitute the value 
of y, and it becomes u = m' or 

» = Now is of the nature 


Digitized by Google 



3S 


ARITHMETIC AND ALGEBRA. 


of m or m'. in respect that it does not 
vary, and therefore u varies inversely 
as the square of x. 

Again, if y varies as the square of x, 
and u varies as x inversely, in what 
way does the product of y and M vary 
with respect to x f We have y = m x* 

and u = — : therefore y u = mx*. — or 
X X 

mm'x. So that y m varies as x directly. 

138. When a question produces a 
simple equation of the form 
a X = 6, 

that is, one in which x does not occur 
in the one member and is a factor in 
every term of tile other, such a question 
can he answered by the arithmetical 
rule of single position. Substitute some 
number, such ns s, for x, and suppose 
that we find that 


of double position. As in art. [109j, 
this equation may be put in the form 

(a — c) X + b — d = 0. 


Now suppose that ris substituted forx, 
and that instead of zero we find the ex- 
pression to be equal to «. Then we 
have 

la — o)t + b — d = e. 


and, subtracting the first of these equa • 
tions fi-om the second, as in [1 1 9], 


or 


la — c) s — (a — c)x = e. 


la — c)(» — X) = e. 


Again, make another substitution s' for 
X, ami let s' be the result. Then, as 
before, 

(a — c) (s' — X) = d. 


as - V. 

Now two fractions are equal when the 
numerator and denominator of the one 
arc respectively equal to those of the 
other; therefore 

ax b 
as~ 1/ 

whence by [79] 

X _ b 

s -T" 

or by [127] 

X : * : : 6 : y. 

The rule of single position is con- 
tained in this proportion, and is as fol- 
lows : Suppose some value for the un- 
known quantity, and find what the 
result would be on that supposition. 
The true value of the unknown quantity 
is to its suppeised value as the true result 
is to the result found. 

For example : To find the number, 
of which the half, the third part, and 
the fourth part added together make 
65. Suppose the number to be 48. 
The half, the third part, and the fourth 
part of 48, or 24, 16, and 12 added to- 
gether make 52. Tlien we have by the 
rule 

x:48::G5:52. 

And from this we find, by [133], that 
the nunilH>r sought is 60. 

139. When a question furnishes such 
an equation as 

ax-irb — cx-l-d, 

it can be solved by the arithmetical rule 


Dividing the members of the first of 
these two equations by those of the 
last, as in [138], we have 

(a — c)(s — X) _ e 
(o — ells' — xi ~ d' 


and, striking out the common factor 
a — c, 

s — X e 
d —X ~ d 


solving this equation, as is directed in 
[1 1 1], it becomes successively 


and 

whence 


ds — dx = ed — ex 


(e — d)x = ed — d s ! 


X 


ed—ds 
e — d ' 


This expression contains the nile : 
Make two suppositions for the unknoivn 
quantity and note the two false results ; 
multiply the second supposition by the 
first result and the first sujmosition by 
the second result ; subtract the second of 
these products from the first, and also 
the second result from the first ; divid- 
ing the first of these differences by the 
secojid the quotient is the unknown 
quantity sought. 

For example : A doubles the money 
that B has got, and tlien B gives A 31. ; 
when tliis has been done three times, U 
finds that he has no money left ; How 
much had he at first ? First, suppose 
that B had 4/. at first. In this case, 
after the first transaction, he would 
have 51., after the second 71., and after 
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the third 11/. Next, suppose that B 
had ‘it. at first. Tlien, after the first 
transaction, hewouldhave 1/. Aflerthc 
second he would owe A 1/., that is, he 
would have — I/. Since A doubles B's 
money every time, the third transactii-n 
would be, that A should double B's 
debt [see art. 15.]; and then B oucht 
to cive A 31. So that at the end of the 
third transaction, on tliis supposition, B 
owes A 5/., or B has — 5/. \Ve thus have 
Suppositions 4, 2, 

Results It, — 5. 

The product of the second supposition 
by the first residt is 22 ; the product of 
the first supposition by the second re- 
sult is — 2u. the difference of these 
products is 22 — ( — 20) or 42. Ap;ain, 
the difference of the two results is 1 1 — 
(—5) or 16. Then,by the rule, the num- 
42 5 

her sought is the quotient — 

Tliis is equivalent to 21. 12*. 6d., which 
will he found to satisfy the question. 

The ride of double position is also 
ap])Ucable to solve equations of the 
form 

ax + b = e. 

But these rules of position are of little 
use, as all the questions to which they 
can be applied are much better answer- 
ed by means of simple equations. 

Of Arithmetical Progreeeion. 

140. Let there be a set, or leries, of 
numbers, such as 

4, 7, 10, 13, 16, 19, 22, &c., 
where every one is formed by adding a 
certain number, in this case 3, to the 
one before it ; such a set of numbers arc 
said to be in arithmetical progre.uion. 
The numbers themselves taken collec- 
tively are also said to constitute an 
arithmetical seriet, or progression. The 
constant numtier by which every one 
must be increased, so as to form the 
next, is called the common difference. 
The numbers 

1, 2, 3, 4, 5, 6, &c., 

for example, make an arithmetical pro- 
gression in which the common difference 
is unity. 

In like manner, when there is a series 
of numbers, such as 

6, 4, 2, 0, - 2, - 4, - 6, - 8, &c., 

where every one is formed by subtract- 
ing a certain number, in this case 2, from 
the preceding, such numbers also ate 


said to bo in arithmetical progression. 
In such a case the common ilifference 
is said to tie negative, fur every mmilier 
is formed by adding a negative quantity 
to the one before it. 

141. If n lie the first term and b the 
common dilference of any avithinetical 
progression where the comiiiun ditfer- 
ence is positive, 

a, a + 6, a -I- 2 A, a + 3 A, &c. a + n A 

are the several terms of the progression. 
In like manner, when the common dif- 
ference is negative, 

a, a — A, o — 2 A, a — 3 A, &c., a — nb 

are the terms. This last scries is sim- 
ply the first with — A sutistiluted in 
it for -I- A ; so that by giving the pro- 
per values to a and A, the first series 
may be made to stand for any arithme- 
tical progression, whether the numbers 
increase or decrease. 

142. When we know the first term of 
an arithmetical progression and the 
common difference, we can always find 
any other term of it. The second term 
is the first with the common difference 
added to it; the third is the first with 
twice file common difference added to it, 
and so on ; so that the tenthis the first with 
nine times the common difference added 
to it; and similarly for any otherterm. This 
may be stated generally by saying, that 

the n'* term is equal to the first, with n — 1 
times the common difference added to 
it. Thus, if a he the first term, and A 
the common difference, the n'* term of 
the progression is 

0 -t- (n — 1 ) A. 

For example, the 100“ term of the pro- 
gression 5, 11, 17, &c., where the first 
term is S, and common difference 6, is 
5 + (100 - 1)6, 

or 599. As in the last article, this ex- 
pression may be extended to decreasing 
progressions tiy making A negative. So 
that tlie 20“ term of the progression 
105, 64, 23,— 18, &c., where —41 is 
the common difference, is 

105 + (20 - 1) (-41), 
or - 674. 

143. When there are two quantities 
that are the first and last terms of an 
arithmetical progression, the other terms 
are said to be so maiiy arithmetifal 
means lietween them. Thus, 7 and 10 
are two arithmetical means lietween 4 
and 1 3 ; the progression, when com- 
pleted, being 4, 7, 10, 13. 
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Let it be required to find five arith- 
metical means between 7 and 25. Tlie 
five numbers required, together with 7 
and 25, are to make an arithmetical pro- 
gression of seven terms ; therefore, by 
the last article, six times tlie common 
difference added to 7 must make 25. 
25 — 7, then, or 18, is six times the 
common difference, and the common 
difference therefore is 3. The five 
means sought are 1 0, 13, 1 f>, 1 9, and 22. 

In the same way we shall find, tliat if 
a be one quantity and / another, and it 
is required to find m arithmetical means 
between them, the common difference 
of the arithmetical senes which these 
means will form will be 
I — a 
m + 1’ 

for, just as we divided 25 — 7 by 6, 
which is 5 + 1, in the former case, we 
shall find that in all cases we are to di- 
vide / — a by m -t- 1 . 

This may also l)e deduced from the 
expression for the n'* term of an arith- 
metical scries [art. 142] in this way; a 
and / and the m means are to form a se- 
ries of OT -I- 2 terms ; therefore i is the 

ij, 

m + 2 term of an arithmetical pro- 
gression whose first term is a ; if A be 
the common difference, substituting 
m + 2 for n for the expression in [I42j, 
it becomes 

/ = o + (m -t- 1) i, 

hence, 

(m + D 6 = I — a, 

and, solving this equation, we find as 

«=a -l-a-l-6 -i-a+26 

and 

s =a-t-(n — 116+a-Hn— 2)6-l-a+(n- 


before, 

4=-^. 

m + I 

When there is one arithmetical mean 
to be found, m is 1 , and therefore we 
divide 1 — a by 1 + I or 2. One arith- 
metical mean between 10 and 40 is 
found by dividing 40 — 10 by 2, and 
adding the quotient 15 to 10; the sum 
is 25 ; and 10, 25, and 40 are in arith- 
metical progression. 

144. Let it be proposed to find the 
sum of any set of quantities in arithme- 
tical progression, such as 4, 7, 10, 13, 
16, 19. Call this sum s; then 

e = 4 + 7 -1- 10 -1- 13 + 16 -t- 19, 
or 

#= 19 -I- 16 + 13 -1- 10 -1- 7 -I- 4; 
taking the terms of the progression in 
an inverted order. Add these two equa- 
tions together, and they become 

2 = 23 + 23 + 23 + 23 + 23 + 23. 

Now all the terms in the second mem- 
ber of this equation are the same, and 
there arc six of them. Therefore 
2 * = 6 X 23 = 138, 
and 

1*8 

* = — or 69. 

2 

By treating in the same way the 
general expression in [141], we shall 
find a general expression for its sum, 
which may be ajiplied to find the sum 
of any arithmetical progression. Taking 
n terms of it, and calling their sum s, 
we have 

+ See. +a+(n— 2)6+a+(n— 1)4, 
3)4+8ec. +a+4 +o. 


inverting the order as before. Adding, we have 

2*=2o-h(n — 1)4+2 a+(n- 1)6+ Scc. + 2 u+(n— 1) 4+2a + (n- 1) 4. 

In the second member of this equation ing progression, by making 4 negative. 

we have 2 a + (n — 1) 4 repeated n In that case 

times, since there arc n terms in the n(2a — n — 16 ) 

series. The sum of the terms of this * = 

member therefore is the product ot * 

2 a + (n — • 1 ) 4 by n, whence and this is the sum we should find for n 


and 


2t - n(2a + n — 14), 

_ nf 2 a + n — I 4) 
2 


The expression in [141], the sum of 
the terms of which we have just found, 
became the sp'neral expression for a de- 
creasing arithmetical series, by making 
4 negative. Therefore the last expres- 
sion for t becomes the sum of a decreas- 


f erms of the progression a, a — 4, a — 2 4, 
&c. a — (h — 1 ) 4, if we treated it in the 
same way as the increasing progression. 

The expressions 2a + n — 14, 2a — 

n — 1 4 are respectively the first term 
of an increasing or decreasing progres- 
sion added to the n'* ; so that if , be 
this n'* tei-m, we have 

n (a + 1) 
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This furnishes us with the general rule 
for finding the sum of any increas- 
ing or decreasing arithmetical progres- 
sion. AM the first term to the last, 
multiply this sum by the number of 
terms, and take half the product. 

The sum of the progression 1 -I- 2 + 
3-1-4 See. up to 7541, is by this rule 


7541 x(7541 -1- 1) 
2 


or 28437111. 


The 


sum of 40 terms of the progression 
23 -1- 20 -1- 17 -1- &c. where the 40'* 


term is — 94 is 


40(23 - 94) 
2 


or - 1420. 


145. The sum of n terms of the pro- 
gression 1 -1- 3 -1- 5 -1- &c. is by our 

nUe , since the n‘» term 

of the progression is 1 -H n — 1.2. This 
expression for the sum reduces itself to 

” ” or »•. The sum of any number 

n of the consecutive odd numbers, be- 
ginning with unity, is therefore the 
square of n. So that 1 -1- 3 = 2* or 4, 
1 -1- 3 -1- 5 = 3* or 9, &c., and 1 -1- 3 + 
5 -t- 7 -1- &c. -1- 27 = 14* or 196. 

146. It is easy to see that when the first 
terra and common difference are whole 
numbers, the expression for the sum 

^ ■(2a + n-1 b) ^ whole 

number ns it ought ; for if n be an 
odd number, n — 1 is an even number. 


We have seen [art. 76] that if any 
number N be put in the form 

Ao -1- A, 10- + A, lO*- -1- See. ; 
and if 

Ao -b Ai + Ai -b &c. 

be measured by any number that also 
measures 1 0" — 1 , then N is measured 
by the same number. Now 10* — 1 is 
always measured by 3, [art. 67], and we 
have just seen that if the numbers Ao, 
Ai, A«, &c. be in arithmetical progres- 
sion, and in number three, or six, or 
nine, &c., their sum is measured by 3. 
It follows, that when the digits of a 
number can be divided into three, or 
six, or nine, &c. periods, each of an 
equal numbW of digits, if the numliers 
then expres.sed by these periods be in 
arithmetical progression, the number is 
measured by 3.* 

In like manner, the sum of any odd 
number m, of terms of an arithmetical 
progression is alwajts measured by m, 
the odd numtier ; thus, the sum of seven 
terms is always measured by seven, of 
nine terms by nine, and so on. There- 
fore, since 10’ — 1 is always measured 
by 9 [art. 67], if the periods Ai, At, At, 
See. be in number 9, or any multiple of 
9, and in arithmetical progression, the 
number is measured by 9. Similarly, 
since 10* — I is measuiw by 37 ; if the 
digits of any number can be divided 
into 37, or 74, or lll,&c. periods of 
three digits each, and these mriods are 
in arithmetical progression, tiie number 
is measured by 37. 


and therefore (2 a n — 1 4) is an even 
number. So that whether n be an even 
or an odd number, one of the two num- 
bers n, or 2 o 4- n — 1 6, is even, and 
therefore their product can be always 
measured by 2. It is plain also, that 
when a and b arc whole numbers, and 
n is measured by 3, the expression for 
( is measured by 3 ; for in that case 

n (2 a -b n — 1 A) is measured by 3 [art. 

J ,, , n(2a -b n — 1 A) . 

51 j; and therefore is 

measured by 3, [art. 62], since 2 and 3 

are both prime factors of n (2 o-b n— 1 A). 
It follows from this, that the sum of any 
three terms, of any six terms, of any 
nine terms, &c. m arithmetical pro- 
grcs.sion is measured by 3. Thus, the 
sum of 12 terms of the scries 100, 93, 
86, &C. is 738, which b measured by 3. 


Of Geometrical Progression. 

147. Next, let there be such a set of 
numbers as 

5, 15 , 45, 135, 405, 1215, 3645, &c 

where every one is formed by multiply- 
ing the one before it by a certain num- 
ber, in the present case 3 ; these 
numbers are said to be in geometrical 
progression. The number by which 
eveiy one is successively multiplied to 
produce the next, is called the common 
ratio. This common ratio can always 
be found by dividing any terra in the 
progression by the one before it. When 
the common ratio is greater than unity, 
the terms go on increasing ; when it is 
less than unity, they go on diminishing, 
as in the series 


* 8m FrWiintflAry IVeafifff. p. 9, to the note, and 
the cmnplee firen there. 
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16, 8, 4, 2, 1, , &0., 

in which the common ratio is — . When 
2 

the terms increase, the series is called 
an ascending one ; when they decrease, it 
is descending. Wlien the common ratio 
is n^ative, the terms are alternately 
positive and negative, as in the series 

1 _ H lii _ IHi *^‘'-** gj. 

■ lo' lOO’ “ 1000’ lUOOO’ 

where Uie common ratio is — — . 

10 

148. If r be any number positive or 
negative, the general expression for a 
geometrical scries will be 

a,ar,ar*,at*, ar* ar‘. 


Here a is the first term, a r the second, 
or* the third; and the «“ term is 
or"“>. The 7'* term of the series 
3, 6, 12, Sic. is 3 X 2< = 3 X 64, or 192. 

149. The intermediate terms of a 
geometrical progression are said to be 
so many geometrical means between 
the first term and the last. Let it be 
required to find m geometrical means 
between a and 1. The means to be 
found, together with a and I, are to con- 
stitute a geometrical series of m -h 2 
terms. If r be the common ratio, 
(which as yet is an unknown quantity,) 
since / is the (m -h 2)'* term of tlio pro- 
gression whose first term is a, we have, 
putting m + 2 forn in the expression in 
the last article, 

I — a r"*+*. 

Hence 



So that r is a number whose (m -1- 1)“ 
power is and by [11] this number is 


expressed 




We cannot as 


fet find this number, but supposing 
mown, the means sought are 


or, a r*, ar*,, .a r“ 


Since fart. 127] 

a: ar :: or : or»; 


and since o r is a geometrical mean be- 
tween a and or"; it follows that a 
mean proportional [129] between two 
quantities is also a geometrical mean 
between them. It follows from the 
same article that all the terms of a geo- 
metrical series are in continued propor- 
tion. 


150. Let it be proposed lo find the 
sum of the terms 

8, 24, 72, 216, 648, 

which form a geometrical progression 
where the common ratio is 3. Call the 
sum s ; then 

s = 8 -I- 24 -f- 72 -P 216 -t- 648 
and 

3s = 24 -t- 72 4- 216 648 -t- 1944; 

where tlie second equation is got by 
multiplying every term in each member 
of the first by 3, the common ratio. 
Now, subtract the first equation from 
the second, the terms in the seconil 
members destroy each other, and there 
remains 


2s = 1944 — 8 = 1936, 

whence 

s = 968. 

161. In the same way the sum of n 
terms of the general geometrical scries 
in art. [148] may be found. Let the 
sum be s, then 

» = a-l-or-l-ar*-har’ + &c., 

4- or*“‘ 4- ar"-', 
and 

rs = or4-or*4-ar’4- &c. 

4 - or"-* 4- or*~‘ 4- or* , 

just as before. Subtract the first equa- 
tion fi'om the second ; then 


rs — s = ar" — a; 


whence 


and 


(r — l)s = or* — a. 


ar" — a r" — 1 

s = — , or a 

r — 1 r — 1 


If a be 1, these expressions become 


1 -p r 4- r* 4- Sic. 4- r""> 


r* - 1 
r - 1 ■ 


and this last is the result we came to in 
art. [46], 


ar ~ a . 

The expression s = j- gives us 

the following nde for the sum of any 
number of terms in geometrical pro- 
gression. Suhtraet the first term from 
the last multiplied by the ettmmon ratio, 
and divide the dijference by the common 
ratio diminished by unity ; the quotient 
ts the sum requir^ for example, the 
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turn of five terms of the series 6, 12, 
24, &c. where tlie last term is 96, and 
. 2 X 96 - 6 

common ratio 2, is ■ — 2 — i — > '86. 

80 the sum of 8 terms of the series 6, 

— 18, 54, See. where tlie common ratio is 

— 3, and the 8“ term is — 13122, is 
(- 13122).(- 3)-6_ 39366 — 6 

-3-1 - 4 

or - 9840. 

When the series is a descending one 
r and r* are both less than I . In such 
a case it is Iietler to put the expression 
for the sum in the form 

1 -r" 

*““l -r ’ 

as in art. [81]. A corresponding 
change may be made in the arith- 
metical rule for summing a descending 
series. 

152. Let the progression to be 
summed be 



+ - + &C. 


named. We conclude, then, that the 

sum of the scries ' + + I" + ■5 +&0. 

if it be continual without limit to the 
number of terms, is accurately equal to 
2 ; for though we do not show directly 
that it is so, yet if any one denies it, 
and slates any ouantity, however small 
it be, by which the sura differs ft oni 2, 
we can show that it does not differ by 
a quantity so great. For instance, let it 
be said, that the sum differs from 2 by 

j^^of unify. Since 2'® = 1024, and 

since « always differs from 2 by 

if B — 1 = 10, that is, if n = 1 1 t differs 

from 2 by of unify only. Tliere- 

fore the sum of 1 1 terras of the series 
differs from 2 by a quantity less than 
the (piantity named. 

Tlie truth of this may be illustrated 
in this way. A B is a line two inches 
long, and cut into two equal parts 


By the last egression the sum of » 
terms of this will be 



[arts. 90, 93]. Now as we goon giving 
greater and greater values to n, 2*"‘ 
lieeomes greater and greater ; and, by 
making n sufficiently great, may be 
made greater than any quantity that 
can be named. But as 2*-‘ becomes 

greater and greater, ^^7! becomes less 

and less, and may, by making n suffi- 
ciently great, be ra^e less than any 
quantity that can be named. It follows, 
then, that as n is made greater and 
greater, that is, as more and more 
terms of the series are taken, » differs 
from 2 by a less and less quantity, and 
may, by taking a sufficient number of 
terras, be made to differ from 2 by a 
quantity less than any that can be 


A c n E P B 

I I I 

at C ; C B is cut into two equal parts 
at D, D B again at E, and so on. Then 
A C is one inch, C D half an inch, 
D E a quarter of an inch, and so 011 ; 
so that AC + CD+DK + EF-f- &c. 
is the sum of the scries 

+ &c. ^ inches. 

Now we plainly see, that by making 
subdivisions enough, the sum of these 
lilies may be made to differ from A B, 
or 2 inches, bv a quantity as small as 
we please, while it can never exceed 
A B. 

In these cases we take the sum of a 
number of terms of the series greater 
than any number that can be nameil, 
that is [art. II 7] we suppose n to lie 
infinite. But when n is infinitely great, 

2" is also infinitely great, and is in- 
finitely small, or differs from nothing 
by a quantity infinitely small, or, in a 
word, is equal to nothing. 

153. Such a series as the one whose 
sum we have just taken is called an 
infinite teriet, because the number of its 
terms is infinite. Every geometrical 
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Beries whose terms ko on decreasing; 
can he summed to infinity in the same 
way. In the expression 


when r is less than unity, by making n 
sufficiently great, r“ may be made less 
than any quantity that can be named. 
Therefore 1 — r" may be made to differ 
from unity by a quantity less than any 
tliat can be named ; and, as before, we 
shall have 

a 

* 1 -r 

in which we recognise the result in 
art. [46], 

Hence the rule for summing a de- 
scending geometrical scries to infinity : 
Divide thejirst termby unity diminished 
by the common ratio, the quotient is 
the sum required. The sum of 


hundredth, in the third place one-thou- 
sandth, and so on. Proceeding from 
the units' place towards the left we 
shall then have tens, hundreds, thon- 
sands, &c. ; and towards the right, 
tenths, hundredths, thousandths, &c. 
For example, 25.763 (where the units’ 
place is marked by a point placed just 
afler it) will mean 

20 -I- 5 -t- -b -5_ + _£_ 

10 100 1000 

155, This way of expressing the part 
of a number that is less than unity is 
called a decimal fraction. A fraction 
written in the common form is in dis- 
tinction called a imJgar^ that is, a com- 
mon fraction. Any vulgar fraction may 

3 

be turned into a decimal. Take - for 

8 

instance, 


4 4 4 

--1-- +4- -I-&C., 

or 


5 25 125 


I 

x 375. 

continued to infinity, where the com- 
mon ratio is is by this rule 

Therefore 

1000 


3 300 70 -b 5 

5 


8 1000 

4 4 

or 


5 5 

. = - or 1. So the sum of 

1 4 


l + 2- + _i_. 
10 100 1000’ 


2 4 8 

-t- — to infinity, where the com- 

3 9 27 

mon ratio is — is 


and this written as a decimal fraction 
is .375, where a point is placed to show 
where the decim^ digits begin, and is 
called the decimal point. In the same 
way we find, that 

,1 , . 1 .. 70000 

® 16 “ 10000 16 ’ 
or 5.4373. Similarly, 



Of Decimal Fractions. 

154. Wc have seen [art. 74], that we 
can express all whole numbers ny means 
of the nine digits and zero, by agreeing 
that every digit when it is written shall 
have only one-tenth of the value it 
would have had if it had held the next 
place towards the left. Let this agree- 
ment be pursued beyond the units' 
place, and let it be under.stood that 
when a digit is written next to the right 
of the units' digit, its value is one-tenth 
of what it would have been if it had 
held the units' place ; when it is written 
in the second place to the right one- 


-L - _L 1££ 

20 “ 100 ^ 20 ’ 

5 

or — , or .05. Here zero is placed 
first on the left, because there are no 
tenths of unity in — . 

To reduce vulgar fractions to deci- 
mals, the rule is this : Add zeros to the 
right of the numerator and divide by 
the denominator ; make the number of 
decimal places in the quotient equal to 
the number of zeros added to the nume- 
rator, and to make up this number, if 
necessary, add zeros to the left of the 
quotient. A zero placed to the right 
of a decimal has no effect ; .2 and .20, 
for instance, are respective the same 
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as — and — , both of which are equi- 
10 too 

valent to 

156. If by this rule we try to reduce 

- to a decimal fraction, the division 
3 

will never come to an end, and we find 
for answer .333 &c„ without limit. We 
shall find by the rule in art. [150], that 
the sum of the infinite geometrical sc- 
ries 

3 3 3 , ,, 

1 1- &c. 

10 100 1000 

which is equivalent to the decimal .333 

&c., is i. It is easy on other grounds 

to see the reason of this result. When 
we multiply the numerator of a fraction 
by a number and divide the product by 
the denominator, it is necessary, in or- 
der that the division may leave no re- 
mainder, that the nnmerator be multi- 
plied by some number that makes it a 
multiple of the denominator. Now, in 
our process, we multiply the numerator 
by some power of 10, and no power of 
10 is measured by 3 ; therefore we may 
divide the product by 3 for ever without 
coming to an end. 

The only prime factors [art. 61] of 
any power of 10 are 2 and 5 ; so that 
when a fraction is in its lowest terms 
[79], if there be any prime factor be- 
sides 2 and 5 in its denominator, it 
cannot be reduced into a decimal that 
will terminate. In that case, the nume- 
rator contains none of the prime factors 
of the denominator, and no power of 10 
contains them all, therefore the pro- 
duct of the numerator by no power of 
1 0 is measured by the denominator [61]. 

5 

Thus, — gives the decimal .555 &c., 

and ^ gives .68181S1, &c. Decimals 

such as these are called repeating de- 
cimate ; those in which the repeating 
part consists of more than one digit are 
sometimes also called circulating deci- 
mals. .333 &c. is written .S, so .68181 
&c. is WTitten .661, and .531531 &c. is 
vrritten .531 ; the points being placed 
so as to mark out the rei>eating part. 

157. When a proper fraction is in its 
lowest terms, it can therefore always be 
reduced to a terminating decimal if 
there be no prime factors in its deno- 


minator other than 2 and 5, and in that 
case only. The number of digits in the 
decimal to which it can be so reduced 
will be the number indicating the power 
of that one of the two factors 2 and 5, 
which is found in tlie highest power in 

the denominator. For example, — is 

reduced to .3125 with four digits, be- 
cause 16 is the fourth power of 2. So 

— is reduced to .38, with two digits, 
50 

because 5 is found in its second power 
in 50, while 2 is found only in its first. 

The reason is plain. Let be Uie 

fraction, where a does not contain 2 or 
5 ; and let m be greater than n. If we 
multiply a by 10", that is, by 2". 5", it 
will be measured by 2“ . 5" ; while if it 
be multiplied by any lower power of 1 0, 
as lO""', it will not be measured by 2", 
and therefore not by 2" . 5“. N ow, when 
we multiply by 10" we add m zeros, and 
by our rule the number of decimal places 
is equal to the number of zeros added. 

1 58. When the fraction is in its lowest 
terms, and the denominator is prime to 
1 0 , we have seen that it will not pro- 
duce a terminating decimal. It will 
always give a repeating decimal, which 
will begin to repeat from its first digit. 

7 5 

Thus — produces .5384 6 Land — pro- 
lo 7 

duces f 14285. The reason of this is 
as follows. 

Q 

Let ^ be a proper fraction where b is 

prime to 10. In turning it into a deci- 
mal we divide 1 0 o by ft ,■ the whole part 
of the quotient, which we miiy call 
is the first digit of the decimal ; let the 
remainder be r, . We divide 1 0 r, by 6 
for the second digit dt , and have a re- 
mainder r, . Proceeding thus we find 
digits d„d„ d,, rf,, &c., and remainders 
r,, r,, r,, n, &c., corresponding. Now 
suppose that after a certain nnmhcr of 
partial divisions we fall on a remainder, 
rj for instance, the same as one we 
have had before. Tlie remainders that 
succeed rj, the second time, must be 
the same as those which succeeded it 
at first ; for the circumstances to pro- 
duce them are the same. In both cases 
they will lie r,, r,, &c. 

But the remainder preceding r* in 
both cases will also be uie same, viz, r 
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Suppose, for the sake of areument, that 
in the second case it may lx; different, 
and call it «■ Then we have 
1 0 r, = rf, 6 + r, 

in the first instance, and in the second 
10 s = (j b + r,. 

Wliere r; is some whole number less 
than 10, and ditf'erenl from rf,, else r, 
and s would be the same. Subtracting 
the second of these equations from the 
first 

10(ri-«)= id, — q)b, 

whence 

Now all the remainders ri, *, r„ &c. 
are less than b, and therefore r, — s is 
less than b; therefore b cannot mea- 
sure r, -*■; and therefore since 10 is 
prime to b, b cannot measure 10 (r,—*), 
which on our supposition it docs. It 
thus leads to an absurdity to suppose 
that r, and s can be different, and there- 
fore they are the same. 

In the same way it may l)e shown, 
that the remainder preceding r, the 
second time it occurs, is a. 

It follows, that if among the re- 
mainders any two are the same, all 
the remainders form periods exactly 
similiu- to each oilier, the second ueiiod 
becinning with n. Hut among tlie re- 
mainders some two must be the same, 
for they aie all less than b, and there- 
fore there can he but b — 1 different ones, 
while tlieir number is infinite. Now 
w hen we eome to a at the beginning of 
the second period of remainders, the 
digits furnished will be th, >1^ (I,, &c., 
just ns when we began from a at the 
beginning of the first periixl. There- 
fore the circulating part of the decimal 
will begin by repeating the first digit of 
the decimal. The number of digits in 
the repeating part cannot be more than 
6 - 1 . 

159. Whenthe fraction is in its lowest 
terms, and its denominator is not prime 
to ID, while it contains other factors 
besides 2 and 5, the decimid will, as we 
have seen, repeat, but will not begin 
from its tirsl digit. If the m'* be the 
highest power of 2 or 5 in the denomi- 
nator it will liegin to repeat after the 

5 

m'* digit. Thus, — is reduced to .83, 

fi 

which repeats after the first digit ; bc- 
Guu.se 6 contains 2 in the first power. 

So— or .1916 repeats after the third 

digit, because 120 cont^s the third 


power of 2, and only the first power of 
5. The reader will have no difficulty 
in deducing this from the principles just 
laid down. 

160. To reduce any terminating deci- 
mal to a vulgar fraction : Jl'rite the 
(h’rimal as a whole number for the nu- 
merator, and unity followed l^ as many 
zeros as there are digits in the decimal 
for the denominator ; reduce the frac- 
tion so formed into tower terms if pos- 
sible. The decimal .725, for instance, 
7 2 5 

is equivalent to— -I- 7 -gx + crr^iOr to 


10 


100 


700 

1000 


1000 

725 


29 


-12- -h— 2- orfo >07- - 

1000 1000 1000 40 

161. To reduce a repeating decimal 
to a Tulgar fraction, is to take the sum 
of an infinite geometrical nrogression, 
[156]. Ulus .23 1 is equivalent to 

. 231 , . 


iooo 


231 

1000000 


where the common ratio is 

sum is by [153] 

231 231 


1000000000 

1 

lOOO' 


1000 


1000 231 

'’®'' 999 ’ 


or 


The 


77 


333 


1 999 

‘ ~ 1000 1000 

If P be the repeating period, and con- 
tain m digits, the value of the decimal is 
P P . P 


10" 


10 *" 10 * 
1 


+ &C. 


The common ratio is — and the sum is 
..[art 153]. Observe that 10"— 1 


liT — 1 

is a number composed of m nines. 

Similarly .1761, which does not repeat 
from its first digit, is equivalent to 


IL 

100 


that is, to 


+ + 


: - 1 - 


37 

ioooo 

37 

lOOOOOOOO 

17 

Too 

1 


37 


1000000 
+ &c. 


1 


37 |_1_ 

fool 100 ‘ IOOOO ' 1000000 


-h Skx> 


_1^ 

100 

}L ^ 

100 


■hii 

lou 


37 

9900 


99’ 

86 

495 * 
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At 


From these examples we collect the 
following rule : Whin the decimal re- 
peats from its first digit, the vulgar 
fraction equivalent to it has for its 
numerator the rejiealing period, and for 
its denominator as many nines as there 
are digits in the repenting period ; tchen 
it does not repeat from its first digit, the 
decimal fraction is equal to the sum of 
two vulgar fractions, the first of which 
is the value of the ^xtrt not vomiting 
considered as a terminating decimal, the 
second has for its numerator the repeating 
period, and for its denominator as many 
nines as there are digits in the repeating 
periorl.fnilowed by as many zeros as there 
are digits in the part not repeatirg. 

162. To aild or subtract terminating 
decimals, or mixed numbers containing 
them : Write them one under the other, 
observing to have the decimal points all 
in the same column ; then proceed as in 
whole numbers. When they are written 
in this way, every column contains all 
the digits of some one denomination. 
Tlie column to the left of the decimal 
points, for instance, contains all the units, 
the one to the right all the tenths, and so 
on. This being the case, the reasons in 
arts. [2^ and i21] apply equally here. 

163. To take the product of terminat- 
ing decimals or mixed numbers con- 
taining them . Multiply them together 
as if they were whole numbers, and 
point off from the product as many 
decimal places as there are in the mul- 
tiplier and multiplicand together. If 
there are not so many digits in the 
product add zeros to the left. Let 
i.75 and 12.731, for instance, be the 

... 75 675 

two decimals, 5.75 = 5 -t- — or 


Similarly, 12.731 


12731 
1000 ■ 


Therefore 


or 


575 12731 

5.75 X 12.731 = -1- , 

100 1000 


575 X 12731 


127.54 -4. 6.32 = 

12754 

. 632 

12754 

X 

100 

100 

~ 100 

100 ' 


632 


12754 

. 632 

12754 


10 

12.754 63.2 = 



X 

G32 

1000 

• 10 

1000 



12754 

632 

12754 


1000 

1275.4 .632 = 

J 

10 

X 

632 


10 

• 1000 



100000 

Taking this product it will be found to 

. 7320325 20325 , 

be — or 73 -|- , that is. 

100000 100000 

73.20325. We point off five places, be- 
cause there is 100000 in the denomina- 
tor of the product ; that is, because 
there was 1000 in the denominator of 
one factor and 100 in that of the other ; 
or because the original factors had re- 
spectively two and three decimal places. 

16 23 

Similarly .0016 x .023 = x 

’ 10000 1000 

368 

te or .0000368. 

10000000 

When the multiplier or the multipli- 
cand is a whole number, we point oft as 
many decimal places as the other factor 
contains. Thus, 18 x 2.75=49.50 or l9.5. 

164. To divide one decimal fra< tion 
by another : Make the number of digits 
after the decimal point equal in the 
divisor and dividend by ncUling zeros 
to the right of one of them, if necessary ; 
then divide as if they were whole num- 
bers, the quotient is the quotient re- 
quired; the remainder gives a vulgar 
fraction which may be turned into a 
decimal by adding zeros to it, and 
dividing by the divisor. Tliis rule may 
be deduced from tlie following example • 


12754 


632 
127.54 
63200 
1275400 
632 ■ 


Here we have three cases in which the 
divisor and dividend consist of the same 
digit.s. In the first the number of deci- 
mal places is the same in both, and the 
quotient we find to be the same as if they 
were whole numbers. In the second 
there are three decimal places in the 
dividend, and one in the divisor ; the 
quotient, then, is found by adding two 
zeros to the divisor. In the third case, 
where the. dividend baa one deciinal 


place and the divisor ttnee, we add two 
zeros to the dividend. 

When there are more decimal places 
in the dividend than in the divisor, this 
rule amounts to dividing the dividend 
by the divisor, and pointing off as many 
decimal places in the whole part of the 
quotient as the number of decimal 
places in tlie dividend exceeds that in 
the divisor, or if there are not so many 
in the quotient, adding tlie requisite 
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number of zeros to the left. Tliis is the 
form in which the rule is often stated, 
and may, perhaps, be found the more 
convenient. 

Following our rule, when one of the 
numljers is an integer, before dividing 
we must add to it as many zeros as 
there are decimal places in the other. 

16.5. If N be any number, and if a 
mixed numlier, with its fractional part 
expressed as a terminating decimal, have 
the same digits as N , and if there be n 
decimal digits, the mixed number is 

N 1731 

equal to — Thus, 17.31 = — — or 
^ 10 "- 100 


— — . Similarly, if all the digits be 
1 0 * 


decimal and there be n of them, the 
N 

value is — On the other hand, any 
10 "* 

N 

fraction such as — is equivalent to a 


number consisting of the same dimts 
as N, n of which are decimal Thus 


7243 


72.43. 


From this we may easily deduce the 
rides of multiplication and division 
N 

given above. The product of — and 


N' N N' 

— . is , or the number N N' with 

10 " 

n and n' of its digits made decimal. But 

N N' 

— and y^ are respectively the num- 

l>ers N and N' with n and decimal 
digits. Tlierefore to take the product 
of two numbers with n and n' decimal 
places respfclivcly,wc point « + n' digits 
from their product considered as whole 
numbers. 

N 

Again the quotient of — divided by 
N’ N 10"' 

iF To* ■ IF’ " 


greater than that is, when thivnumber 
of decimal places in N exceeds that in 
N 

N', this becomes r-- — . Therefore 

N .10*-" 

to N’ we must add n — zeros, and 
w — K* is the excess of the number of 
decimal places in N over that of those 
in N'. Similarly, when n' is greater tliaq 


n, this quotient become.s . 

Showing that in that case we must add 
to N n' — n zeros. 

166. With respect to repeating deci- 
mals, if perfect accuracy be necessary, 
they must in most cases be reduced to 
vulgar fractions before they are added, 
subtracted, multiplied, or divided. In 
almost all the applications of decimals, 
however, an approach to accuracy is 
sufficient, and this is attained by carry- 
ing the decimal only to a moderate 
number of digits, and omitting the rest 
If, in converting a vulgar fraction into a 
decimal, we stop after the third digit, for 
instance, adding unity to that digit, if 
the next be 5 or upwards, it does not 
differ from its exact value by more than 
one five-thousandth part of the unit 
employed. Thus .172 differs firom 
172 437 W .000-1372, which is less than 
. 000 .'). Similarly, .983 differs from 
.96276 by .0002317, which is also less 
than .0005. 

Decimals are most frequently used to 
make calcidations on numl)€rs that 
have been obtained by observations of 
some kind, by measunng, for instance, 
or weigliing ; and it is very seldom in- 
deed that the accuracy of these obser- 
vations can be relied on to within one 
five-thousandth part of the unit em- 
ployed. N ow if wc cannot rely on the 
measurement beyond tliree decimal 
places, it is needless to carry the result 
derived from it any farther. In all 
operations with decimals, then, whether 
terminating or repeating, we may usually 
stop at the third or fourth place, and 
ne^ very rarely go beyond the fifth or 
sixth. Wc may, however, attain any 
degree of exactness that may lie re- 
quired, by carrying tlie decimal far 
enough. 

Though the quantity thus neglected 
be very small, it is not less than any 
quantity that can be’ named. The ac- 
curacy of the result is tlierefore very 
different from th.at of such results as 
the one- in art. [ 1 52 1, where tlie error 
was proved to be less than any that 
could be named. Tliero the result was 
exact, here it only approaches to exact- 
ness. 

167. The operations of multiplying 
and dividing decimals may be much 
shortened w hen this decree only of ac- 
curacy is reipiired. For example, to 
multiply 2.753 by 2.3 i , cann ing the pro- 
duct to tliree places of decimals. 
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2.753 

2.753 

2.753 

2.313 

3.313 

2.313 

8259 

5 506 

5 506 

2753 

8259 

826 

8259 

2753 

28 

5.606 

8259 

8 

6.367689 

6.367689 

6.368 


The first multiplication is in the 
usual way. The second is the same, 
but with this difference, that instead of 
multiplying first by the right hand digit 
of the multiplier, and shifting every 
partial product one step to the left, we 
multiply first by 2 the left hand digit 
of the multiplier, and shift everj- partial 
product one step to the right. The 
order of the partial products is thus in- 
verted, as will be seen by comparing 
this multipUcation with the first ; but, 
except in the order of these partial pro- 


ducts, the two processes are the same. 
In the third, which is the shortened 
form, we proceed as in the second, only 
we never write any digit to the right of 
the column that furnishes the third 
decimal place in the product, and we 
always add unity to this extreme digit 
when the next appears to be 5 or up- 
wards. A trial or two will show 
how much more convenient it is to 
begin the shortened process from the 
left than from the right of the mul- 
tiplier. The exact result would be 
found to be 6.3680i, which differs from 


the approximate result by of 

’ 19800 


unity. 

Again, to divide 49.782 by 2.7167 
caning the quotient to three places of 
decimals: 


2.7167)49.7820(18.3244 2.7167)49.7820(18.324 
27167 27167 


226150 

226150 

217336 

217336 

881410 

8814 

8150 1 

8150 

663 90 

664 

543 34 

543 

12o!560 

121 

108 668 

109 

11 8920 

12 

1018608 

““ 


The first operation is as the rule 
directs. The second is the shortened 
form, in which, instead of adding a zero 
to every remainder, w e cut off one more 
digit from every successive product, in- 
creasing the last digit by unity when the 
next neglected one is 5 or upwards. On 
comparing the examples, the effects will 
be seen to be alike. These are examples 
of the shortened methods. The reader 
will have no difficulty in extending the 
same principles to other cases. 

168. To reduce a number, whole or 
decimal, of a lower denomination [see 
art. 98, &c.] to a decimal of a higher ; 
Divide it by the number of times that 
the unit of the higher denomination 
contains that of the lower. For exam- 
ple, 6.35 shillings = 6.35 X ^ of a 

pound, that is or £.3175. So 

to reduce 6s. 4 id. to a decimal of a 
pound ; 


3 

—d. = .75d. 

4 

4 75 

4.75d. = Of .3958it. 

. „6.3958.3 

6.39583s. = £ — , or £.3197916. 

And therefore this last is the decimal 
sought. 

169. To reduce a fraction or a mixed 
number expressed as a decimal of a 
higher denomination into a number of 
a lower denomination : Multiply it by 
the number of times that the unit of the 
higher denomination contains that of 
the lower. Thus, 5.27 feet = 5.27 X 12 
inches, or 63.24 inches. So to reduce 
£.1368 to shillings, pence, and far- 
things ; 

£.1368 = 20 X .1368, or 2.7364 
.736*.= 12 X .736, or 8.332d. 
.832d. = 4 X .832, or 3.328 fars. 
The answer therefore is Is. Sd. 3.328 far- 
things. 

E 
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170. Only a small proportion of num- 
bers have no other prime factors but 
2 and 3, and therefore only a small pro- 
portion of vulgar fractions can be re- 
duced to terminating decimals. If 
twelve were tbe base of our scale of 
notation [73] instead of ten, all those 
fractions whose denominators have no 
prime factors but 2 and 3, or one of 
these numbers, would terminate if pre- 
sented in tliat scale in a form similar to 

decimal fractions. For instance, 

would become .6, would become .4, 

-i- would become .2, would be- 
6 27 

come .054, and so on. There are more 
numbers that have 2 and 3 only for their 
prime factors, than there arc that have 
2 and 5 only. Of the numbers be- 
tween 1 and 100, for example, 18 belong 
to the first class, and only 13 to the 
second. As this way of expressing 
fractions is very convenient, and as 
terminating decimiils are much more 
manageable than repeating ones, twelve, 
to the extent of this reason, would be a 
better base for a scale of notation than 
ten. 

Of the Square and Cube Roots, and of 
Surds. 


or, mulUplying r -f — by itself, [see 
art. 90] 

r* -I- 2r.^ + ^ = 0 , 

9 9* 

and, consequently. 



Mulbply both members of this equation 
by g, and it becomes 

p* 

= aq — r* q —2rp, 

Now p is prime to q, therefore p* is 
prime to q, and therefore it is not pos- 
sible that — can be equal to a whole 
9 

number, as we have found it to be. It 
follows, that it is not possible that jfa 

can be expressed in the form r -t- 

This is a remarkable property of 
such square roots. It amounts to this, 
that it is impossible to find any num- 
ber, however small it be, that will at the 
same time measure unity and ,fa, when 
a is not a square number. I f it were pos- 
sible to find a number that measured 
9 

both, then might be presented in 


171. The square root of any numljer 
a is a number which, when multiplied 
by itself, produces a [art. 11]. When 
the square root of a number is an in- 
teger, the number is called a square 
number. Thus 4 is a square number, 
because 2 multiplied by itself produces 
4. So 144 is a square number, for it is 
produced by the multiplication of 12 by 
itself. 

172. The square root of a whole 
number that is not square, cannot be 
expressed by means of a^ fractional 
part of a whole number. Thus, if a be 
a number not square, its square root 

cannot be expressed in the form 

where r is a whole number, and — an 

9 

rreducible fraction. For if it could, we 
should have 



the form r + — , and that we have seen 
9 

is impossible. This is usually expressed 
by saying that ,fa is incommensurable 
with unity, when a is not a square 
number. Thus aJ' 1, <J3, ^li, &c. are 
all incommensurable with unity; there 
is no fraction, vulgar or decimal, that is 
exactly equivalent to them, or to any 
similar numbers. 

173. In tbe same way, a is called a 
cube number when its cube root [art. 1 1 ] 
is a whole numlier. Thus 27 and 125, 
the cube roots of wbich arc 3 and 
5 respectively, are cube numbers. As 
before, it may be shown, that where 
a is not a cube number, its culjc 
root is incommensurable with unity. 
So if *^a [art. 11] is not a whole 
number, tlie fourth root of a is in- 
commensurable with unity. All such 
incommensurable numbers as ,J 2, 
'•JS, 's/3, Sic. are called irrational 
numbers, or surds; while numbers 
commensurable with unity are called 
rationai numbers. There are many 
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numbCTS besides surds that are incom- 
mensurable with unify. 

1/4. We now proceed to explain fhe 
common methods of finding the squpe 
and cube roots of numbers, and in doing 
so we shall have occasion to refer to 
the following table of the squares and 
cubes of the first nine numbers. 


Nvmbcr. Square. Cube. 
1 1 1 

2 4 8 

3 9 27 

4 16 64 

5 25 125 

6 36 216 

7 49 343 

8 64 512 

9 81 729 


Tlic square of any digit followed by 
any number of zeros, is the square of lhat 
digit in the talde, followed by twice the 
number of zeros ; and the cube is the 
cube of tlie digit in the table, followed 
three times the number of zeros. 
Tnuis, the square of 7U0 is 490000, and 
the cube of 90 is 729000. 

1 75. One way of finding the square root 
of a square number, w ould lie to guess 
some number that might be near it, and 
try whether its square were greater or 
less than the numlier proposed. We 
might tlien correct the numlier guessed 
and try again, and so continually ap- 

{ iroach the square root sought till at 
ast we should find it. The common way 
of finding the square root of a numbed 
is, like this, a succession of trials, only 
much less tedious ; for we are able to 
find tlie digits in tlie square root one by 
one, and to correct tlicm without the 
trouble of squaring at every step. 

The square of every number between 
1 and 16 is between 1 and lUU, and has 
one or two digits. The square of every 
number between 10 and lou is between 
1 00 and 1 0000, and has three or four 
digits. Similarly, the square of every 
numlier between 100 and 1000 has five 
or six digits, and so on. On the other 
hand, every square number consisting 
of one or two digits has one digit in its 
square root, every square number o. 
three or four digits has two in its 
square root, every square number of 
five or six digits three, and so on. It 
I'lillows, lhat when a square numlier is 
proposed, if we divide it into periods con- 
sisting of two digits each, except the last, 
which w ill consist of two digits or one as 
tlie case may be, there will li as many of 
these pwiods as there are digits in the 


square root of the number. This divi- 
sion into periods, or pointing, as it is 
called, should begin from the right of 
the number, as will appear aflerwards. 

176. Let 4624 be a number of which 
the square root is wanted. In the first 
place, by pointing it thus, 4624, it ap- 
pears that the square root has two 
digits. Next, we observe by the table 
that the square of 70 is 4900, while 
the square of 60 is 3600, the one 
greater and the other less than 4624. 
The square root sought is thus between 
60 and 70. Call it 60 + b, where b is 
necessarily less than 1 0. Then (60 -h ft)* 
must be equal to 4624, or, multiplying 
60 -I- ft by itself, 

60* -I- 2 X 60 ft -1- ft* =• 4624. 

From each member take away 60*, or 
3600 ; then, altering the first member a 
little, there remains 

ft (2 X 60 -1- ft) = 1024, 

whence 

, 1024 1024 

0 » " ■ ' ■ - , or r. 

2 X 60 -h ft 120 -I- ft 

Now ft is less than 10, and therefore so 
much less than 120, that if we neglect 
it in the denominator, tlie result, which 

1024 

is - — , win not be very different from 

the true value of ft. is pretty 

nearly 8, so that we may try 8 for 6. 
If we square 60 + 8, or 68, we shall 
find the product to be 4624, and there- 
fore 68 is the square root sought. 

This example teaches the principle 
on which the rule for extracting the 
square root is founded. We first find 
the first part of the root. We then 
subtract the square of the part found, 
and the appearance of the remainder 
enables us to determine the second 
part. W<*. then subtract the square of 
the first and sfcond parts, and the 
appearance of the remainder enables us 
to determine the third, and so on. 

177. Suppose that we find o to be 
the first part of the root, and that, sub- 
tracting a’, we find a remainder from 
which it appears that ft will be the 
second. To ascertain this we must as 
before subtract (a + ft)* from the num- 
ber proposed. But 

(a -b ft)* = a* -I- 2 a A -1- ft*, 
or 

la + ft)* = a* + A (2 a -h ft), 
and therefore if we subtract ft (2 a 4- ft) 
from the first remainder, it will be U>« 

s8 
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same thing as subtracting (a + A)* from 
the original number. In like manner, 
when we have determined (a + A), sup- 
posing that c is the third part, we 
must subtract (a -I- A -)- c)' from the 
original number. But 

(a -t- A -t- c)* = { (a -t- A) -b c } *, 
and considering o -h A as one quantity, 
we have 

(o -1- A -I- c)* = (o -t- A)« 

-t- 2(a -(- A)c-t- c*, 
or 

(n + A -t- c)* = (o 4- A)* 

+ c 1 2 (rt -t- A) -h c I , 
as before ; just as t)efore then, to sub- 
tract (a -I- A -t- c)* from the original 
number, is equivalent to subtracting 
, c { 2 (a -I- A) -I- c } from the second 
remainder. 

Observe how these properties shorten 
the following example : To extract the 
square root of 322624. 

3^2624 (500 -I- 60 -h 8 
Subtract 250000 = 500* 

1000 -1- 60) 72624 

Subtract 63600 = 60 (1000 -I- 60) 
1120 -1- 8) 9024 

Subtract 9024 = 8 (1 1 20 -|- 8) 

We first find, by pointing, that tlierc are 
tlirec digits in the square root. It next 
appears by the table, that the root is 
between 500 and 600. AVe subtract 
500*, and dividing the remainder as be- 
fore by 2 X 500 or 1000, we should first 
find, as in last article, that 70 was the 
next part of the root. But we find that 
70(2.500 -f 70), or 74900, is greater 
than 72024, and therefore 570’ must be 
greater than 322624 , as has been shown. 
We then try 60 for the second part. 
We subtract 60(2 x 500 4- 60) which, 
with 500’ already subtracted, makes, as 
we have seen, 560’ in all. To find a 
number to tiw for the third part of the 
root, we divide the last remainder as 
before by 2 x 560, and find the quotient 
about 8. We then subtract 8 (2 x 560 
+ 8) equivalent to c { 2(a 4- A) c j 
above, and making in all 568’ subtracted, 
and as we then find that nothing re- 
mains, 568 must be the number sought. 
Omitting useless digits, this process may 
be ]>ut thus : 

322624 (568 

106) 726 
636 

1128) 9024 
9024 


And this agrees with the usual rule, 
which is as follows : Point every se- 
rond digit beginning with the units' ; 
find by the table the greatest digit 
whose square is contained in the left 
hand period, and write it as the first 
digit in the root; subtract its square 
from the left hand period, and bring 
down the second period to the remainder 
to form a dividend ; to the left of this 
dividend write twice the digit last foutui 
as an imperfect divisor ; divide the divi- 
dend, omitting its last digit, by the im- 
perfect divisor, and write the single digit, 
which is the whole part of the quotient, 
as the second digit in the root, and also 
to the right of the imperfect divisor to 
form the perfect divisor ; multiply this 
divisor as it now stands by this digit, 
if the prnduet be greater than the divi- 
dend the digit is too great, and a 
smaller one must be taken ; when the 
digit is not too great, subtract the pro- 
duct last mentioned from the dividend, 
if the remainder be greater than twice 
the number composed of the two digits 
written in the root, the digit last found 
IS loo small, and a greater one must be 
taken ; if the digit be not too small, to 
theremainder last mentioned bring down 
the third period to form a neic dividend, 
and to the perfect divisor, as it now 
stands, add the digit of the root last 
found to form a new imperfect divisor, 
after which proceed as before. 

The reason why the .second digit is 
too small, when, after the product of it 
by the perfect divisor is subtracted 
from the dividend, the remainder is 
greater than twice tlie part of the root 
found, may be explained thus. I-et M 
be the value of the two first periods of 
the number, and P that of the part of 
the root found. The remainder in ques- 
tion is, as we have seen, the difference 
M — P’. Now if M — P’ be greater 
than 2 P, it follows that M is greater 
than Ps 4- 2 P, and since M and P are 
whole numbers, M must either be 
greater than P’ 4- 2 P 4- 1, or equal to 
it. But P’4-2P4-l=(rt-l)’; there- 
fore M is either equal to or greater than 
(P 4- I)’. It follows that P 4- I or 
some larger integer, and not P, ought 
to be the first part of the root, so that 
the second digit is too small. The 
same reasoning, of course, ajrplies to 
any subsequent digit. 

178. With respect to the square root 
of a number not square ; observe that 
when we multiply any number by 100, 
we make its square root ten times aa 
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(Treat as it was before. Tlie s(iuare 
root of 1 00 a is 10 V'*. or 'on times the 
scjiiare root of a ; since if we multiply 
10.v^a by itself, the product is 10 X 10 
X a X ^ a, or 1 00 a. So, when we 
multiply any number by lOOOO, or by 
1000000, we make its square root 100 
times, or 1 000 times as great as it was 
before. 

Now, suppose we have to find the 
square root of 129. We find by the 
nile that 1 1 is the first part of it, but 
there is a remainder over .after ! I* is 
subtracted. If to this remainder we 
arid two zeros, and go on another step, 
we shall proceed as if 12900 had been 
the numl)er proposed, and we shall 
find that 113 is the whole part of its 
square root. But the sciuare root of 
12900 is, as we have seen, ten times as 

1 13 

great as that of 129, and therefore — , 

10 ’ 

or 1 1 .3, is a nearer approach than be- 
fore to the square root of 129. So if 
we again add two zeros to the remainder 
when (113)' is subtracted, we shall find 
5 to be the next dispt, showing that 
1135 is the whole number next below 
the square root of 1290000. Therefore 

1135 

— , or 1 1 .35, IS a still nearer ap- 
proach to the square root of 129. If 
we add two more zeros we find the next 
digit to be 7, and the next in the same 
way to be 3, so that 11.3573 is a still 
nearer approach to the stpiare root of 
129. Proceeding in this way we can 
come as near to the square root of 129 
as we please, though, for the reason in 
art. [ 1 72], it can never be expressed 
exactly in decimals. 

We must make the following addi- 
tion to our rule to meet this case; 
TVhen there is a remainder over, after 
the last period is brought doicn, add 
two zeros to it, and proceed, as before, 
pinring the decimal point before the 
digit next found. 

179. The rule for finding the square 
root of decimals is on the same prin- 
ciple. The square root of 21.76 is one 
tenth of tliat of 100 x 21.76, or of 
2176. So tlie square root of 97.968 
is one hundredth part of that of 
10000 X 97.968, or of 979680. Simi- 
larly, the square root of .034 is one 
hundredth part of that of 10000 x .034, 
or of 340. The rule then will be this : 
Make the number of digits after the 


decimal place even, by adding a zero to 
the right if necessary ; proceed as di- 
rected for whole numbers, making half 
as many decimal places in the root as 
there are in the number proposed as it 
now stands. For example, to extract the 
square root of .07361 : there arc five 
digits, therefore by the rule we must 
add a zero to the right so as to make it 
.073610. We then point as if it were a 
whole number, thus 076ll0. There 
will be three decimal places in the root 
furnished by the three periods in the 
decimal as it now stands. 

180. As in the case of the square roof, 
and on the same principles, we can know 
at once how many digits there are in 
the cube root of any cube number. The 
cube of every number between one and 
ten has one, two, or three digits, of 
every number between ten and one hun- 
dred, four, five, or six digits, and soon. 
So, on the other hand, if a cube number 
consists of one, two, or three digits, its 
cube root has but one. If it consists of 
four, five, or six digits, its cube root has 
but two. If it consists of seven, eight, or 
nine digits, its cube root has but three, 
and so on. So that if any cube num- 
ber be divided info periods of three 
digits each, except the last, which will 
contain one, two, or three, as the case 
may be, the number of these periods 
will be the number of digits in its cube 
root. This dividing into periods, as in 
finding the square root, should begin 
from the right of the number. 

181. We find the cube root of a 
number part by part. When we have 
found the first part we subtract its cube, 
and from the appearance of the remain- 
der we determine the second. We then 
subtract the cube of the first and second, 
and from the appearance of the remain- 
der determine the third, and so on. 

Now, let N be the cube number pro- 
posed. Suppose that we find that a is 
the first part of its cube root, we 
subtract a*; let the remainder be R. 
Call the rest of the cube root x, then 
(a + xy‘ must be equal to N. (o -b x 
is equal to 

(a +x) X (o + X)*, 

or to 

(a + X) (o» -I- 2 ox -t- X*), 
and multiplying, this becomes 

o’-t- 3o*x-t-3ox*-t-x*. 

Therefore 

o*+3(^x-i-3ax*-bx* = N, 
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and 

3o*j; + 3a** + a* = N — o* = R; 
whence 

R 

X ~ . 

3o* + 3ax + ai 

But X is always less than a, and there- 
fore 3 0 * is usually much greater than 
3 a X -I- X*. As an approach then to 6 , 
the next part of the root, we may take 

a number near . [See art. 176. ] 

When we have found b, we subtract 
(a + A)*, and calling the remainder R' 
we find the next part by taking a num- 

near — — — 7 - 
3 (a + by 

As will be seen, the operation is much 
shortened in consequence of the two 
following properties ; 

Let us now proceed to find the cube root of the number 93611128. 

. a be 

93 61 1 123 1 400 + 66 + 2 
64 000 000 = o' 

3a*=480 000 
5(3a+&)= 76 0 00 
3tf+i(3a+6) = 555 60li 
i»= 3 600 


First, 

{a + *)» = o* + 3 a* A + 3 a A* + A*, 
as before ; or 

(a + A)> = a* + A (3 a* + 3 u A + A»l ; 
or, finally, 

(a + A)> = a* 

+ A ,'3a» + A (3a + A) }. 
Second, since 

(a + A)« = 0 * + 2 a A + A*, 

then 

3 (a + A)* = 3 a* + 6 a A + 3 A*, 
or 

3(a+ A)*= 3a« + A (3 a + A) 

+ A (3 a + A) 

+ A*. 

The.se properties may be extended to 
the case of a + A + c, or further, as in 
art. [177]. 


3a=1200 
A= 60 
3a+A= 1260 
2A= 120 
3(a+A)= 1380 

c= 2 

3a+A + c = I382 


34 611 I2S = R 


3(a+A)« = 634 800 
3(a+A)+c}= 2 764 


33 336 000 = A {3 a* + A(3a + A)! 


1 273 128 =R' 


637 3641 1 275 123 = c 3 . a+ A’+c(3 ,a + A +c) 


Pointing the number, it appears that 
there are three digits in its cube root. 
Next, the root appears to be between 
400 and 500, since by the table the 
cubes of these numbers are respectively 
64000000 and 125000000. We sub- 
tract the cube of 400, and find the re- 
mainder, which we have called R. To 
the left of this remainder we set down 
3 X 400*, or 480000, as the imperfect 
divitor, and to the left of that 3 x 400, 
or 1200, Dividing R by the imperfect 
divisor, the quotient is about 60, which, 
as we have seen, will be a near approach 
to the next part of the root. We add 
60 to 1200 on the left, and multiply the 
sum 1260 by 60, We then wnte the 
product 75600 under the imperfect 
divisor, and add these numbers for a 
perfect divisor. We multiply the sum 
555 600 by 60, and write the product 
33 336 000 under the first remainder 11 
and subtract. 

Now we shall find from its composi- 
tion, that the number last subtracted is 

60 ^3,400* + 60 (3 X 400 + 60) } 


and this with 400* already subtracted, 
makes up (400 + G0)>, by the first pro- 
perty. The remainder 127512S is there- 
fore what we have denoted above by R'. 

For a new imperfect divisor we write 
60* under the last perfect divisor. We 
tlien add 60 *, and the two numbers 
above it together. The sum from its 
composition is 

3 X 400* + 60 (3 X 4 00 + 60) 

+ GO (3 X 400 + 60) + GO* 

or, by the second properly, 3 x 460*. 
Lastly, to the number on the left we add 
2x00, or 120, the sum 1380 is 3 x460. 

Dividing by the new imperfect divi- 
sor, we find that 2 is the next digit of 
the root, with which vve proceed as be- 
fore, We .add 2 to 1380, multiply the 
sum by 2, and add the product to the 
imperfect divisor fora new perfect divi- 
sor. We then multiply this perfect 
divisor by 2. When we have sub- 
tracted the product, we have, as has 
been already shown, subtracted 462*, 
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and as there is no remainder, 462 must in the next example, by omitting useless 
be the root sought. digits. To extract the cube root of 

This operation may be shortened, as 626215708161, 


245 

to 

2555 



25651 


626 24.6 70ft 15l|85Sl 
512 

192001 113 245 
1225 


20425 102 125 

25 


2167500111 

12775 

120 

708 


2180275 10 
251 

901 

375 


219307500 

25C51 

219 

333 

151 

219333151 

219 

333 

151 


182. When the product of the per- 
fect divisor, and the digit assumed is 
greater than the preceding dividend, 
Biat digit is of course too great, and a 
smaller one is to be taken. Again, if 
the remainder, when this product is 
subtracted from the dividend, be greater 
than 3 P* -I- 3 P, where P is the part of 
the root found, the digit last assumed is 
too small, and a greater must be taken. 
For let 61 be the value of the periods 
already brought down, then the re- 
mainder in question is, as we have seen, 
M — P>. If this be greater than 
3 P* -I- 3 P, it must follow that M is 
greater than P* -I- 3 P* -I- 3 P, and that 
Si is either equal to, or greater than 

P»-t-3P*-l-3P-t- 1. 

Now this last expression will be found 
equal to (P -I- 1 )*, and if M be equal to 
or greater than (P -h 1)’. P -P 1, or 
some larger integer, and not P, ought to 
be the part of the root found, and there- 
fore the last digit must be increased by 
unity. 

When there is a remainder after all 
the j>eriods are brought down, the num- 
ber IS not a perfect cube. But, for the 
same reason as in extracting the square 
root [art. 178], if we add three zeros to 
this remainder and proceed, the digit 
next found will be the first decimal 
digit in the root, and by continuing to 
add zeros three at a time, we may ap- 
proach to the cube root as nearly as we 
please. 

183. The rule maybe stated thus: 
Point every third digit in the number 
proposed, beginning teith the units' ; 
find by the table the greatest digit (a) 
tchose cube is contained m the Ujt hand 
period, and write it as the ftret in the 


root ; subtract a* from the first period, 
and to the right of the remaind^ write 
the second period to form a dividend; to 
the left of this write 3 a*, to which an- 
nex two zeros to form an imperfect 
divisor ; still farther to the left write 
3 a ; find « second digit (b) by dividing 
the dividend by the imperfect divisor, 
and annex it to the right of 3 a. in the 
column farthest to the left ; multiply 
the number in this column as it now 
stands by b, and write the product under 
the imperfect divisor for a correction ; 
add the imperfect divisor to the correc- 
tion, and write their sum, which is the 
perfect divisor, under them ; multiply the 
perfect divisor by b, andsubtract thepro- 
ductfrom the dividend, and to the right 
of the remainder annex the next pe- 
riod ; for a new imperfect divisor write 
b* under the last perfect divisor, and 
take the sum of b> and the two numbers 
above it; then add 2b /o the lowest 
number in the column farthest to 
the left, and proceed as before; the 
several digits so found are the digits of 
the root. 

If 'hen there is a remainder at last, 
add three zeros to it and proceed, the 
digits afterwards found are decimal 
parts of the root. 

184. When part of the number pro- 
posed is decimal, the ride is founded on 
the same reasons as for the correspond- 
ing case in the square root, [art. 1 79.] 
It is this. Make the number of digits 
after the decimal point three, or some 
multiple of three, by adding one or two 
zeros to the right if necessary; then 
proceed as is directed for whole num- 
bers, placing the decimal point before 
that digits in the root which is first 
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found after taking down the firtt 
decimal period in the number pro- 
poted. 

For example, to extract the cube root 
of 21.7698, tW is of 21.769800. This 
root is [art. 179] one hundredth part 
of the cube root of 21769800. Point- 
ini; the number thus, 217608OO, and 
extracting; its cube root, we must mark 
off two decimal digits from the whole 
part of the result, and this amounts to 
what is directed by the rule. 

Under these rules for pointing de- 
cimals before extracting the square and 
cube roots, a point always falls on the 
units' digit, and consequently on every 
second, or on every third digit to the 
right and left of it. 

185. The operations for finding the 
square and cube roots of numbers ad- 
mit of being shortened in a way similar 
to that adopted in [art. 167]. For in- 
stance, let it be proposed to find the 
square root of 329.1 to five places of 
decimals. Adding a zero, as directed hv 
the rule, and pointing, we have 32d.lo. 
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28)229 

224 


275 

10 

2854 

8 

23623 

6 

286296 


24300 

1375 


361)510 

361 

3624)11900 

14496 

3628)41.40 

3628 

412 

363 

49 

36 

Here we proceed by the rule till four 
digits are found. We then add zero 
to 404 the remainder, and proceed to 
divide by the divisor 3628, as in the 
division of decimals in its shortened 
form. The first six decimal places in 
the nearest approximation to the root, 
[art. 167,] are 141 113, so that our re- 
sult is true fur five places. 

So; to find the cube root of 869243.13. 
Pointing it becomes 860243.130. 

860240130 I 95.436335591 

729 

14U243 


25675 

25 


128375 


2707500 

I141G 

1186S130 

2718916 

16 

10875664 

273034800 

85869 

992466000 

273120669 

9 

819362007 

27320654700 

1717776 

173103993000 

27322372476 

36 

163934234856 

27324090288 

85889 

91697581440 

27324176177 

81972528531 

27324262066 

86 

9725052909 

273242706 

819728118 

373242792 

152777173 


13662140 

1615577 

136621 


24937 

2459 

35 

n 
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Here we proceed as the rule directs, till 
five digits are found ; we then add zero 
to the remainder, and continue to divide 
the number so formed and marked ft 
^ the new imperfect divisor marked a. 
iTiis division is in the shortene<l method 
[art. 167.] To come to an end the 
sooner and liavc less cumbrous num- 
bers to deal with, we cut one digit off 
from every successive remainder, and 
diminish the divisor by two digits, and 
the correction by three digits, at every 
division, instead of diminishing the 
divisor at every step by one digit, and 
the correction by one. This result is 
accurate to the last decimal place,* 

186. Similar rules may be given for 
finding the fourth, fifth, and other roots 
of numbers. Tlie operations, however, 
become extremely laborious, and the 
result can always be found with suffi- 
cient accuracy by means of a table of 
logarithms. 

Rules for finding the square, cube, 
and other roots of algebraical expres- 
sions are founded on the same princi- 

E les as those just laid down for num- 
ers; the same purposes are however 
much better served by the binomial 
theorem, so that these rules are of no 
practical use. 

187. By the rules we have laid down 
we can find a number consisting of 
as many decimal places as we please, 
which number is always less than the 
square root or cube root or other surd 
sought. Now, by increasing the last 
digit of this number by unity, we find 
a number which is greater than the 
root sought ; for the process by which 
we obtain each digit assures us that it 
is the greatest digit that is not too great. 
We can thus always present two num- 
bers, one greater and the other less 
than the surd sought, while these two 
numbers may be made to differ from 
each other by a quantity as small as we 
please. For instance, we have found 
[art. 18.‘>], that 95.4363,35 is less than 
the cube root of 869243.13, while 
95.436336 is greater than the same 
root, and these numbers differ only by 

5 of unity. If we wish to find 

two numbers which differ only by 

of unity, and which include 

10000000 •' 


* The rnU w« bare firen for tb« cabe root U much 
leas l^»hoa» than the one commonlf osed. It was 
first fpreo in a Treatiae on the NtiiBeiieal Solatioa 
of Eqnatioas, by Mr. Uoldred. 


between them the same roof, we do it 
by carrying the process one step farther, 
and find the numbers 95.4363355, and 
95.4363356. 

188. We can now explain what is 
meant W the product of two or more 
surds. Take, for instance, .^a and ’ tjb. 
Let J be a number greater, and s' less 
than Ja ; and let t be a number greater, 
and f a number less than *»Jb. Tlie 
product tja.^ijb means a number 
which is always intermediate between 
s t and s' t , however small the differ- 
ence made between s and s', and 
between I and I', or, in other words, 
however smalt the difference be made 
between s t and s' t'. 

189. We may extend the proposition 
in art. [23], which was proved in art. 
[89] to be true for fictions, to the case 
of surds. Retaining the notation of the 
last article, the product n/a . '^b is a 
number that is always intermediate 
between s I and s’ t ; and • ^6 . is a 
number intermediate between Is and 
f's'. But St and s' fare respectively 
equal lots and f s', since s, t, s', and t' 
are all fractional numbers, [89], It 
follows that ‘V*®fd*V5- V" ste 
always intermediate benveen tbe two 
numbers St and s'f, while the difference 
of these two numbers may be made as 
small as any number that can be 
named. Therefore the difference be- 
tween .',Jb and *ijb . >Ja may be 
made less than any number that ran be 
named, and hence, on the reasoning in 
art. [152]. these quantities are accu- 
rately equal. The same reasoning may 
plainly be extended to the product of 
more surds than two. 

1 90. The root of any number made 
up of factors, is the same as the pro- 
duct of the roots of the separate fac- 
tors. For example, Vo 6 = ,Ja . »Jb. 
For midtiplying ija . >jb bv itself, the 
product is 

i^ci i^b , /^b t 

and, as we have just seen [art. 199], this 
is equal to 

tja . !^a . „Jb . ijb, 
or a ft. Therefore tja . ^6 is a num 
ber which, when multiplied by itself, 
produces a ft, and is Oierefore equal 

to Vo ft, [art. 11], Thus VlTTor 

V9 X 16 = . ,^16 = 3x4, or 12. 

Similarly, 

"s/abc =■ V* • "V<^ 

191. When tja and *ijb are surd.s. 
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the expreseion means a quantity, 

such that its product by ’^4 is always 
included hetween the same numbers as 
include between them ^a, however 
small the difference between these 
numbers be made. [See art. 10.] 

1 92. The root of any fraction, is the 
root of its numerator divided by the 
root of its denominator. For, by art. 

[90], the povrer of.-^is or 


Therefore is the number 
o • V* 

which when multiplied by itself pro- 


duces that is [art. II] the n“ root 
o 

ct 9 3 

of -r . Thus the square root of — is - . 
4 ^ 16 4 

193. The n'*root of a” is a". This 
follows from art. [24], where it was 
shown that (a")" = o’". So that in 
general when p is a multiple of n, 

r 

'ijcf — a\ 

Thus, is equal to 35 or 3*, or 9; 
accordingly we shall find that the cuhe 
of 9, and the sixth power of 3 are both 
729. 

1 94. When, in the last article, p is 
not a multiple of n, let p = n q + r. 
Then we shall have 

"Var = «' • 'Va' 

For since 

ow+r = aV.a’ 
by art, [24] ; it follows that 

"V J“» + ' = a'. 

But, by art [190], 

“ V a"', a’ = ‘ ^ rtW, , ^ a', 
and we have just seen [art. 93], that 

V o’* = a», therefore 

’ V a”', a' = . a* . * ^ o^ 

Now 

" V a"». a' = "V a’’ + ' = ’^a', 
end tlierefore 

■Vo* = <j* *Va' 

Thus 

4^5* = 5« .‘V*. 

because 

9 = 2 X 4 + 1. 

195. We can sometimes use the pro- 
perty proved in the last article to reduce 
two different surds to two expressions 
that have the same irrational part. 
Thus V 8 and .^18 are severally equal 


to 1^2 X 4 and V 2 x 9, or to 2 y 2 
and 3 aJ 2. It follows that ^3 + t/l3 
= (2 + 3) 2 = 5 ,^2] and this again 

is equivalent to tj 23 . ij 2 or ^ 50. 

196. The m** power of " is " V“". 
For this m“ power is the product 

•ija.’t/ a. "t/a See. 
repeated tn times, and by [190] this pro- 
duct is the same as 

a. a. a[m times], 

or as a". Thus the fifth power of 
,^3 is a/ 3*, or by [art. 185] 3* . 3. 

197. Them“rootof ".^ais".^a. For 
let"“.^o = 4, then since the power of one 
quantity is equal to the same power of 
an equal quantity, o = 4“. Again, 
the n'* roots of equal quantities are 
equal ; and therefore 

"V*” =^" 

[art. 193]. It follows that b or ’“a/ a 
IS a quantity such that its in'* power is 
equal to “^a, which is what we jiro- 
posed to prove. For instance 

■V72=V2- , . 

198. The product ”aJ a. "V ® 

"" aJ u"+" . For. observing that 4 and 
'aJ b" are the same, and then putting 
aJ a iox b, we have 

-V 0 = V (”s/o)’- 
Again, by [art. 196], 

(" aJ a)' = "aJ a', 

therefore 

”^a = "V "V““. 

or by [art. 197] 

"Aja= ~V“‘- • • ■ (-^)- 
similarly 

■Va=""V,a" (Hi- 

Therefore, multiplying these equations 
together, 

•Va = ""V‘»”- "Vo". 

But by [art. 190] the second member of 
the lak equation is equal to 

’•"aJ o". a”; 

therefore 

" aJ a. ’ a/ a •= ’"' •/ a”, a’, 
or 

•‘a/ a~+“. 

Thus 

= *’a/3*+^='‘,^37 

= '»y2187. 

199. Similarly dividing the two equa- 
tions (A) and (11) in the last article by 
each other, we have 
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■Va "* V g’ . 
"Vo “ V 

or bv [art. 192] 

"Va _ - t ^ 
."»J a \ a" 

Thus 



Tlicse results seem to be extremely 
complicated. We shall find however, 
when we come to explain fractional and 
negative exponents, that they are capa- 
ble of being expressed very generally 
and simply. 

20U. By [30], the square of — a is 
a*, the fourth power of — a is a*, its 
sixth power is o’, and so on. Therefore 
a and — a are square roots of a*, fourth 
roots of a*, sixth roots of a*, and so 
on. Every number, in like manner, 
has two square roots, two fourth roots, 
two sixth roots, and in general two of 
every root indicated liy an even num- 
ber, and these two roots differ only in 
their sign. In writing such roots, when 
there is nothing to determine us which 
of them is to be taken, we ought to 
write them both; and this is done by 
prefixing both the positive and negative 
sign, or the double sign, to the positive 
root. Thus .v^9is±3; the fourth root 
of n is ± s a . ± is read plus or 
minus 

201 . A positive quantity multiplied 
by itself, and a negative quantity mul- 
tiplied by itself, both give a positive 
product ; there is fterefore no quantity 
positive or negative, which when mul- 
tiplied by itself gives a negative pro- 
duct. It follows that a negative quan- 
tity cannot have for square root a 
quantity either positive or negative. 
The square root of a negative quantity 

such as V — a is therefore called an 
imaginary, or an impossible quantity. 
Whenever such a quantity appears in a 
result, it is certain that there is some- 
thing contradictory or absurd in the 
conditions of the question. In the 
same manner, since every power indi- 
cated by an even number of a negative 
quantity is positive, no negative quan- 
tity can have any root indicated by an 
even number that is not impossible. 

The quantity s"tj—a is therefore al- 
ways imaginary. Quantities not ima- 
ginary, such as a, >Ja, &c. are some- 
times called possible or real quantities. 


202. Since V — a = V«.(— 1). we 
have by art. [190] 

•J —a = ,Jay. V— 1. 

In the same way, any impossible square 

root may be written in the form m V — 1 
where m is possible. 

V — 1 means an expression which 
when multiplied by itself produces — 1. 
Tliercfore 


C^^l)«= _ ), 

= -/IT, 

(V~)« = (>^11)3, sflTi 

= = + 
and so on. In like manner we have 


(m V— D* = — m*, 

(»» — 1 )“ = — . y — 1, 

(m V— 1)< = + m*, 

(m V — 1 )* = + m* . V — 1 , 

y — !)• = — »n*, 

(«n y — 1 = —mr, V — 1 , 

and so on. So that all the powers of 
an impossible square root can be writ- 
ten in the form n V — 1 , where n is 
possible. 

In the same way it may be shown 

that — a, or any other impossible 
fourth root and all its powers can be 
written in the form 


n . t V — 1. 

It may be observed, that *>J —I is es- 
sentially different from V — 1 , since 
if we raise both these expressions to 
the fourth power the results are dif- 
ferent, namely, — 1 and + 1. 

r, . -l+V-3 

203. If we cube a, or 


. 1 _ V-3 


a, the result in either case 


will be g’. These two expressions, 
then, as well as a, are cube roots 
of We have already seen, that 
«• has two square roots, a and — a. It 
will be shown afterwanls, that every 
quantity has four fourth roots, five 
fifth roots, and so on. But of all the 
roots of any quantity indicated by an 
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odd number, one only is real, and all 
the others imaginary. So of all the 
roots indic.atcd by an even number, all 
are imaginary but two, and these two 
differ only in their sign. 

Of Quadratic Equations. 

204. Let it be proposed to find two 
numbers such that their difference is 8, 
and their product 48. Calling the one 
number i, the other will be 8 + x, 
and taking their product we have 

* X (8 + X) = 48, 
or 

*• + 8x = 48. 

It will be found, that the circumstance 
of X* occurring in this equation prevents 
us from solving it by the rules laid 
down for the solution of simple equa- 
tions fill.] To each member of it let 
us add 16. It then becomes 

a* -1- 8x+ 16 = 48 -t- 16 = 64. 
Now observe, that the first member is 
here the square of x-i-4, as maybe 
proved by multiplication. Therefore 

(X -1- 4)* = 64 = 8«. 

When two quantities are equal, their 
square roots arc also equal, and there- 
fore 

* + 4 = ± 8, 

[art. 201], whence 

X = 8 — 4, or 4, 

if the positive sign be taken ; and 
X = — 8 — 4, or — 12, 
if the negative sign be taken. Either 
of these numbers will satisfy the ques- 
tion. If 4 be taken the other number 
is 4 -t- 8 or 1 2 ; we find that the dif- 
ference of 1 2 and 4 is 8. and their pro- 
duct is 48. Similarly, if — 12 be taken, 
the other number is — 12 -1- 8 or — 4 ; 
the difference of — 4 and — 12 is 8, 
and their product also is 48. 

In taking the square roots in this 
ertample, the double sign should have 
been affixed to each member, and we 
should have had 

± (x -t- 4) = ± 8. 

This expression furnishes four equa- 
tions ; but of these, the two produced 
by giving the first member the negative 
sign, namely, 

- (X -f- 4) = 8, 

and 

- (x-f 4) = - 8. 


are equivalent to the two produced by 
giving it the positive sign. The double 
sign therefore need be prefixed to one 
member only. 

205. Every equation which, like the 
one just solved, can be put into the 
form 

X* + px + q = 0, 

[see art. 109], where p and q may be 
any quantities positive or negative, is 
called a quadratic equation. Quadratic 
is derived from a Latin word meaning a 
square, and the equation is so called 
because the square of x occurs in it. 
All equations in which x is found in its 
first power and its smiare only, can be 
put into this form. Thus the equation 
ax + bxs + c = x’ + d, 
by removing x* to its first member and 
c to its second, becomes 

(A — l)x*-l-ax = d — c, 
and, dividing both members by 6 — 1 , 



and this last is of the form required. 

The equation a* -I- 7 = O is aquadra- 
tic equation ; for, algebraically speaking, 
it is of the form given above whenp, the 
coefficient of x, is made aero. 

206. To solve generally the quadra- 
tic equation 

a^ + px + q=0, 

remove q into the s^ond member, and 
we have 

X* +px = — q. 

pi 

Nowx*-bpx-l- is in every case 
the square of x + To each mem- 


ber of the equation then add 

— , and it becomes 
4 





or 


As, in art. [204], the square roots of 
these equal quantities are equal; the 


square root of + 1) is ± (* +^)i 
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ami that of — g is ± 




therefore 



whence 


When the equation is of the form 
3.' + q = 0, or x' = — q, taking the 
square root of each member as before 
we have 


iT = ± V — q (B). 

^lese expressions (A) and (B) are 
quite general, and contain in them- 
selves the rules for solving quadratic 
equations, whatever the values of p and 
q may be. For instance, the equation 
in art. [‘JO-tj is tlie same as 

a,* -I- Sx-48 = 0, 

where p = 8 and g = — 48. Therefore 
P 

-— = 4 and ~ = IS, so that tKeexpres- 
Z 4 

sion (A) Ixicomcs 

* = - 4 ± Vl6- (-48), 
or 

X = - 4 ± ^64 = _ 4 ± 8, 
as bs^fore. 

Observe, that when zero is put for 
p in the expression (A), that expres- 
sion is reduced to x =. ± V — g which 
is the expression (B). 

207. The values of the unknown 
quantity which solve, or satisfy, a qua- 
dratic equation arc called its roots, 
because they are found by the extrac- 
tion of a root. The expressions just 
found show us that every quadratic 
equation has got two of these roots : viz. 



in the case of the form (A) ; and 

+ “J — q, and — V — g in the case of 
the form (B). We may show that it 
can have but two. Take the equation 
x“ 4 - px g = 0 , 
and let a be one root of it ; then 
< 1 * +/ia -f g = 0 


111 

Again, let o' be another root, then as 
before, 

o'* + p o' -h g = 0 . 

Subtracting the second of these equa- 
tions from the first we have 

(i* - u'* -h p (a — o') = 0, 
or 

a* — a'* = — p (a — a'). 

Divide both members of this equation 
by a — o', and it becomes 
a -(- o' = — p, 
or 

o' = - (p +a). 

It is quite plain that there is only one 
quantity equal to -(p + a), and there- 
fore tlie equation has only one root 
besides a. 

Learners sometimes find it difficult to 
understand how the same quantity can 
have two different values in the same 
equation. This will be fully explained 
afterwards. It is enough to say at pre- 
sent, that either of these roots is always 
found to satisfy the equation, and 
therefore if our expression did not fur- 
nish us with both of them, it would not 
solve the equation completely. 

208. 'The sum of the roots of the 
equation .V+px+ g = o is 

which reduces itself to — p. Their 
product is 

Comparing this with the second exam- 
ple in art. [28] we find it equivalent to 

or 



which reduces itself to g. 

Thus the sum of 4 and — 1 2, the two 
roots of the equation in art. [193], is 
— 8, and their product is —48. We 
have seen [art. 197] that the values of 
p and g in that equation are 8 and — 48 
reyiectively. 

We can thus form a quadratic equa* 
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lion whose roofs sliall f)e any jriven 
numbers, 2 and 3 for instance. We 
must make — p = 2 + 3, or p = ^ 5, 
and g = 2 X 3, or 6, The equation 
then is 

I* — 5 O’ + 6 = 0. 

209. Tlie rule for solving quadratic 

equations is as follows: C/rar the 

equation of fractions if there he any 
[110]; remove all the terms containing 
the unknown quantity into one mem- 
ber^ and all those that do not co«j!nf« it 
into another; collect into one the co- 
efficients of the square of the unknoicn 
quantity if more than one, and also the 
coefficients of the simple voicer of the 
unknoitn quantity; divide ei'ery term 
in both members by the coefficient of 
the square qf the unknown quantity ; 
to each member of the equation as it 
now stands add the sqiuire of half the 
coefficient of the simple power of the 
unknown quantity ; extract the square 
root of each member, and write the 
results as equal to each other, prefixing 
the double sign to the one which does 
not contain the unknown quantity ; the 
quadratic equation is then reduced to a 
simple one, and may be solved accord- 
ingly, 

210. The following arc examples of 
questions producing quadratic equa- 
tions. 

The sum of two numbers is 6, and 

3 

the sum of their reciprocals is — , what 

4 

are the numbers? Call the one of 
themi; then, as in art. [1 15], the other 
is 6 — j:, and taking the sum of their 
reciprocals [9C] we have by the ques- 
tion 

J_ _ 1 £ 

X 6 — X 4 

Mult’plyinjf both members of this equa- 
tion by X (6 — X) it becomes 

3 

6 - .r + I = --(6 jr — a*), 

4 

or 

3 

— to a: — .4*1 = G 

4 ' 

4 

and multiplying both memljcrshy — 

.X* — C X = — 8. 

To each member add (-^) ,or9,and 
re have 


.«• - 6 * -1- 9 = 9 — 8, 
or 

fx- 3)«= I, 

whence 

X - 3 = ± 1 ; 
and this gives us 

X = 3 ± 1 , or X = 4 , or 2. 

If 4 be taken for the one number, the 
other is 6 — 4, or 2 ; and 2 and 4 are 
the numbers that satisfy the question 



It is observable, that in this case the 
two roots of the equation 2 and 4 are 
the two numbers sought. Tlii. is ne- 
cessarily the case ; for whichever of the 
numbers is called x, the other is G — x, 
and there is no way of distinguishing 
that X is to stand for one of the num- 
bers rather than the other. Every rea- 
son, then, Uiat exists to make one of the 
numbers satisfy the equation applies 
equally to the other. It is therefore 
impossible tliat the equation can be 
satisfied by one of the numbers and not 
by the other. 

211. To find two numbers such that 
their sum is lU, and the sum of their 
squares 58. Call the one number x, 
then the other is 10 — x. By the ques- 
tion 

.x*-h (10 -x)« = 58, 
or 

2x* - 20x+ 100 = 58. 

Carrying 1 00 to the other member of the 
equation and dividing by 2 this be- 
comes 

■T« — 1 0 ,T = —21. 

Add 25 to each member and we have 

.1* - lOx -t- 25 = 25 - 21, 
or 

(X - 5)* = 4 ; 

whence 

X — 5 = ± 2, 

which gives x = 3, or 7. tVe find 
3» + ■• = 9 + 49 = 58. For the same 
reason as in the la,st example, the two 
roots are the two numbers souirht. 

Suppose that it had been required to 
find two numbers such that while their 
sura is 10, the sura of their scmarcs 
should be 20. As before, we should 
have 

2x* — 20x + too = 20, 
and 

X*- 10*= -40. 
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Adding 25 to each member, this be- 
comes 

a* - 10® + 25 = - 15, 


which gives us 

X = 5 + V - 15, 

or 

x = 5 -V- 15. 


Here the values of x are impossible 
[art. 201], which shows that there are 
no numljers that can satisfy the con- 
ditions given, but that the question 
contains something absttrd and con- 
tradictory. This is plainly the case; 
for we cannot divide 10 into two parts 
such that the sum of Jheir squares 
shall be less than 50. The imaginary 
values of x however satisfy the question, 
and, as l>eforc, tlie two roots of the 
ct[uation arc the twc expressions 
sought. 

Returning to [206] the roots of a 
quadratic equation will be impossible 


D* 

whenever ^ — g is a negative quantity. 

Now — is in its nature positive, since 
4 


every square number is always posi- 
tive. Therefore the roots arc impos- 
sible only when g is positive, and greater 

than — . When g is a negative quan- 
4 

tity, such as — m, the expression under 
}A 

the radical sign becomes "j" ~ I ~ 


— -t- m, a quantity essentially positive, 
4 

and therefore when g is negative the 
roots are always possible. If one root 
be impossible the other must be impos- 
silile also, for the two roots always con- 
sist of the same terms connected by 
different signs. 

212. A company of persons spend 
31. 10 *. at a tavern. Four of them go 
away without paying, in consequence of 
which each of the others has to pay 2s. 
more than his share. How many per- 
sons were there in the company, and 
what was the proper share of each? 
Cal] the nunilier of persons x. They 
spend 70 shillings, so that the proper 
70 

share of each is — shillings. But there 

are only x — 4 who pay, so that every 
70 

one of these pays j shillings. Now 


each of these pays 2s. more than his 
proper share, therefore 



Multiply each memlier by x . (x — 4) 
and this becomes 

70 X = 70 ,r — 280 + 2 X* - 8 ®, 
or, when reduced to the general form 
x« - 4 X = 140. 

Adding 4 to each member we have 
X* — 4 X + 4 = 144, 
which gives 

x_2 = ±12, 

whence 

® = 14, or — 10. 


Tlie positive value of ®, 14. satisfies the 
question ; for when the number in com- 
pany is 14 the proper share of each is 

^ or 5 shillings, while what each of 

• 

those who remain actually pays is — , 

or 7 shillings, which is 2 shillings more. 

With respect to the negative value, 
— 10, it also satisfies the equation, 
since 



70 

- 10 


-1-2. 


As we have stated Uie question, the 

sums - — ~ and — are to be paid by 
® — 4 X 


the company, when they are positive 
numbers. TIurefore when they become 
negative nnmliers, that is, when x be- 
comes negative, they are sums to be 
received by the c.mipany. But when 
wc introduced .r into the equation, we 
intrmluced it quite generally, as any 
quanii'y either positive or negative that 
would satisfy the equation ; and there- 
fore the equation, as w e slated it, neces- 
sarily applied as much to the case in 
which the company were to receive, as 
to that in which they were to pay the 
money. When they are to receive the 
money the question must be altered to 
this: A company of persons are entitlerl 
to have 70 shillings distributed among 
them, their number is increased by four, 
in consequence of which the share of 
each is diminished by two shillings; 
how many persons were there at fiist? 
This ipieslion is, algebraically sjieaking, 
the same as the former, with tlie signs 
of the different numbers changed ; the 
answer to it is 10, the negaiive answer 
to the former question with its sign 
changed. Not only, then, do tlie two 
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roots satisfy the original equation nu- 
merically, but they both satisfy the con- 
ditions of the question in the way in 
which these conditions must be trans- 
lated into the language of algebra. 

213. When there are two or more 
quadratic equations involving two or 
more unknown quantities, there is no 
general rule that can be laid down for 
their solution, and we must treat them 
differently, according to the circum- 
stances of each case. For instance, let 
it be required to find two numbers 

whose product is and the sum of 

their squares — . Call the one x, and 
36 

the other y. * Then 
1 

X V = — 

^ 9 


, . (A), 


17 


a' + .V’ = 3-5.---(B)- 

Multiply (A) by 2 and it becomes 
2 

2ry = -. 

Adding the members of this last equa- 
tion to those of (B) we obtain 
17 . 2 


a* + 2ay + y= -+-^ = 


36 


and, in like manner, subtracting them, 
17 2 3 

,._2ry + y = ---=-. 

Now, as we have seen, 

,t* + 2xy + y* = (r -I- y)*, 
and similarly 

a:*-2a-y + y* = (*- y)*. 
Therefore 

25 

(ar + y)*=- 

(T-y)-=^, 

and extracting the square roots of both 
members of each of these last equations 
,5 

'+y=±i 

.3 

x-y = ±-. 

Adding these equations, and attending 
to all the signs, we have 

2t = ± 5. or±-, 
and 

or±\. 


Similarly by subtracting, 

, 1 .2 

2 I 

The numbers sought then are — and 
J o 

2 1 

or — j and — - ; either of these pairs 

satisfies the question. 

The values of x and y are the same, 
because the equations (A) and (B) are 
symmetrical with respect to X and y. 
[iSec art. 112.] 

214. F’ind two numbers such that 
their sum, their product, and the dif- 
ference of their squares, shall be all 
equal. As before, let the one be x and 
the other y. Their sum is a: + y, their 
product xy, and the difference of their 
squares 3^ — y*. Therefore by the 
question 

;r + y = a* - y*, 

X + y = xy. 

Dividing each member of the first of 
these equations by x + y we find 
1 = X — y, 

whence 

y = X - 1. 

Substitute this value for y in the se- 
cond equation, and it becomes 
x + x — 1 = x(x — 1), 
or 

a* — 3 X = — 1 , 

and the roots of this quadratic, deter- 
mined by the rule, are 


3 + 


and X = 


3 — ys 


2 2 

The corresponding values of y, found 
by putting these values for x in the 
equation 

y = X — 1 
are 

1 + V5 j 1 - ys 

y = __andy = — ^ 

.\ccordingly, either of the pahs of num- 

+ y 5 3 - y^ 

2 


. 3 + ys ,1 

bers — and 


2 


-> or 


and 


1 - ys 


will be found to satisfy the 


conditions given. 

We may observe, that the two equa 
tions which we have just solved are not 
sjTnmetrieal ; because, though they con- 
tain the same powers of x and y, the 
sign of y* is different from that of 
Accordingly, the values of x and y are 
not the same, as they always are when 
the equations are symmetricaL 
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215. .\itain let us have the two gene- 
ral ecjualions 

a x*+bij^ + cxy = d 
a'.x* + b'y* + &xy = il.. (A) 

and let it be required to find the values 
of X and y. Suppose that 

y = zx 

that is, instead of y write 2 x, where 2 
is an unknown quantity. Then the 
equations become 

a .«• + ft 2 * ,t* + c 2 2 * = rf 
a'.r* + ft^ 2*2* + o' 2 .r* = d\ 

Divide the memlxTs of the first equa- 
tion by those of the other, as in art. 
[139], and wc have 

a 2 * + ft 2 * 2 * -t- c 2 t* _ d 
u'j* -1- 6' 2 * J • + o' 2 a* d' 

and strikine the common factor a* out of 
the numerator and denominator of the 
left-hand equation, 

u + ft 2* -f c 2 d 
a' + l/z* + dz d'" 

Oettine rid of the fractions in this last 
equation, it assumes the general form 
of a ipiadratic equation [art. 205], and 
may be solved accordingly. 

When we have found the viduc of 2 as 
wc substitute it in equation (A), x will 
be the only unknown quantity in this 
equation, and it may therefore be solved. 
When we know x and 2 we find y from 
the equation 

y = zx. 

If we observe the two original equa- 
tions, wc shall see that the sum of the 
indices of ,r and y is the same in every 
term where they occur. It was for this 
reason tint the substitution y — zx 
was had recourse to, wliicli would other- 
wise have been of no use, as the suc- 
cess of the method depends upon the 
same (xiwer of x appearing in the seve- 
ral terms, so that x may disappear on 
the reduction of the fraction. In all 
cases where the same condition is ful- 
filled whatever be the number of equa- 
tions and unknown quantities, wc may 
by a similar method of substitution re- 
duce the number of both by one. Thus 
take the three equations involving x, y, 
and 2 . 

ax^ -h Ay 2 = A, 
c y* -h t/ 2 a; = B, 
««’+/xy=iC. 


Let y =ux, 

and 2 = ox. 

Substituting ai*-hft«o.x* = A, 

cu* . X* -t- rf 0 .X* = 11, 

ev’.x' + fu . X* = C. 

Dividing the second and third by the 
first, and striking out x*, which will be 
common to the numerators and deno- 
minators of both fractions, we liavc 
cu' + dv B 

a + buv A * 

e ti“ -1- / « _ C 
a + buv A ’ 

and getting rid of the fractions by mul- 
tiplication we have two quadratic equa- 
tions involving u and v, which can be 
found accordingly. Substituting, tlien. 
for y and 2 , « x, and i> x, respectively, 
in the first of our equations, we shall 
have a quadratic equation involving 
only X. 

Of Negative Exponents, 

216. We have seen [art. 3.5] that if 
we subtract unity from the exponent of 
any power of a, we form the quotient of 
that power of <1 divideil by a itself. 
Thus 


o’ 

a*'* oro* = — , 
a 

rt* 

a*"' ora' = — . 

a 

Now, from the nature of the expres- 
sion u" , the subtraction of unity from its 
index, .as long as that index is greater 
than 1, is the same as dividing it by a. 
Intact, the diminution of the index by 1 
is the result of the division by a. But 
when the index is no longer greater than 
1, there is no necessary connection be- 
tween division and subtraction from the 
index. We may, however, still continue 
to subtract 1 from the index instead of 
dividing ; considering it, however, not as 
a result but as a matter of notation. 
We, in fact, represent the operation of 
dividing bv a, by the subtraction of 1 
from its index. Proceeding upon these 
principles we obtain 

a'"' = -2- or 1 ; 
a 

so that since 1 — 1 = 0, (fi wilt repre- 
sent unity. We are always to reg^ 
as the result of some such finwon 

r 
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as — , in the numerator and denominator 

a" 

of which a is raised to the same power, 
and such a fraction is always equal to 
unity. It is immaterial what the quan- 

( 1 V ® 

— 1 , and (1 + xy>, have both 

the same value as cfi, or 10<>. 

217. Agmn, subtracting unity from 
the successive exponents, we have 
cfi 1 

o»~‘, oro“* = — , or — , 
a a 


a 1 

or O'* = — , or — , 
a <r 


. * * 

o-i-i, or 0 -* = — t or — ; 

a dr 

[see art 87.] and, generally, 

oro-("+*> = — .or— 
a a^‘ 

We are to consider a'" as the result of 

a" 

such a fraction as — where the ex- 

ponent of a in the denominator exceeds 
by m its exponent in the numerator, and 
which is, consequently, equivalent to 
1 

o“ ' 

We may thus form two series, 

o", a"-‘ . . a*, a', 1, — , 4, • 

a at a“ 

a", a“-'. , a’,a>, <T“, 

of vrhich the corresponding terms are 
the same. In the first of these we find 
each term by dividing the preceding one 
by o, agreeably to the notation that we 
have hitherto used. In the second we 
form each terra by subtracting unity 
from the exponent of the preceding. 

All the powers of any quantity a, which 
have positive numbers for their expo- 
nents, such as a“, a*, a, and the like, are 
called the direct powers of a. The reci- 
procals [art. 96] of these direct powers, 

such as -, are called the IB- 

a" as a 

verse powers of a [art. 130], So that 
the direct powers of every quantity 
have for exponents the numbers 1, 2,3, 
&c. taken positively, and its inverse 
jwwers the same numbers taken nega- 
tively 


The definition given or exponents in 
art. [8] confined them to positive num- 
bers. The extension of this definition, 
which admits negative numbers, may be 
compared to what we did in arithmetic, 
when we carried the decimal notation to 
the right of the units' digit, and so 
arrived at the method of decimal frac- 
tions [art. 154]. In the propriety of 
these extensions of our notation, and a 
great many others of a similar kind, 
we have examples of the law of con- 
tinuity [art. 116j. 

218. On the supposition that m and 
ft are whole positive numlrers, and con- 
sequently indicate direct powers, we have 
arrived at the fom results following •. 

First [art. 24], 

a"* X a* = , [a]. 

Secondly [art. 35], 

= a"— ,... [b] 

which by art. [217] is equally true, whe- 
ther m be greater or less than n. • 
Thirdly [art. 24], 

(a-r = a""; ....[c]. 

And fourthly, when in is a multiple of 
n [art. 193], 

= a" . . . . [d]. 

We are now to prove that these four 
properties hold, whatever the signs of m 
and n are. 

219. First, when m is greater than n 
[art 35], 

a" X — = a"'", 
a" 

that IS, 

a" X a-* = a"-" . . • [a] ; 
and, when m is less than n [art. 79], 

1 I 

o"x — = -- — , 

a" a”""* 

that is, 

0" X a~* = o-t"""), or o""" . . . [a]. 
Again, since [art 88] 

i. 1 

0" cf a” . a" a"+“’ 
we have 

a""" X a“" = a"*"”* . . . [a]. 

The four expressions marked [a] prove 
the first property to be true, whatever 
are the .signs of m and n. 

220. Secondly, [art 91] 

o'" -5- — = o'" . a’ = o“t*, 
a’ 

that is, 

a" -ria"" = or .... [b]. 
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Also [art. 87], 


I I 



that is, 

o a" 1 = a**”" . , , , [b]. 

Again [art. 91], 

1,1 a" 
fl" * a" a"* 
that is [art. 217], 

a— = a“— , ora-"-<-*»...[h]. 
The four expressions markeU [b] prove 
the second property to be true, whether 
m or » be positive or negative. 

221. Thirdly, since [art. 90] 

(-)“=- 
\o" / <r~’ 

it follows that 

(«-")■ = a—.... [c]; 

and, since 

_J J_ 

(a")* “ a"*’ 
it follows that 

(o')- = a— ....[c]. 

Again, since [art. 93] 

I 1 



it follows that 

(a"")"’ = a"", or at"") . .[cj 

The foiur expressions marked [c] prove 
the third property to be true, whatever 
the signs of m and n are. 

222. Fourthly, since [art. 192] 

1 1 
a" “ -^a"’ 

and [art. 193] 

1 1^ 

■ .^o" ~ ”> 
a" 

when m is a multiple of u ; it follows 
that 

The two results marked [d] prove the 
foiirtli property to be true, whether m 
be positive or negative. 

0/ Fractional Flxponenti. 

223. We heve now seen that we can 
express the different powers, direct and 
inverse, of any quantity a, by annexing 
to it different exponents. Let us next 
consider the different roots of a, apd of 


the ]K)wers of a, and let us try to ex- 
press these quantities in a similar way. 

By art. [241], when we multiply the 
exponent of a quantity by 2, we square 
the quantity. Now if we represent ija 

by a^, such a notation will resemble the 
other in this at least, that when we 

multiply the exponent of by 2, we 
produce o* or a, which is the square of 
>Ja. A similar reason leads us to re- 

i I 

present *;^a by o’, *jja by a , and ge- 

nerally • jja by o * , since if we multiply 
the exponents of these expressions re- 
spectively by 3, by 4, and oy n, vie ob- 
tain in each case o' or o, which is the 
cube of 'tja, the fourth power of * ija, 
and the n“power of “Vo. In like man- 
ner, o* may be used to express be- 
cause if we multiply its exponent by 2, 
we obtain o*, the square of ; and in 

genera], o’ may be used to express 

« — 

■ ijtf, since a * »= o", which is the n“ 
power of ' ^ a". Before, however, adopt- 
ing this notation of fractional exponents, 
as part of the same system with integral 
exponents, we must show that it agrees 
equally well in all other respects with 
that system. 

224. As in art. [198], result [B], we 
have 

Now instead of b put a" and we obtain 

*Va“= 

and, if we use the notation of the last 
article, this becomes 

•I 

a^=a^'. 

It follows, that if " ettpressed by 

a “ , it will also be expressed by o with 
m 

any fraction eqmvalent to — for its ex- 
ponent. Thus if Vo be expressed by 

it is also expressed by a , a*, a' . &c. 

225. In art. [198] it was shown that 

■ Va. Va ; 

and if we use fractional exponents, this 
becomes, 

L 1. 

= or a" 

F 2 
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Since 

n + n _ 1 _ 1 _ 

n n' SI si' ' 

In like manner, since, as in art [223], 
and 

we have 

* X ■' X Va"”' ; 

or, as ill art [ 1 98], 

If we use fractional exponents, lliis last 
expression becomes. 



In a way very similar to what we 


and — . be ne- 
st 


have just used we may show that if a " 

be employed to express — i — , then the 
v““ 

same expression will be true if one or 

both of the exponents • 

f ative. It therefore follows, that the 
rst property in art. [218] is true, whe- 
ther the exponents be positive or ne- 
gative, whole or fractional. 

226. Using the expression in art. 
[199] in the same way as in the last 
article we used the expression in art. 
[1 98], we should find that, 

M in' *1 m' 

o’-7-a"'=a" 

and that whether the fractional expo- 
nents be positive or negative, and wne- 

ther ^ be a less or a greater fraction 


than — , The second property in art 
n 

[218]. therefore, is also true, whether 
the exponents be positive or negative, 
whole or fractional. 

227. By art. [196] we have 

and, if for b we put a", this becomes 

(V“"/= "V"”'- 

Consequently, if we use fractional ex- 
ponents, we find 



Tliis can easily be extended to include 
those cases in which one or both of the 

quantifies and p are negative, and 

therefore the third property in art. [218] 
is true for fraction^ exponents. 

228. Again, since by art. [197], 

if for b we put a" , we have 

or, using fractional exponents. 





This may, as before, be proved to be 

true, if one or both of tlie exponents — 

« 

and - be negative. The fourth properly 

in art. [218], therefore, holds in the case 
of fractional exi>onents. 

229. We have now shown that, so far 
as we have yet seen, there is no difference 
between the effect of an operation per- 
formed on an integral exponent, and the 
effect of the same operation perfonned 
on a fractional exponent. Integral and 
fractional exponents arc therefore parts 
of the same system of notation ; and in 


future we shall always use a” to ex- 
press the n“ root of tfie power of a, 
or, what is the same thing, [art. 196], 
the in'* power of the n'* root of a. 

Observe, that in the first instance o" 
was an arbitrary symbol for the m'* 
power of a, that is to say, any other 
symbol for the same quantity would 
have been equally proper. But when 
once we have adopted a" in this sense, 
then, proceeding as we have done, u-" 

and a" are not arbitrary sjnnbols, but 
their signification residls from our pro- 
cess. or it would liave been improper to 
have used them to express any thing 

but — and"s/u". 

a“ 

230. The subject of exponents is thus 
rerluced to the three very simple rules 
following : 

First ; To find the product of any 
number of potcers and roots, direct and 
inverse, of the same quantity, affix to 
the quantity t as its exponent, the sun 
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of the ejjtnnenlf nf the faetnrs, attending 
to their signs. Thus the product of 

’ -/2. " here the sum 

of the exponents is 


,1 to •», 

or 3 — , or — , IS 2 

3 o 

or or*Vu)^, or 102 A 

Secondly ; To any fjort*er or roof, 
d/rrri or inversfi, of a quantity, by any 
other pffWiT or root, direct or inrerse, nf 
the same quantity, subtract the CTponent 
of the divisor from OuU of the dividend, 
the result is the erpfjnent of the quotitmt. 
Tlius the quotient of divided by 
iJZ, where the difference of the expo- 

, . 1 * I ■ > 

nents is or — is 3 , or — . 

3 2 u 2 1 

TliirUly ; To fmd any pnteer, or root, 
nf any power, or root of any quantity, 
multiply the eiqmnmt nf the quantity 
hy the numljtr which is the e.rponent nf 
the power or root required. Thus the 

cube of u* is a*, or a*. Tlie square root 

j . j -* • 1 - 1 

of — , or of o *, is a ‘ , or a 

z 

a 

1 



231. These rules contain every thing 
that it is of much importance to attend 
to in the arithmetic of surds, but they 
apply to those surds only in which the 
same <iuantily is affected with different 
exjwnents. When different surds are to 
be addedtoorsubtracted from each other, 
or when the pro<luctor quotient of sunls 
in which the quantities affected with 
fractional indices are not the same is to 
be taken, we cannot, in most instances, 
do more than indicate these operations 
by the proper signs. Sometimes, how- 
ever, the results of these operations 
admit of being simplified a good deal. 

If we fake any whole number N, and 
reduee it into its prime factors [art. 62], 
we get a result either of the form a", 
where a is a prime number and m either 
unity, or some other whole number, or of 
the form a" o'"', where a and ol are dif- 
ferent primes, and m and m' whole num- 
bers, or of the form a", o'"", flf'"', or some 


similar form. Now, if we take the n“ 
root of N, we shall always find it to be 
a surd, unless all the exponents m, m', 

m", &c. are multiples of n. Thus 360^ 
is a surd, because 360 = 2* . 3*. 5 ; and 3 
and 1, two of the exponents, are not 
multiples of 2. 

This may be proved as follows : let 
us suppose that m, in', m", &c. are not 

multiples of n, and still that N' is a 
whole number. Let us reduce this 
whole number into its prime factors, so 
that we find 

I 

N" = be. AT. A'T. , . 

Raising both members of this equation 
to the n“ power, we have 

N = A-r. A"r'. b'-f. . . 

But by our supposition, 

N = a'"’, a"^ • • • ; 

where m, in', m", &c. not being all 
multiples of n, arc some of them 
different from np. up', njf, &c. which 
are all multiples of n. We, therefore, 
have reduced N into two different 
sets of prime factors, which [art. 
61] cannot be done. It follows that 

N" cannot l)e a whole number. 

When m, m', m", &c. are not multi- 
ples of n, we have, by [art. 190], 



and if m = qn + r, m' = q' n + r, &c. 
we have, by [art. 194], 

d r g e* 

N* = a'+^ 

r e ^ 

= o’, a'f. X. . a", o'", o"’ . . 

Thus 

j 11 1 

360 = 2>.3‘.2’ .5 , or 6. to . 

232. In this way, when we have a 
number affected with a fractional expo- 
nent, we can, at once, find whether it 
be a surd, and if so we can reduce it 
into its simplest form. When surds are 
to be added or subtracted, if, when they 
are reduced into thar simplest fonns, 
the surd parts are the same in each, 
their sum or difference can be reduced 
to one surd, as in art. [I9.S]. Again, 
when surds are to be multiplied or di- 
vided by each other, by reducing them 
into their simplest forms, we can per- 
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ceive at once whether the result will 
admit of any material simplification. 

Tliiis, to take the product of i216* by 
108*. We find 1 08 = 2* . 3>, and there- 
fore 108^ = 2^3^ Again, 21 6 = 2».3>, 
and therefore 2 1 6 * = 2* . 3^ The pro- 
duct sought is therefore 2^ .3^.2^ .3°, 
or 2 . 3*, or 2 X 3 X 3 , or 6 X 3 . Si- 
milarly to divide 48^ by 72^, we find 
I 1 

48 = 21.3, and therefore 48* = 2*,3 ; 

so 72 = 2> . 3* and 72^ = 2* , 3*. The 
1 

2* . 3' 2* 

quotient, therefore, is = — = 

2* . 3* ■* 

2* [art. 230] = 2* = 2.2^ 

233. Since [art. 224] if the exponent 
of any quantity be a fraction we may 
substitute for it any equivalent fraction, 
and since there is a decimal fraction 
equivalent to every vulgar fraction, we 
may always use decimal fractions to 
express the fractional exponents of 

quantities. Thus ir* is the same as 

or a^. So or'i is the same as o', 

is the same as o^, and so on. 
When we find for the exponent of a 
quantity a repeating decimal, or one 
consisting of many places, we may cut 
it short, as in art [166], without intro- 
ducing any sensible or material error 
into our result. Thus, if instead of 

a we write a •*'**“ we make the 
exponent too great by . 00000029 nearly. 

Instead of being eqnal to then, our 
expression isequal to nearly, 

or to n^x o Now a* = I [art. 

216], and therefore a differs from 

unity by a very small quantity, so small 
that it may be neglected,* and if it be, 

we have n x 1 or a^. 

* At a ftture part of tbia treatiM we bIuiU inquire 
iato the actual nufaitude of sacb qnaatitias a« tkat 
ia the text, and khaU prove rlgoreualj that tbef ma/ 
be neglected. 


Of Logarithmic Arithmetic. 

234. When we have the equation 

u" = N, we have seen that — is called 
n 

the exponent of a. When we speak of 

— however with reference to N, as in- 
n 

dicating the power of a that is equal to 
N, it is called the logarithm of N. Tlic 
exponent of a then, and the logarithm 
of N, mean the same quantity, and we 
use the one or the other of these names 
for it, according as we speak of it with 
reference to a or to N. 

To express what the quantity a is, 

with respect to which ^ is the logarithm 

of N, we say that — is the logarithm of 
n 

N to the bate a. Similarly if a'^ = N, 

Tfl’ 

— would be the logarithm of N to tlie 
n' 

1 

base o'. Thus, since 9 ’ = 3, | or . 3 is 
the logarithm of 3 to the base 9. So 
since 1 0* = 1 00, 2 is the logarithm of 
100 to tlie base 10. 

Most of the purposes of logarithms 
are best served when the number 10 is 
the base. Logarithms to this base are 
therefore the most frequently used, and 
are called common logarithmt; they 
are always expressed by decimals. 
When we write 

log. 5 = 0.69897, 

we mean that the common logarithm of 
5 is 0.69897 ; that Is, that 5 = lo”*"", 
or 5 = 10‘w *. 

235. The word logarithms is com- 
posed of two Greek words, that respec- 
tively mean ratio and number, so that 
it literally signifies the ratios of num- 
bers. We have seen [art. 129] that a* 
is said to have to unity the duplicate or 
double ratio of a to unity, cf the tripli- 
cate or threefold ratio, and so on. The 
numbers 2, 3, &c. (which are the loga- 
rithms of of, of, &c. to the base o) 
thus actually express the ratios of o’, 
o’. Sec. to unity, as compared with the 
ratio of a to unity, and are therefore, 
with propriety, called the logarithms of 
these quantities. 

236. Our present purpose is to ex- 
plain how logarithms are used to 
abridge the operations of arithmetic, 
and we shall reserve till afterwards the 


Digitized by Google 



ARITHMETIC AND ALGEBRA. 71 


expl.mution of the way in which the 
louarilhm of any numtier to any base 
may t«! found. vVe shall therefore sup- 
pose that we have got reaily formed a 
table cf logarithms of the usual extent ; 
that is a table containing the logarithms 
of all whole numbers less than lUO.UUO, 
or that consist of less than six digits. 
Very few of these can be expressed in 
terminating decimals, but this causes 
little inconvenience, since a logarithm 
carried to six or seven decimal digits is 
sufficiently exact for all common pur- 
poses. [art. 233.] 

237. That part of any logarithm 
svhich stands to the left of the decimal 
point, is called the characteristic of the 
logarithm. Thus in the table we find 

log. 75293 = 4.8767346, 
in which, consequently, 4 is the charac- 
teristic. 

Since 10“ = 1, by art [216], and 
since 10' = 10, the logarithms of 1 and 
10 arc respectively 0 and 1. The loga- 
rithm of every number between 1 and 
1 0 is therefore bebveen 0 and 1 , and so 
has zero for its characteristic. Thus 
log. 2 = 0.3010300. 

So since 10* = 100, the logarithm of 
100 is 2 ; and the logarithm of every 
number between 10 and 100, or whicn 
has two digits to the left of the decimal 
point, has unity for its characteristic. 
Similarly, the characteristic of the loga- 
rithm of every number between 100 and 
1 000 is 2 ; and generally n is the charac- 
teristic of the logarithm of every num- 
ber between 10* and 10’+', or which 
has » -I- 1 digits to the left of the deci- 
mal point. To find the characteristic 
of the logarithm of any number greater 
than unity we have, therefore, the follow- 
ing rule : 1/ the number be an integer, 
the cJujracteristic of its lugarithm is 
the number of digits of which it con- 
sists, diminished by unity ; if part of 
the number be a decimal, the charajcter- 
istic is the number of digits to the left 
of the decimal point diminished by 
unity. 

238. Let us suppose that lO" = N. 

5+1 

Then, by art [225], 10* = lON, 

J In 

10" = lOON, and generally 1 0" =10».N. 

That is to say, that — , which is the 
' n 

logarithm of N, becomes that ol lON 


by adding unily to it, of lOON by add- 
ing 2 to it, and so on. The logarithms 
of the products of a number by 10 a.'d 
all the powers of 10, therefore, differ 
from the logarithm of the number itself 
only in their characteristics. Thus, since 
log. 24 = 1 .3802112, 
it follows that 

log. 240 = 2.3802112, 
log. 2400 = 3.3802112, 
and so on. 

239. From the last two articles it 
follows, first, tliat a table of logarithms 
need not contain their characteristics, 
since the niles for finding these are so 
simple ; and, secondly, that a table of 
the logarithms of all the whole numbers, 
from 10,000 to 100 , 000 , is sufficient to 
furnish the logarithms of all the whole 
numbers less than 100,000. Thus the 
logarithm of 2.i93 is found by prefixing 
3. the proper characteristic, to the frac- 
tional part of the logarithm of 25980. 
So, since 

log. 80000 = 4 . 9030900, 
we have 

log. 8 = 0 . 9030900. 

Accordingly, the tables of logarithms 
most in use contain the fractional parts 
only of the logarithms of all the whole 
numbers between 10,000 and 100 , 000 , 
or of all the whole numbers that consist 
of five digits, leaving the characteristics 
to be supplied. 

240. If we examine several consecu- 
tive logarithms in any part of the table, 
we sh;dl find that they consist of num- 
bers that are very nearly in arithmetical 
progression. For example, we find 

log. 41337 = 4.6103390, 
log. 41338 = 4 .6163495, 
log. 41339 = 4 .6163600, ’ 

log. 41340 = 4.6163705; 

where each logarithm is formed by 
adding .0000105 to the preceding one. 
This goes on till we come to log. 41387, 
which is formed by adding . 0000104 
only to the preceding one. Thus 49 
successive logarithms, from log. 41337 
up to lug. 41386, are in arithmetical 
progression. The difference of any two 
successive logarithms, from log. 41387 
up to log. 41777, is either .0000105 or 
.0000104, being sometimes the one of 
these numbers, and sometimes the other. 
From log. 41337 then to log. 41777, or 
for 330 numbers In succession, the dif- 
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ferences of the Icgarithms are either 
.0000105 or .0000104. 

This resrularity in the table enables us 
to use it for finding the logarithms of all 
whole numbers between 100,000 and 
1,000,000, consisting of six digits. For 
example, if we add unity to the charac- 
teristics of log, 41337 and log. 41338 
we find 

log. 413370 = 5.C163390, 

and 

log. 413380 = 5.0103493, 


where, as before, the difference is 
.0000105. Now, according to the law 
which we have just observed, the loga- 
rithms of the numbers between 413370 
and 413380 must be in arithmetical 
progression, and must, consequently, 
consist of nine arithmetical means be- 
tween 5 , 0103390 and 5 .0103495 : and 
by art [143] the common difference of 
the progression which these means form 
will 


.0000105 

^ — , or .00000105, 


since . 0000105 is the difference of the 
first and last terms. Accordingly, if we 
add this quantity to log. 413370. we ob- 
tain log. 413371 ; if we add twice this 
quantity we obtain log. 413372, and so 
on. Thus, to find log. 413375, we have 

log. 413375 = 5.0163390 +5x00000105 
= 5.6163443, 


cutting down the result to seven decimal 
dimts. 

In the example just given, if D be the 
difference between the two logarithms, 
the number to be added to the least of 
them to produce the logarithm required 


is ^5. Similarly in any other case where 


n is the units' digit of the number of six 
digits, is the number to be added to 

the logarithm of the first five digits. 

241. In the same way we may use the 
table to find the logarithms of numbers 
consisting of seven digits. If, as before, 
D be used to denote the difference be- 
tween the logarithm of the first five 
digits of such a number and the loga- 
rithm next aliove it in the table, and if 
n be the number consisting of the last 
two digits of the numtjcr )>roposed; 
then, just as before, the number to be 
added to the logarithm of the first five 


digits is 1^. Thus, if the number pro- 
posed be 8361427, we find 

log. 85614 = 4.9.325448, 
log. 83615 = 4 .9325499. 

The difference of these logarithms is 
.0000051. The last two digits of our 

, , 27 X. 0000051 

number are 27, and 

100 


= . 000001377. Reducing this result to 
seven digits it becomes .0000014, and 
adding this last number to the first 
logarithm, and prefixing the proper cha- 
racteristic, we find 


log. 8501427 = 6.9325462. 

IVe may observe, that in like manner 
we should find that the number to be 
added to the first logarithm to form Uie 
logarithm of 8561423 ought to be 
. 0000014 also; so that 

log. 8561428 = 4 . 9323462, 

Ihe same as before. It follows that the 
first seven decimal digits of the loga- 
rithms of the numbers, 8561427 and 
8361428, are the same; so that if we 
wish to distinguish them, we must use a 
table that contains a greater number of 
decimal digits than seven. 

242. The rule for finding the loga- 
rithm of a number that consists of six 
or seven digits is therefore this ; Find in 
the taolc the logarithm of the firxt fire 
digitt : find the difference, between thit 
logarithm and the next greater one in 
the table ; if the number jrroposed con- 
ritt of Ht digits, multiply the difference 
by the units' digit of the number, tptd 
divide the product by lb-, or if the man- 
ber proposed consist of seven digits, mul- 
tiply the difference by the last tico digits 
of the number, and divide the product by 
100 ; adding the quotient in either case 
to the logarithm first found : the sum 
with its proper characteristic is the loga- 
rithm required. 

In the margin of all tables of loga- 
rithms, the difference of the successive 
logarithms in that part of the tables is 
set down. In some tables also there 
are little tables in the margin, c.alled 
tables of proportional parts. These are 
placed under every successive difference ; 
and contain for that difference the num- 
ber to be added in respect of each units’ 
digit, so as to form the logarithms of 
numbers of six digits. These numbers 
are found as is directed by the rule given 
above. 
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2-13. We can now find the loraritlima 
of all whole nuinl)ers of six or seven 
(lieits or under. It is ea.«y to deduce 
from them the logarithms of all num- 
bers greater than unity that consist of 
six or seven or fewer digits, of which 
anv part is a decimal. For instance, 
since 8/3043 = lOOOO X 87.3013, the 
logarithm of 873043 differs from tliat of 
87 .3043 only in its characteristic, [art. 
238]; also the characteristic of the 
logarithm of 87 . 3043 is unity [art. 237]. 
Now 

log. 873043 = 5.941035G, 
and therefore 

log. 87.3043 = 1.9410356. 

In the same way the logarithm of any 
other numlwr greater than unity, and 
consisting of six or seven digits, may be 
found ; the rule is this ; Fmd in the table 
the Ingarithm of the number propnted 
enntidered at a whole number ; prefix 
the proper chararteritiic to the decimal 
mrt of this logarithm ; the result is the 
logarithm sought. 

244. With respect to the logarithms 
of numbers less than unity, we must 
observe tliat the logarithm of every 
such number is nea,ativc. For as we 
have seen [art. 216] the logarithm of 

unity is zero, and since .1 or 

= 10"*, the logarithm of . 1 is — 1. 
Therefore the logarithm of every num- 
ber between unity and or between 
unity and . 1 , is between zero and — 1 . 
Again, since .01, or = Hr*, the 

logarithm of . 01 is — 2, and, tlierefore, 
the logarithm of every number between 

~ and ■ ' - , that is, between . I and . 01 , 
10 100 

is between — 1 and — 2. Similarly, 
the logarithm of every number between 
.01 and . 001 is between — 2 and — 3 ; 
and so on. 

Let us now propose to find the loga- 
rithm of such a number ns 0 . 7434. 

74.34 7434 

Tins number is equal to , or — r-. 

‘ lOOOo’ 10‘ 

N ow we find 

log. 7431 = 3.8712226, 
and therefore 

7434 = lo*"'****; 


consequently 

]f)aj»iasS4 


Bv art. [226] this last number becomes 
or Since 

3.8712226 - 4 = - .1287774, it follows 
that log. . 74.34 = - . 1287774, 
a negative number. 

We shall soon find that it is much 
more convenient to express negative 
logarithms, such as this, in a way simi- 
lar to that used in art, [22]. Thus 


3.8712226 -4 = .8712226 - 4 -1-3 
= .8712226 - 1 
= T .8712226. 

So that 

]Qa.B71KM-4 _ |Qr.S7iaS*l^ 

whence 

log. .74,34 =1 .8712226, 

where the characteristic alone is neg.a- 
tive. Similarly to find the logarithm 
of . 0263573. Since . 0263573 = 


26.357.3 

lOOOOUOO’ 


or 


~To’' ~ ’ must 


be that of 26357.3, with 7 subtracted 
from its characteristic. Now we find 


log. 263573 = 5.4209010, 
and therefore 

log. .0263573 = 2.4209010. 

If we always bear in mind that such 

an expression as 2.4209010 means 
.4209010 — 2, this notation cannot 
cause any confvision. 

245. The logarithm of every number 
between unity and . 1 being, as we have 
seen, between zero and — 1, is equal to 
— 1 with some number less than unity 
added to it. Its negative characteristic 

is therefore 1. Similarly, since the loga- 
rithm of every number between . 1 and 
. 01 is between — 1 and — 2, it is 
equal to — 2 with some number less 
than unity added to it ; its negative cha- 
racteristic is therefore 2. Similarly, the 
negative chtiracteristic of every number 

between . 01 and .001 is 3, and so 
on. In general, The characteristic of the 
logarithm of a ntnnher less than unity 
is found by afiUittg the negative sign 
in the number which is greater by unity 
than the number of zeros which are 
between the decimal point and the first 


\ 
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significant digit nf the. number pro- 
pjscd. 

'gift. To find the losarilhm of any 
number which consists of six, or seven, 
or fewer digits, and which is less than 
unity ; find in the table the logarithm of 
the digits of tphich the number it com- 
posed, as if they formed a whole num- 
ber, and affix to this logarithm the 
jmoper characteristic. Thus, to find the 
logarithm of 0 . 001865, we have 
log. 1865 = 3.2706788, 

therefore 

log. . 0001865 =4.2706788. 

This rule follows from art. [244]. 

24 7. All that has gone before is on 
the supposition that it is a positive num- 
ber whose logarithm is sought. If we 
now endeavour to find the logarithm of 
a negative number we are led into a 
curious inquiry. In art. [200] it was 
shown that every root indicated tiy an 
even number ought to have the double 

sign affixed to it, thus a and 10^, are 
each of them equal to two quantities, of 
which the one is positive and the other 
negative. In like manner, the number 

m 1 

represented by a*’, or (a")** ought to 
have the double sign; so that, in gene- 
ral, whenever the exponent of a number 
is a fraction whose denominator is an 
even number, there result two numbers 
tlie one positive and the other negative. 


Thus, in the common logarithms 


I 

■ 2 ' 


or . 5 is the logarithm of the positive 
square root of 10, or of 3 . 162278, it is 
therefore the logarithm of — 3 . 162278. 

But as the sul^ect of the logarithms 
of negative numtiers is of no practical 
importance, we shall not pursue it fur- 
ther here.* 


* Tb« riitt«ac«of the kifaritfaa«of tk^ntire nam« 
b«rs wu filrennnuhlv d»nicd bjr mtay eminent 
themiitirisRs of the l&»t ceatury, and as strenoonsly 
aseerted by othen. Kvery dincaassoQ on thiM aabjnrt 
appears to depend entirely qi«oo the definition of a 
lofCarithiu made use of; an arithmetical one exclud* 
ia; the noUoa of the logarithm of a negatiTfl nnmber, 

and an algebraical one admitting it Thus if 10^ 
meanh only that namber which results from extract- 
ing ahtbmfUcttUy the square root of 10, it is evident 
that DO neratirr number can arUe ; bnt if 10^ nm- 
aenis ihatqoaotity which, when sqitared, Uerjoaf to 
10, then it is e<iaally erident thnt we shall have a 
negative as well as a positive nninber. We mar abo 
ob^rre that, by the same method of reasoning, though 
we cannot enter into it here, we may eBlabllfth the 
existenca of logarithms of imposnUa as well as poa* 
rbla ({aAaUtiaa, 


248. Having now explained how the 
logarithm of any number, whole or de- 
cimal, consisting of six, or seven, or 
fewer digits may be found in the table, 
it remains to show how tire number cor- 
responding to any given logarithm con- 
taining seven decimal digits is to be 
found. 

If we find the given logarithm in (he 
table, nothing is necessary further tlian 
to take the corresponding number, and 
place in it properly the decimal jjoint. 
Tills is done by means of the cliuracter- 
istic of the logarithm, as is explained in 
arts. [237] and [245]. Thus if the 

logarithm be 2. 6976826, we find in the 
table 

log. 49852 = 4.6976826; 

the characteristic 2 shows that there are 
to be two zeros to the left ; the number 
sought, therefore, is 0 . 04 9852. 

I^t us suppose, however, that the 
given logarithm is 3 . 8447592, a numln'r 
which is not in the table. \V e find in 
the table 

log. 6994.5 = 3.8447567, 
and 

1(^. 6994 .6 = 3. 8447629. 

These two logarithms contain lietwcen 
them the logarithm proposed and their 
ditference is .0000062. Hie ditference 
between the number proposed and the 
least of these logarithms is .0000045. 
Now, if we call the first of these dif- 
ferences D, and the second d, we have 
seen [art. 241] that 



where n is the last two digits of the 
number sought Therefore 



In our example we have 


n 


= too 


0000045 

— = 7258, 

0000062 


We thus find 7 and 3 for the sixth and 
seventh digits of the number required, 
so that 


log. 6994 . 573 = 3 .8447592. 

The rule deduced from this example 
is as follows : Find in the table ttro 
suecessire logarithms which include be- 
tween them the given logarithm ; find the 
di fference between these two logarithms, 
and also the difference between the least 
of them and the gicen logarithm ; mul- 
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tiply the eeennd of these differences hy 
I UO, and divide the product hy the first 
of them ; place the first tico digits of 
the quotient to the right of the number 
rorresponding to the least of the tico 
logarithms found in the table; the re- 
sult, trith the decimal point, if neces- 
sary, properly placed as indicated by 
the characteristic of the given logarithm, 
is the number sought. 

When the characteristic of the pven 
logarithm requires a greater number of 
digits to the left of the decimal point 
than there are in the numlier found as 
the rule directs, we must make up the 
deficiency by adding a sufficient num- 
ber of zeros to the right. Thus, sup- 
pose that the given logarithm were 
10. 7543756, we find 

log. 5.680357 = .7543756. 

Now the characteristic 10 shows that 
the number sought has 1 1 digits ; it 
therefore is 56803570000. 

249. By means of a table of loga- 
rithms the operations of arithmetic are 
very much abridged. Multiplication 
and division are p^ormed by addition 
and subtraction, the powers and roots 
of numbers are found by multiplication 
and division.* This use of the tables 
is what we are now to explain. 

By the first rule in art. [230j the ex- 
ponent of the product of two or more 
factors is found by taking the sum of 
the exponents of the factors. In other 
words, the logarithm of the product of 
any numbers is the sum of the loga- 
rithms of the numbers. Thus, by oui- 
definition [art. 224] we have 
b = 10^‘ 
and 

b' = 10'^*’. 

Therefore 

b.V = 

so that, again, by our definition, 
log. 64' = log. 6 -t- log. V. 

Tliis gives us the rule for taking the 
product of numbers by means of a 
table of logarithms ; find the loga- 
rithms of the several factors taken po- 
sitively, and add them together, attend- 
ing to the signs of their characteristics ; 
find in the table the number correspond- 
ing to this sum, and affix to tt the 
negative nr the positive sign, according 
as an odd or an ei:en number of the 
factors are negative ; the result is the 


• 6« Iks Pnliniury Treatas, p. K 


product sought. Thus to find the pro- 
duct of 17.9,34, -0.077692, and 

0.3257 ; we have 

log. 17.934 = 1.2536772, 

log. .077692 = 2.8903763, 

log. .3957 =1.5973661, 


log. .4513401 = 1.7414196. 

In adding these three logarithms we con- 
sider 2 . 8903763 as if it were written 
. 8903763 - 2 [art. 243]. The pro- 
duct must be negative, since one of 
the factors is negative; accordingly 
— .5513401 is the product sought, for 
it is the number corresponding to the 
sum of the logarithms taken nega- 
tively. 

250. By the second rule in art. [230], 
the exponent of the quotient of two 
powers of the same quantity is found by 
subtracting the exponent of the divisor 
from that of the dividend. The loga- 
rithm of a quotient is therefore tlie dif- 
ference of the logarithms of the dividend 
and divisor. For, since 
6= 10*»‘, 
and 

6'= 10'*»*, 

we have 

6 ' ’ 

that is 

6 ' 

log. -^ = log. 6 - log. 6*. 

It follows that to divide one number 
^ another we have the following nde : 
Find the logarithms of the tico numbers 
taken positively, and subtract that of 
the divisor from that of the dividend ; 
the number in the table corresjxmding 
to the difference, with the prosier sign 
affixed to it, is the quotient sought. Thus 
to divide — 0.077698 by — 0.13976 
we have 

log. .077698 =2.8904008, 
log. . 13976 =1 . 1453829, 


log. . 6559384 = 1 . 7450269. 

Here we subtract (. 1453829 — 1) 
from (. 8904 0 98 — 2), and we find for 
their difference (.7450269 — 1), that is 
1 . 7450269. This is the logarithm of 
. 5559384, which is the quotient 
sought. The sign is positive, because 
both dividend and divisor were nega- 
tive [art. 38]. 
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The lojjarilhm of a vulcar fi-acfion is 
foimJ by subtracting the logarithm of its 
denominator from that of its nume- 
rator. IV'e can find the decimal cor- 
responding to tliis logarithm, and, where 
the numbers are large, this is the best 
■way of reducing a vulgar fraction into a 
decimal. 

We may here remark, that since 

log. ~ = log. a - log. b, 

we have, arranging the terms differ- 
ently, 

log. = — (log. b — log. a) 



251 . By combining the last two rules 
we can perform at once an operation, 
that, by the common ntles of arithmetic, 
would require both multiplication and 
division, as, for instance, the rule of 
three. Thus, when we have the pro- 
portion 

0 

which gives [art. 133] the equation 



by [art. 250] we find 

log. A' = log.(ii' A) — log. n, 
or 

log. A' = log. o' -1- log. A — log. a. 
For example, let it be required to find a 
number which shall have to 93 . 7024 
the same proportion as 272 . 396 has to 
357.698, we have 

log. 272.396 = 2.4352007 
add log. 93 . 7024 = 1 . 9720287 
4 .4072294 

sub. log. 357. 093 = 2.5535165 

log. 71.40241= 1.8537129 

The answer is 71 .40241. 

252. By the third nde in art [230], 
any given power of a quantity is found 
by multiplying its exponent by the num- 
l>er indicating the given power. In 
other words, the logarithm of any given 
power of a quantity is found by mul- 
tiplying the logarithm of the simple 
quantity by tlie number indicating the 
power in question. Thus, since 

A = lo'‘«-‘, 

it follows that 


A" = lO’C"*.*) ; 

so that 

log. (A") = n log. A. 

To raise a number to anv given power, 
then, the rule is this: F'mrf Ibe loga- 
rithm of the given number, and multiply 
it by the number indicating the given 
jmwer ; the number corresponding to 
the product, with its proper sign, is the 
power sought. Thus, to find the twen- 
tieth power of . 996, we have 

log. .996 = r. 9982593 

^ 

log. . 9229666 = 1 . 9651850. 

We multiply (.9982593 - 1) by 20, we 
find for product T . 9651860, and this is 
the logarithm of .9229666, which is 
the number sought. 

So to find the thirtieth power of 2 ; 

log. 2. = .3010300 

30 

log. 1073741000 = 9.0309000, 
the result is 1073741000, which of course 
is only an approach to the truth, and is 
not correct beyond the first six digits. 

253. By the third rule in art. [230], 
the root of any quantity is found by di- 
viding its exponent by the number in- 
dicating the root in question ; that is to 
say, the logarithm of any root of a quan- 
tity is found by dividing the simple 
quantity by the number indicating the 
root. As in the last article, we should 
find 

log.(A^) = ?^. 

Therefore, to find any root of a given 
number, we have this rule : Divide the 
logarithm of the given number by the 
number indicating the given root ; the 
number corresponding to the quotient is 
the root sought. Thus to find the cube 
root of 10, we have 

3) 1 .0000000 = log. 1 0 

.3333333 = log. 2. 15442 ; 
so that 2 . 1 5442 is the number sought. 

When the characteristic of the loga- 
rithm is negative, and is not a multiple 
of the numtier indicating the given root, 
there is a slight change to tie made in 
the logarithm before this division is per- 
formed. Let it be required, for instance, 
to find the square root of 0.006543 
We find 

log. .006343 = 3.8157769. 

Before dividing this logarithm by 2, we 
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must obserre that it is equivalent to 
.8157769-:}, that is. to 1 .8157769-4. 
The half of this is .9078835 — 2, or 
2 . 9078885, and we find 

lo;;. . 0808888 = 2 . 9078885. 

So that ± . 0808888 is the root sought. 
If we had divided the original logarithm 
bv 2, witliout this preparation, we should 
have had our result disturbed by a ne- 
gative decimal digit proceeding irom 
the - .9. 

In like manner, to find the value of 

A 

. 2 , we must multiply the logarithm 
of . 2 by 5, and divide the product 
by 6; 

log. .2 = 1 .3010300 
5 

4.5051500. 

This last logarithm is the same as 
. 5051500 - 4, or as 2 .5051500 — 6, 
the sixth part of which is .4175250-1, 

or 1 .4175250. Now 

log. .261532 = r. 4175250. 

So that i . 261532 is the number 
sought. 

251. An equation, such as 
o' = 5, 

where the unknown quaiilily is an ex- 
ponent, is called an eTjmnential equa- 
tion. It is solved at once by means of 
a table of logarithms ; for since the loga- 
rithms of equ;d quantities are equal, we 
have 

log. (o') = log. b ; 
but [art. 242] 

log. (o') = a: log. < 2 ; 

therefore 

X log. a = log. b ; 

whence 

log. A 
^ log. a 

Thus, to solve the equation 
2' = 1976, 

or to find the number indicating that 
power of 2 that is equal to 1976, we 
have 

log. 1976 ^ 
log. 2 
or 

_ 3.295786a, 

* .3010300’ 

that is, 

3- = 10 . 9483669. 

We may observe that, since 
= 1976, the number 10.9483669 is UtO 


logarithm of 1976 to the base 2. Mul- 
tiplying then the logarithm of the num- 


ber by — ^ ^ (log. 2 being calculated to 

base 1 0) the result is the logarithm of 
the number to base 2. This we shall 
see is only a particular case of a gene- 
ral rule. We may, in like manner, by 
means of a table of common logarithms, 
find the logarithm of any numljer to 
any base whatever. This is done by 
solving, as above, the equation 
a*= b. 


where a is the given base, and b the 
number. 

It will be observed that some of the 
rules which we have given for the use of 
logarithmic tables are deduced merely 
by observing the way in which the 
logarithms succeed each other. This is 
not a strict method of proof. A more 
regidar demonstration of the accuracy 
of these rules will be given in a subse- 
quent chapter, in which we shall treat 
further of exponential quantities, such 
as if, and show how a table of loga- 
ritlims may be formed. 


Of Permutations and Combinations. 

255. The combinations of any mini ■ 
ber of things are the different parcels 
that can be taken, each consisting of a 
certain number of those things, without 
regard to the order in which they stand 
in tlie parcels. Thus, 

ab, ac, ad, be, bd, cd, 
are different combinations of the four 
letters a, b, c, and d, taken two at a time. 
Similarly, 

abc, abd, acd, bed, 

are different combinations of the samo 
letters, taken three at a time, since every 
two of these parcels consist of different 
letters. But the parcels 

eba, dba, dca, deb, 

are respectively the same combinations 
as the last, for they consist respectively 
of the same letters, though these letters 
arc differently arranged. 

256. The permutations, again, of any 
numlier of things, are the different ways 
in which those things may be presented 
by varying the order in which they 
stand ; or the different ways in which 
the different combinations, each con- 
sisting of a certain numlier of those 
things, may be presented by varying the 
order in which the things stand in each 
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combinalion. Thus, 

ahc, acb, hoc, hca, cab, dm, 

are permutations of the three letters a, 
b, and c, taken all at once. Similarly, 
ab, ba, ac, ca, be, cb, 

are different permutations of the same 
letters, taken two at a time, formed by 
vary ing the order of the letters in each 
of me combinations 

ab, ac, be. 

257. I..et us propose to find how many 
■mutations can be made of any num- 
r of different things, taken two at a 
time. Let the things, for instance, be 
the six letters a, b, c . It is plain 
that if we write a, followed by each of 
the other five letters, b followed by each 
of the other five letters, and so on, we 
shall have formed the number of per- 
mutations required, and no more ; since 
every two of the permutations so formed 
are different Now, when we have done 
tliis, we have five permutations be- 
ginning with a, five with b, five with c, 
and so on ; that is, five with each of the 
six letters. The whole number, there- 
fore, is G X 5, or 30. 

In exactly the same way we may show 
tliat the number of permutations of five 
tilings, taken two at a time, b 5 x 4, 
or 20 ; and that the number of permu- 
tations of m things, taken two at a 
time, is 

m.(m — 1). 

Aran ; let us propose to find the 
number of permutations of any number 
of things, t Aen three at a time. Taking 
tlie six letters as before, if we write a, 
followed by all the permutations of the 
other five letters, taken two at a time, 
then do the same for b, then the .same 
for c, and so on, it is plain, as before, 
that we shall have formed all the per- 
mutations required. Now, considering 
the class of these permutations that be- 
gins with a, we have a followed by all 
the permutations of five letters taken 
two at a time, that is, as we have seen, 
by 5x4 permutations. The numlier 
of permutations in the class lieginning 
with b is in like manner 5x4, and so 
on. Tliere are therefore six classes, each 
consisting of 5 x 4 permutations, and 
therefore the whole numlxir of permu- 
tations is G . 5 . 4, or I'20. 

Similarly, the numlier of permuta- 
tions of five things, taken three at a 
time, b 5 . 4 . 3, or Gtl ; and of m things 


taken three at a time, is 

m. (ffi — 1) . (m — 2). 

Once more, to find the number of 
permutations of any number of things, 
taken four at a time. Taking the six 
letters ; in the class beginning with a, 
that letter b followed by all the permu- 
tations of the other five letters taken 
tliree at a time, therefore the number of 
permutations of thb class is, as we 
nave seen, 5.4.3. As before, there 
are six classes, and therefore the num- 
ber sought is 6 . 5 . 4 . 3, or 3C0. 

In like manner the number of permu- 
tabons of m things, taken four at a 
time, is 

m.(m — 1 ).(»! — 2). (m — 3). 

We may carry on this process, step 
by step, as far as we please. From the 
instances already given, however, we 
may conclude, that the number of per- 
mutations of m different things, taken 
n at a time, is 

m .(TO — 1) . (m — 2). . . (m — n -b 2) . 

(TO — n -I- 1) ; 

an expression in which the blank must 
be filled up with lUl the numbers, (if 
any,) between m — 2 and m — n + 1. 
Thus, if TO be six, and n four, this ex- 
pression gives us, as above, 6 . 5 . 4 . 3, 
or 360. 

For examples : the number of permu- 
tations of 12 tilings, taken 5 at a time, is 
12.11 .10.9.8, 

or 9504 0. The number of permutations 
of the 26 letters of the alphabet, taken 6 
at a time, is 

26.25.24.23.22.21, 
or 165765600. 

258. When n is made equal to m, 
this expression becomes 

m . (m — 1) . (m — 2) . . . 

(m — TO + 2) . (m — TO + 1 ), 
or 

TO. (TO — 1) . (TO — 2)..,3 . 2. 1 ; 
since 

TO — TO -b 1 =1 
TO — TO -b 2 = 2, 

and so on. This, therefore, is the num- 
ber of permutations of m things taken 
TO at a time ; that is, the number of 
ways in which the whole numlier of 
things may be arranged. For example, 
the number of ways in which the eight 
letters in the word Scotland can be 
written b 
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8. 7. 6. 5. 4. 3. 2.1, 

Or 40320. 

269. The number of thin^ remainint; 
the same, when we increase the numiter 
of them taken at a time we increase the 
number of permutations. Tliis a^cars 
from the expression art. [257]. Tliere 
is, however, one exception, and that is, 
that the number of pennutations of m 
tilings taken ot — 1 at a time is the 
same as when they are taken m at a 
time. In these respective cases the ex- 
pression becomes 

OT . (m — 1) . (OT — 2). .4 . 3.2, 
and 

OT.(m — 1).(OT — 2)..3.2.I, 
and these expressions are equal. For 
example, the number of permutations of 
9 things taken 8 at a time is 3G2880, 
and the number when they are taken 9 
at a time is the same. The reason of 
this is plain. Suppose that wre have 
formed all the permutations of ot letters 
taken ot — 1 at a time. A certain clasi 
of these does not contain the letter a, 
to all these let us prefix that letter. In 
like manner, let us prefix the letter b to 
the class that does not contain it, and 
so on. When we have done this, we 
have, without increasing their number, 
changed the permutations of m things 
taken in — 1 at a time into the permu- 
tations of the same things taken m at a 
time. 

260. Let us now propose to find how 
many different combinations can be 
made of any number of things of which 
a certain number are taken at a time. 
In the first instance, let us suppose that 
there are eight things, and that they are 
to be taken four at a time. Let us call 
the number of their combinations, which, 
as yet, wc do not know, x. Now, if we 
take any one of these x combinations, 
and arrange the four things, of which it 
consists, in every possible way, we shall 
form, as we have shown in art. [238], 
4 . 3 . 2 . 1 different permutations of 
them. Again, if we take any other of 
the X combinations and treat it in the 
same way, we shall form of it, in Uke 
manner. 4 . 3 . 2 . 1 permutations ; and 
these are all different from the former 
ones, since they are composed of a dif- 
ferent set of things. In the same way 
we may form 4 . 3 . 2 . 1 permutations of 
every one of the x combinations, and 
when we have done so, we shall have 
formed 

z. 4. 3. 2.1 


permutations in all. But these are 
plainly all the permutations that can lie 
made of the eight things taken four at a 
time; and we know [art. 257] that the 
number of permutations of eight things 
taken four at a time is 

8. 7. 6.5. 

We, therefore, have 

X. 4. 3. 2.1 =8. 7. 6. 5; 
whence 


261. Just in the same way we may 
find the number of combinations of w 
things taken n at a time. Calling the 
number, as before, x; every one of 
tliese X combinations furnishes us with 
n.(n— I). .3. 2. 1 

different permutations of the n things of 
which it consists, taken n at a lime [art. 
258] ; and, therefore, the whole x com- 
binations furnish us with 

x.n.fn— I). .3. 2.1 
such permutations. As before, these 
are all the possible permutations of the 
m things taken n at a time, and are, 
therefore, in number [art. 257] 

OT. (OT— 1). .. (OT— n-l-2).(m— n-H), 

As before, we have the equation 
x.n.(n-I)...3.2. 1 
=m.(in— 1)...(OT— n-t- 2). (m—n-l-1); 
And finm this we find 

m.(OT— I)...(m— n-t-2).(OT— n + I) 

*“n.(n-l)... 2~ ; i ’ 

or inverting the order of the factors in 
the denominator 


OT OT — 1 OT — 



m — n-l-2 OT — n + 1 
n — 1 ' n 

Thus the number of combinations of 1 2 
things taken 5 at a time is, by this ex- 
pression, 

12 11 10 9 8 
T‘7 3 4 T’ 

or 792. 

Observe that this expression consists 
of the product of a set of fractions, the 
denominators consisting of the natural 
numbers, and each numerator formed 
by subtracting the denominator from 
OT + 1 . 
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262. The expression in the last article, 
beinx the number of combinations of a 
certain number of things taken a certain 
number at atime, must always furnish us 
with a whole nnmlwr. This also aj)- 
pears from the nature of that expres- 
sion. Thus, since either in, or in — !, 

m.(m — 1) 

must be an even number, — j — — 

must be a whole numlicr. [art. 62]. 
A sain, cither m, m — 1, or m — 2, must 
be measured by 3, and one, at least, of 
tliese numbers is even, and, therefore, 

m . (m — 1) .(m — 2). , , , 

— IS a whole number. 

1 . 2.3 

Similaily, either m, m — 1, m — 2. or 
m — 3, IS measured by and some one 
of them different from the one measm-ed 
by 4 is measured by 2 ; also, some one 
of them is raeasur™ by 3, and, there- 
fore, their product is measured by 
1 . 2 . 3 .4. In the same way it can M 
shown, that the numerator of the general 
expression is measured by 1.2.3... 
(« — 1) . n. 

263. Suppose that we have got ten 
things, and proceed to form all the com- 
binations of those things taken seven at 
a time. To form one ot these combina- 
tions we select seven of the ten things, 
and, consequently, reject three ; the 
fliree rejected ones form one of the com- 
binations of the ten things, taken three at 
a time. In like manner every one of 
the combinations of the ten things taken 
seven at a time has corresponding to it 
a combination of the same things taken 
three at a time ; and when, by selecting 
seven of the things in every possible way, 
we have formed all the combinations of 
them taken seven at atime, we have also 
rejected three of the things in every pos- 
sible way, and so have formed dl the 
combinations of them taken three at a 
time. It follows, that the number of 
combinations of ten things taken seven 
at a time is the same as the numl)cr of 
combinations of the same things taken 
three at a time. 

I.et us see how this property follows 
from the expression in art [261]. By 
that the mvoiber of combinations of ten 
things taken tliree at a time is 

1 0 . a . 8 

1.2. .i’ 

and taken seven at a time is 
10.9.8.7.6.5.4 
1 . 2 . 3 . 4 . 5 . 6 . 7' 

Now in the last of these expressions, 


4 . 5 . 6 . 7, is a factor, both in the nume- 
rator and denominator, we may, there- 
fore, strike it out of both, and we find 
10.9.8 
1.2.3’ 

which is the first expression. 

264. Similarly, since, in forming every 
one of the combinations of m things 
taken n at a time, we reject m — n of the 
things, it follows that tlie number of 
combinations of m things taken n at a 
time is the same as the number of com- 
binations of the same things taken m — n 
at a time. To find tlie latter of these 
numbem, we must observe that the last 
factor in the numerator of the expression 
in art. [261] tiecomes, in this case, 
m —(m — n + 1), orn-t- l,so that that 
expression becomes 

?n . (m — 1 ) . . . . (m — n + 1) . (ni — n) . .. 

1 . 2 n . in -i- 1) .. . 

(n + 2).(n 4- 1) 

(m — n — 1) . (»i — »)" 

Here all the numbers, from n + 1 to 
m —n inclusive, are factors, both in the 
numerator and ilenominator. Striking 
these factors out, the expression be- 
comes 

m . <m — 1) . . On — n t- 1) 

T! 2 T! « ’ 

and this is the expression for the num- 
ber of combinations of m tilings taken » 
at a time. 

265. There is but one combination of 
m things taken m at a time, since there 
is but one parcel that can be formed of 
them all. Again, strictly siieaking, there 
is one combination of m things taken 
none at a time, since there is one way of 
rejecting them all. Attending to these 
observations, we may form the following 
table, showing, with respect to any num- 
ber of things from one to ten inclusive, 
how many combinations can be made of 
that number of things, any number of 
them being taken at a time. 

1 1 

1 2 1 
13 3 1 
1 4 6 4 1 

15 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 

1 10 45 120 210 252 210 120 45 10 I 

Tlie first line has reference to one thing, 
tlie second to two tilings, the third to 
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three, and so on. The first column 
contains the combinations when .the 
thinits are taken none at a time, the 
second when they are taken one at a 
time, the tliird two at a time, and so on. 
Tills table is sometimes called the arith- 
melical triangle. The numbers con- 
tained in it are possessed of many re- 
markable properties. 

266. In each line of the table the 
numbers equally distant from the ends 
are the same. When the tine has refer- 
ence to an even number, tliere is a 
single number in the middle of it greater 
than any of the rest. Thus, m the 
middle of the sixth line we find 20, the 
number of combinations of six things 
taken three at a time ; it is different 
from the numbers on each side of it, 
which are the numbers of combinations 
of six things taken two at a time and 
four at a time, and which arc equal by 
art. [ 264 ], When the line has re- 
ference to an odd number, we find a 
pair of equal numbers in the middle of 
iL Thus, in the middle of the ninth 
line we find 126 and 126 , the numbers 
of combinations of nine things taken 
four at a time and five at a time. All 
tliis follows directly from art. [ 264 ]. 

In general, if 2 r stands for any even 
number, there will be 2 r -t- 1 columns 
in the line that has reference to 2 r 
things. Now 2 r -t- 1 is an odd num- 
ber, so that there will be a middle term 
in the line, and this middle term will be 
the number of combinations of 2 r 
things taken r at a time, or it will be 
[art. 261 ] 

2 r. (2 r- 11.(2 r-2)...(2r - r-H) 
1 . 2 . 3 . r 
or 

2r.(2r -l).(2r-2)..(r-h 1) 

1 . 2.3 .. r ■ 

Again, if 2 r - 1 - 1 stands for any o<ld 
number, there will be 2 r -t- 2 columns 
in the line that has reference to 2 r -h I 
things, and as 2 r -t- 2 is an even num- 
ber there will be no middle term in this 
line, but there will be two terms equi- 
distant from the extremities, and equal 
to each other, and each of these will re- 
present the number of combinations of 
2 r -1- 1 things taken r at a time, and 
taken r + 1 at a time. The expression 
for the first of these numbers is [art. 
261 ] 

(2r-M).2r.(2r-l)...(2r-t-l-r-|-l) 

1.2.3 rr; r ’ 


or 

(2r-f l).2r.(2r- l)...(r-h 2) 

l . 2.3 ... r ■ 

The expression for the other number is 
found by inserting r -1- 1 at the end of 
the decreasing factors in the numerator, 
and r -(- 1 at the end of the increasing 
factors of the denominator. These two 
factors destroy each other and leave the 
expression as it was. 

267 . The number of the »»'* line 
in the table is the number of combina- 
tions of m things taken p — 1 at a time. 
Thus, the fourth number in the eighth 
line is .66, the number of combinations of 
8 things taken 3 at a time. Now the 
number of combinations of m things 
taken p — 1 at a time is found by mul- 
tiplying the number of combinations of 
m things taken p — 2 at a time by 

— — It follows that the p'* 
p- 1 

number in the m'* line is formed by 
multiplying the number before it by 
m — p -t- 2 _ 

r — . Thus 21 0 , the seventh num- 

P- 1 

ber in the tenth line, is formed by mul- 
tijilying 252 , the number before it, by 
10 - 7 - 1-2 , 5 

6— .or by-. 

268 . Tlie p — 1'* number in the 
m — li« is, as we have seen, 

('« — I) (m — 2 ) . . .(m — p - 1 - 2 ) 

i 2 r; (p-2y ’ 

and the 72* number in the same line is 
(m — l).(/n — 2)..(»i — p -I- 2). 

1 2 Ip - -if ~ 

tm — p + 1) 

(p-i) ■ 

The sum of these two expressions is 
(OT — l)....(in— p-f2) r p-H 1 

1 .... (p-^ 2T1 p-1 )• 

or 

(m - t)...(OT -pH- 2 ) f ?n ■) 

1 ... (p-2) t/'-li’ 

or. removing the factor m from the 
right of tlie numerator to its left, 

m . (>n — 1 ) . . (m — p -1- 2) 

T 2 .. (p-l) 

Tliis last expression is the p“ number in 
the m'* line • which is thus the sum of 
o 
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the f)— 1'* and numbers in the 

m — I'* line. In other words, any num- 
tn-r in the table is the sum of the number 
above it, and the number above it and 
next to the left Thus 20, the fourth 
number in the sixth line, is equal to 
10 + 10 . 

Airain, for the same reason 1 0 in the 
fourth column is equal to 6 + 4, and 4 
in the fourth column is equal to 3 + 1 ; 
so that 20 in the fourth column is equal 
to 10 + 6 + 3 + 1, the sum of all the 
numbers above it in the column next to 
the left. The same is manifestly true 
for any other number in the table. 

260. In this table let us write the ver- 
tical columns horizontally, so that we 
have 

111111 
1 2 3 4 5 6 

136 10 15 21 

1 4 10 20 35 56 

1 5 15 35 70 126 

Here the second line contains the natu- 
ral numbers ; the third line the first 
order of figurate numbers ; the fourth 
line the second order of figurate num- 
bers ; the fifth line the third order of 
figurate numbers ; and so on. Tlie 
property proved in art. [268] is there- 
fore this, that the m'* number of the p"" 
order of figurate numbers is equal to 
the sum of the first m figurate numbers 

of the p — 1“ order. 

270. Ob.serve, that all of these expres- 
sions for the permutations and combina- 
tions of any number of things are true, 
only on the supposition that no two of 
the things in question are the same. If 
two or more of them are the same, that 
makes a material difference in the re- 
sult. Thus, let us inquire in how many 
ways the seven letters of the word Bar- 
bara may be written. Let us suppose that 
there are seven blank spaces arranged 
in a line, and that we first file three 
of these, then other three, and so on, 
with the three letters a in tire word 
Barbara. The number of ways in which 
we can do this is plainly the numlwr of 
combinations of seven things taken tliree 
. 7.6,5 

at a time, that is ^ — , or 35 ways. 

When three of the seven blanks are 
filled, there remain four ; let us fill two 
of these with the two letters b, this can 

be done in or 6 ways. Now for 

1 s 2 


every one of the 35 ways in which three 
of the seven blanks can be filled w ith 
the three letters a, we can fill two of 
the four remaining blanks in 6 ways 
with the two letters b. We can, there- 
fore, fill five of the seven blanks with 
the three letters a, and the two letters 
6 in 6 X 33, or 210 ways. And for 
every one of these 210 ways we can fill 
the two remaining blanks with the two 
letters r. The number sought is, there- 


, 7 . 6 . 5 . 4 . 3 . 2.1 

fore. 210, or -^3-- j 2.1. 2- 


If all 


the things had been different the number 
of these permutations would have been 
5040. 

In the same way if we have m things, 
whereof n are alike, n' alike, n" alike, 
and so on. the number of ways in wliich 
they can be arranged is 
nt.fm — l).(m — 2) .... 3.2.1 
1 72 . . n . 1T2 . . .»' . 1 . 2 . . . n" . . .' 


Thus the number of ways in which the 
eleven letters in the word Mississippi 
can be written is 


11 . 10.9 .8.7 .6 .5.4 . 3.2. 1 
1 .2. 3. 4.1 .2.3.1. 1.2 ’ 

or 34,650 instead of 39, 916,800, which it 
would have been had the letters been 
different. 

We have here supposed all the letters 
taken together, and there is, therefore, 
clearly only one way of combining them. 
Hiid we proposed to find the numlwr of 
permutations of m things, of which p 
are alike, taken n at a time, we should 
have proceeded somewhat ditferently. 
IVe should have separated the com- 
putation by finding, 1st, the number of 
permutations taken n at a time, includ- 
ing none of the p things which are alike; 
2(ily, the number involving one of the 
p things, and so on. The sum of all 
these is evidently equal to the number 
of permutations required. The reader 
will find no difficulty in the computation 
of the several parts referring to art. 
[264] and the commencement of the 
present ailicle. Thus, take the term 
where q of the like quantities enter. 
Proceeding similarly as before, let us 
suppose that we have n blank spaces, 
q of which are to be filled by the things 
which are alike, and the rest n — q, by 
the things which are unlike. Now. by 
the same reasoning as that made use of 
at the beginning of this article, it ap- 
]iears immediately, that q of the spaoec 
may be occupied by like things ip 
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€3 


n(n — 1) . . . . (n - 7 + 

i . 2 . . q 

different ways. Again, there are m — p 
things whicti arc unlike, and the n — 7 
vacant spaces may be filled hy the 
unlike things in as many different ways 
as there are permutations of tn — p 
things taken n -7 at a time, or art. ['264] 
in (in—p)(m—p — l)...(jn—p — 
(n — 7 ) + I) different ways. Hence, 
since for every arrangement of the like 
things there are (m — p) (m — p — 1 ).. 
(ni — p — (n — g)+ 1 ) arrangements 
of the unlike, and there are 

n (n- 1)....(«^7 + I) 

1 .2 “ 7 

different anangements of the like things, 
it follows, that the whole niunber of dif- 
ferent arrangements is 

n(n— I),.. (» — 7-1- I) 

1^2 .. 7 ' 

(in-p) (m-p-l)..(m-p-(n-g)+t). 
We will apply this to one example. 
What is the number of permutations of 
20 things of which 18 are alike taken 5 
at a time ? 

It is evident, in the first place, that at 
least 3 of the like tilings must enter into 
each permutation. There are then 3 
sots of arrangements. 1 st. Where none 
but like tilings enter, and there is evi- 
dently only one way of arranging these. 
2 dly, Where there are 4 like things, 
and one of the unlike. The 4 like can 


like things, instead of their permuta- 
tions, and considering that whatever 
numher of like things enter, there is 
only one way of combining them. 

In the same way, seiiarating them into 
different sets of arrangements, we may 
find the number of permutations of m 
things, of which p are of one kind, 7 of 
another, and so on taken n at a time. 

Of the Binomial Theorem. 

271. It will be necessary now to ex- 
tend the definition of a eoe^cient, which 
was confined in art. [9] to mean the 
numerical factor in any product. When 
we have a product, and arc, for the 
time, considering any factor or factors 
in it as its principal and distinguishing 
part, we call its other factor, or factors, 
the coefficient of that part. Thus, if 

we have the product m . . o» g“-*, 

and are considering it chiefly with re- 
ference to X, m a* is called the 

coefficient of ar"-«. Again, if we are 
considering it with reference to a, 

nt . — ^ or-' may be called the co- 

efficient of a* ; and if with reference to 
a and r, m is the coefficient of 


be arranged 


5 . 4 . 3 . 2 
1 . ' 2 . 3 . 4 


, or 5 different 


ways (n=> 5 and 7 = 4 in the expression 


n (n -^) . 

1 .2 


. . n 


7 -I- 1 

), and either of 

? 


the 2 unlike can be joined with them ; 
so that we have 2 x 5, or 10, for this 
set of arrangements. 3dly, Where there 
are 3 of the like quantities, and the 2 
unlike. To find this we have only to 
put in the general expression 


n = 5, 7 = 3 , m = 20, p = 18, 
and it becomes 


5.4.3 

1.2.3 


X 


2.1, or 20. 


Hence, adding the permutations in the 
3 sets of anangements, we have 3 1 for 
our result. 

Hatl we been finding the number of 
combinations in the same case, the pro- 
cess would have been similar; taking 
the number of combinations of the un- 


a*a;— «. So that a coefficient may 
consist of more than one term; thus 
in the expression 3 (a + b + c) X‘, 
3 (rj -t- A -t- c) is the coefficient of x*. 

272. An expression, such as a + b, 
or 1 — X, that consists of two terms is 
called a binomial expression. An ex- 
pression that consists of three or more 
terms, is, sometimes, called a polyno- 
mial expression. The binomial theorem 
is the algebraical rule, or formula, for 
expressing any power, or root, of a 
binomial expression in a series con- 
sisting of single terms. 

273. Ifwewishto raise a binomial 
expression to any power indicated by a 
whole number, we can do so only by the 
rules of multiplication. In this way 
we have found [art. 170] that 

(x -t- a)« =x« 2 ax -h a*, 
and [art. 1 8 1 ] that 

(X + ay> = aP + 3 ax’ + 3 a> X -{■ a’. 

Again, if we take the example in art 
o 2 
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[29], and for each of the quantities 
A, c, and d there, sut>stitute o, the ex- 
pression (*+ a). {x+b) .(x + c).(x+d) 
becomes x + a repeated four times, cr 
(X + «)<; also the coefficient of in 
the product becomes a repeated four 
times, or 4 a, the coefficient of i* be- 
comes a* repeated six times or 6o*, 
the coefficient of x becomes 4 d>, and the 
term abed becomes o‘ ; so that we find 

(X + «)< 


= X* +4ax^ + 6 efl x*+ 4 a^x + a*. 
In like manner if we form the product 
of five or six binomial factors we may 
deduce from it the expression for 
(X -I- a)>, or (X + ajfi; and if we can 
discover the general law according to 
which the continued product of m bino- 
mial factors is formed, we can deduce 
from it the general expression for 

(* + a)"- 

274. Let us take the expression 


or 

+ (a + b+c + d + e + ...).t^-> 

+ (a b+ac+ad+... + bc+bd... + cd+...+de+.. 

+ (uAc + aAd-l-... + aed +. . .+ b rd + . . .+ ede +■ . .)x" 
•h (abcd + obce + ... + aede + ... + bede + ,. 

+ 

+ abc de.,. 


HA]. 


Here we suppose that the quantities 
a,b,r,d, &e. are in numlwr m; and 
that the coefficient of x”“‘ is the sum of 
all these quantities, the coefficient of 
x"'* the sum of all the products of 
cveiy two of them, the coefficient of 
x"'» the sum of all the products of 
every three of them ; so th.at if there 
were a term containing x"", its coeffi- 
cient would be the sum of all the pro- 
ducts of every r of the quantities. This 
Iwing understood, it is easy to see how 
the blanks in our expression are to be 
filled up when any particular value is 
given to m. 

Now if in this expression we make 
m equal to 3, we find the same result as 
was found in art. [29] for the continued 
product of three binomial factors. If 
we make m etpial to 4. the expression 
becomes the same as was found in the 
same article for the continued product 
of four binomial factors. Similarly, it 
the reader will, by multiplication, form 
for himself the products of five and six 
binomial factors, he will find that the 
results are, resjiectively, the same as if 
he had substituted the numbers 5 and 6 
for m in the expression above, and so 
for any number of factors. W e may, 
therefore, conclude, that the expression 



It may lie objected to this conclusion, 
that we have not proved it, but have 
raised a presumption only in favour of 
it, by showing that it is true in a num- 
ber of particulai' cases, and many in- 
stances may be brought of the fal- 


laeiousness of such reasoning. We 
may, however, make our proof quite 
strict as follows. Let us multiply the 
expression [A] by x + i, i not being 
one of the quantities a, b, c, d, &c. 
already found in it. To do this we 
multiply every term in the expression 
by X, and also every term by t. x" 
multiplied by x, becomes x^, which is 
therefore a term in the product, x" 
multiplied by i liecomes t x", and the 
second term of [.\] multiplieil by x 
becomes (« + A + c x" ; the sum 
of these, or (a -I- A -t- c -h . . . -I- i) x", is 
therefore another tenn in the product. 
Again, the second term of [A] mul- 
tiplied by I liecomes («i + A(+c»+..)x""', 
and the third term multiplied by x be- 
comes (ab + ac + ad-i--.) x~“i ; the 
sum of these therefore, or (ab+ac+ad 
-1- . .. -h af+Ac+ bd + . + Ai + ,.) 

is a term in the product. Similarly 
a""* nuilliplied by the sum of all the 
products of the quantities a. A, c, rf . . . i, 
taken llirce at a time, is another terra, 
and so on ; the hast term in the product 
Iiecoming u. A, c, d . . . It follows that 
the product of the expression [A] by 
X + i is of the same form as[A] ; m-f I 
being substituted for m, and the quan- 
tities a,b,c,d... having! placed among 
them. Therefore if [A] truly expresses 
the continued product of tii binomial 
factors, an expression similar to [AJ 
will truly express the continued product 
of »i + 1 binomial factors. Now we 
have seen [art. 29] that [A] truly ex- 
presses the product of four factors, it 
therefore, by what we have just proved. 
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truly expresses the continued product of 
4 + 1 , or five factors. Affain, since it truly 
expresses the product of five factors, it 
truly expresses the product of .S + 1 , or 
six factors. In like manner it truly 
expresses the product of seven, eierht, 
or nine factors, and so, counting u)>- 
wards, of any number of factors. It 
therefore truly expresses the product of 
m factors. 

Owing to the great importance of the 
subject, we will show that this miust lie 
the case from somewhat different con- 
siderations. Glancing at the products 
(X + a) (x -h b), and (X + a) (x -t- b) 
(* -t- c) as we have written them, 

x*-t-ax-t-o6 X* -t-ax*-l-a6x-t-a6c 

+ bx + fix* + OCX 

+ ex’ + bex, 

it is clear, from the nature of the pro- 
cess, that if we multiply together m fac- 
tors of the form (x -h u) (x -f A) . . . . 
(x -1- h), the first term of the result will 
be simply the product of all the first 
terms of the binomials, and the last sim- 
ply the product of all their second terms; 
that is, the first term will lie x", and 
the last ab . . ,h. It is also clear that 
every intermediate power of x will ap- 
pear in the rcsidt. Again, no numlwrs 
will enter info the coefficients, since the 
multiplication cannot produce 2 terms 
exactly alike. If then A, B,,&c. be the 
sums of all the coefficients of x""', x"'*, 
&c. in the result of the multiplication as 
alwvc written, we shall have it repre- 
sented by 

x“ -t- Ax""' -hBx"~*, See. .. -ha fie.. A. 

Now it follows from the multiplication 
that,x""‘ being considered composeel of 
m — 1 factors and so on, every term in 
the above product must have exactly m 
factors. ■ Hence the coefficients of x""‘, 
of which A is the sum, have each of 
them but one factor, and that is o, or fi, 
or e, &c. So every coefficient of x""' 
has exactly r factors, and is some pro- 
duct arising from multiplying together 
r of the m quantifies a. A, c ... A. N ow 
all the quantities a. A, c...A enter into 
the product in precisely the same way, 
since the result would have been the 
same in whatever order we had multi- 
plied the binomial factors together. 


Hence every possible product of r fac- 
tors out of the m quantities a, b,e... h 
must appear in the result as the coeffi- 
cient of x ""' ; and we therefore see, as 
before, that it will be the sum of all the 
products of every r of the same quan- 
tities. 

•2/5. The expression [A] being thus 
the product of the m different binomial 
factors X -t- «, X -f- A, X -t- c, &c.; let us 
suppose that each of the quantities 
fi, c, d, &c. is made equal to u. The 
expression (x -I- a) . (.x fi) . (x -t- c). . 
in that case Irecomes x + a repe.ate<l m 
times, that is. it becomes (x -f- n)l". As 
to the expression [A], its first term re- 
mains the same, x". The coefficient of 
the second term becomes a repeated m 
times, or mn ; the second term there- 
fore tiecomes m a x""‘. The cw’fficient 
of the third term becomes o', repeated 
as often as there are products of m 
quantities taken two at a time, that is, as 
often as there are combinations of m 
things taken two at a time [art. 261] ; 


this coefiicient is therefore m 



a«; 


the third term therefore is m 


m — 1 
' 2 ' 


0 * xr~'. Similarly the fourth term he- 
rn — 1 m — 1 

comes m . — - — . — - — a* . x"-> ; 


m . ^ ^ ^ ^ being the number of 

combinations of m things taken three 
at a time. Proceeding in this way, the 
r -1- 1'* term has for coefficient o' re- 
peated as often as there are combina- 
tions of m things taken r at a time, or is 
[art. 261] 

m— 1 m — 2 m — r-f-1 
m . — : — . — ■ -o'*"-'. 


The last term of the expression [A] be- 
comes aaa ... repealed m times, or a". 
The last but one becomes a“"‘ repealed 
as often as there arc combinations of m 
things taken m — 1 at a lime, or 
ma”-'x. The last term but two be- 


comes m ^ 0 ""* a*. Collecting 

these terms together we find 
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(* + o)“ = *" + m a x"-‘ + m 



ifl + m . 






+ m 
+ m 


m - 1 
2 

m — I 
~2 


m — 2 OT — r + I 
■~3 ■■■ r 

a“'* . X* + m o x"”i + 


o'- X— ' +&C. 


a". 


276. The expression which we ob- 
tained in the last article, fives us a 
aeries of single terms together, equal 
to (a -1- X)", when m is a whole posi- 
tive number, and is, therefore, [art. 272] 
the binomial theorem. It is dso, some- 
times, called the developement, or ex- 
fxmsion of (x a)", and is of the most 
important use. We may observe with 
respect to it : 

First, that it consists of m -f- 1 
terms; 

Secondly, that the exponent of a, 
added to that of x, always gives m for 
sum ; 

Thirdly, that the coefficients for dif- 
ferent values of m are the numbers con- 
tained in the table in art. [265] ; and are, 
like them, the same for any 2 terms 
equidistant from the beginning and the 
end of the sines, so that the coefficient 
of x"*r a' is the same as that of x' 
a""'. See art [264], 

Fourthly, that the coefficient of any 
term is formed by multiplying the co- 
efficient of the preceding term by the 
exponent of x in that term, and dividing 
by the number of terms preceding the 
one in question. This rule is of much 
praclic^ utiUty, as it enables us to form 
at once the expansion of any power, 
without recurring to the general for- 
mula. The reader may satisfy himself 
of this by forming the coefficients in 
(X + a)* by means of this rule. This 
law of the coefficients was discovered by 
Newton. 

Fifthly, that the coefficient of x“"' a' , 
or the coefficient of the (p -t- 1)“ term is 

OT(OT — l)....("7l— p-t-1) 

1 . 2 TTT ~p * 

The term itself is 

— 1) . . . . (m — p + I) 

„ i 'xr-far. 

1.2 . . j) 

This is called the general term, because, 
by giving any value to p between 0 and 
m, it represents each particular term. 

And sixthly, that when m is iin even 
number, the coefficient of the middle 
term is 


m m — 1 

T’ 2 




see art. [266], and when tn is an odd 
number, the coefficients of the two 
middle terms are the same, and are 
[art. 266] 


TO TO — I 

F' 2 


TO + 1 
2 


+ 1 



277. In the expression in art. [275] if 
for X we write unity, and for a we write 
y, it becomes 

(1 + y)" = I + + V * 


+ m 



TO — 2 
■~3 


y* + &c. 


Thus if for TO we put y, this becomes 
0-(-y)* = l + 3y-)-3.i^y* 


-t-3 



3-2 

• !t* + &0. 


All the terms after the fourth would 
contain 3 — 3 for a factor in the nu- 
merator, and are therefore all equal to 
zero, so that we have. 


(1 ry)* = 1 + 3y + 3y*-|-y«. 

278. In what has gone before, m being 
in the first instance the number of bi- 
nomial factors in a product, is neces- 
sarily a whole positive number; the 
binomial theorem, therefore, as we have 
proved it, is applicable to those powers 
only of a binomial that are indicated by 
a whoie positive numlxir. We are now 
to show that the same theorem is true, 
whether m be whole or fiwiional, po- 
sitive or negative. 

When TO and m' are whole positive 
numbers, we have seen that 


(l + x)" + + + 

and 
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y = 




,, = (1 +»)— 


Now if we multiply the first members of arf. r2i 7I Substituting for y its value 
these equations together, we find for the in fv] tins becomes 
product (1 + zf"^, which, by the the- 


orem just proved, is equal to 

1 'jn ■‘r iti)z + m + ni . 
m + m' — 1 


-2* -h &c. 


Hence we have 


^ m — \ 

1 -I- m 2 + m 2* -I- &c. 


X 


' , , m" — I . 

1 -1- m' 2 -b m — - — 2* + &c, 


(A) 

■) = 


, [t] I 

1 

1 + m' 2 + m' — 2* -b &c. = (1 -b 2)““. 

Finally, substituting for m' its value 
— m, this again becomes 
(1 -b 2)“" = 1 -b (— m)2 -b (— m) 

Showing that the expression in art. [277] 
is true when m is a negative number. 

280. Again, in the expressions [X] 
and [Y], let us suppose that m' is equal 


, f aim 1 J. ici us stippuse iiiai m is equal 

1 -b(»n-bm>-bOT-bm’’^i^-^'2*-b&c. ”* ! makes p = 2 m, and x = y. 

2 Consequently becomes #*, and we 

The latter expression, then, is the pro- by [Zj 

duct aris-ing from the multiplication of ^ = x+ 2 mx + 2 m — — 2* + &c. 
the two former, and the way, therefore, 2 

in which m + m' enters into the product ^ ^„„es and, as be- 

results from the way m which m and m , ■’u * ’ 

enter into its two factors. It is, there- ’ 3 m — 1 

fore, equally the product of those two 2s=l-b3m2 -bSm 2* -b See. ; 

former expressions, whether m and m' 
be whole numbers, or fractions, positive, *>'d 

or negative. . .... , 4m— 1 

Let us suppose then that we have 


jr» =1 -b 4m2 -b 4m- 


- 2* -b &c. : 


m — 1 „ so that in general, if n be any whole 

*=l-bm2-bm. - g* -b &c. , . [X] number, we have 

n m — 1 

a:"=l-bnm2-b nm. — - — 2* -b &c. 


and 


~ 1 2 
y-l-bm 2-bm . ^ .2*-b&c. . . [Y]; suppose that m is any fraction 

where m and m' are any numbers what- — ; the last expression then becomes 
ever, and where we do not know any ” 

thing of X and y but that they are re- n 5 _ 1 

spectively equal to the sums of these k k n 

two series. As before, putting p for x = 1 + n—z+ n 2* -b &c. 

m -b m', we have 


*y ■■ 


l+pz + p^-^ 2 * -b&c.,.[Z], 


2” = 1 -b A 2 -b A - 


2* -b &c. ; 


279. Now let m be a whole positive that is, [art. 277] 

... 1 al < *U« rvT 


number ; in that case the expression [X] 
oecomes the developement of (t -b 2;"; 
so that we have 

2 = (1 -b 2)". 

Also let m' become equal to — m ; then 
p becomes m — m or zero, and the ex- 
pression [Z] reduces itself to 


Hence we have 


»y= 1. 


y = -i 


and, putting for 2 iU value as above. 


2 " =(1 - b 2 )*, 
since A is a whole numlier. Taking the 
n'* root of both members of this equa- 
tion, we find 

k 

2 = (I -b 2)“. 

For 2 substitute its value in [XJ, and 
this becomes 

m-I - 

l-bm2-bm — ^ — 2*-b&c.=(l -b2)’ ; 

and finally for m substitute its value — 

n 
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and we have 

--1 

(I + = 1 + - s + - a* + &c- 

n fi * 


k 

where — is any fraction. This shows 
n 

that the egression in art [27G] is true 
w'lien m is a fractional number, and 
equally so whether it be positive or ne- 
gative. 

281. Having now shown generally 
[arts. 2/G, 279, 280], that whether m be 
a whole or a fractional, a positive or 
a negative number,* we always have 


(1 + s)" = 1 + mz+m 




Z’ -1- &c. 


we can deduce at once the general ex- 
pression for (x + a)" . 

We have 




X + a = x\ 

and, therefore, 

(x-l-ar = *”(l +^) • 

Now, as we have first seen that 

(n-“|" = l+w- + m- + 

\ xi X ‘2 X* 


* The Rtodent pwrhiips be desiroaftof knowiDK 
whidher he will l>e jastided in applying <he Mme 
furinala to such indexei aa which can* 

Bot M called poaitiveor Degatire integeraor fractioaa. 
It was shown (arts 186, 187) (bat we can find frac* 
(ions whose value shall be as near as we please to 
any snrd quantities. And we will now show gene* 
rally that the binomial theorem is true wherever the 
index U (as in (he ca»e of surds) a otian'i iv forming 
a 6x«m1 valae, or limit, which can be cx.*ir*‘ased as 
nearly as we pleaee. though never quite aecnrately, 
by rad&aal anthmetical quantities; assaming only 
the rale k, as proved in the text, true for these 
latter. 

Suppose m to be an index which is imcb a limit, and 
sQppose i and a to be rational arithmetical quantities 
which express the value of as to any degree of ap« 
proximaUOD, I being greater than m, and a leu; ao 
that 

/SIB + II 

• =«■ 

« and (i being differences which can be made aa 
small as we please. 

Now + + 


or 


+ 


1 . 2.3 


. X* ^ &C. ; 


(1 -H 1 . . -p - + • t ■ z2] 

,xt+ " + « + ^ 

+ &C. = (A). 

Let a=l-f- — .x4- / 


Again (I +*)*=: 1 + n ‘ 

^ 1 . 2.3 • 


T (14**)"*”^ = l+«I— 4 a* + - 


I — /5 . (m - — 1 ) 


’ 1 . 2.3 


-h «»c. = (C). 

Of tbe three series (AX (B), (C), the first terms are 
the same. 


Tbe coefficient of the second term of (A) is m ^ 

.. .. M (B) m 

n u (C) m — 

Now these three, the smaller « and (i are. will become 
more nearly e<jual. and they wouM be exactly eqaat 
if we could get nd of the ditferences « and {> alto- 
gether. 

The same remark applies to the three coefficients 
of tbe third terms, 

w q. a. (w-t- « - 1) 

1 2 

m . (wi — 1) 

1 . 2 


1.2 

and so on for all the rest of the coefficients. They will 
become more and more nearly equal, the less « and 0 
become. Now let y and i represent the whole dif- 
ferences respectively between the series (A) and (B) 
and (B) and (C);ao that 

(A)=r(B)+ y 
(C)=(B)-l. 

By the diminotioa of« acd jS. it is evident that y 
and ) are diminished ; so that the difference lietween 
(A) and (Cj may be rendered a.s small as we pleane. 
Hence, tbe smaller d and are, the more nearly are 
both (1 + and (1 + expressed by the 

series (B). and the anproximatina may be made as 
close as we please. But (B) will always l>e of inter- 
mediate value to (1 4. x)*^ and (1 4- 
Hence it foUowi that (1 + *)** = (B) exactly. 
For, if (I -f- s)** were greater than (B) by any quan- 
tity d, so that 

(l + *)" = CB) +d. 


we shonld have (1 differing from (B), ng j 

still more from (1 *4 x)*"^ by a quantity necessa- 
rily greater than d. But this is absurd, since we 
may m,le (1 + »)"+■, and (l+j)—'’ approank 
each other as nearly as we picaiae, by tbe oontinnal 
diminution of a amf And in the same way may 

be shown the absurdity of supposing (I list than 

(B) by any quantity. 

Heaee (I -f x)" = (B) = I + m . x 

- 1) , , « . (ei — 1) (« — 2) . X* 


x«+- 


3 


- + &a. 
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it follows that 

( a m — In* , . \ 

or, multiplying each term of the series 
by j-“ , 

a r" 

(jr + a)” = x" + m 


+ 



a*x” 


+ &c.. 


284. We shall now apply the binomial 
theorem, as given in art. [281], to a few 
examples. To find the expansion of 

— , that is, of (1 + x)”'. To find 
1 + X 

the coefficients, we must substitute — I 
for m in the theorem. Now if this be 
done 
m = — I 


or, finally, 

(x + a)" = X" + ffl (I x"“' 

+ m ^ 2 ~~~ ■ “* 

This is the most general form of the 
binomial theorem. 

This theorem is generally (though 
not quite accurately) attributed to Sir 
Isaac Newton. He discovered the law 
of the coefficients already mentioned in 
art. [27fi] ; and we refer the reader to 
our translation of Biot s Life of New- 
ton, (p.3.) where he will find some ac- 
count of the manner in which Newton 
was led to extend the theorem to nega- 
tive and positive indexes. 

282. It is very important to observe 
that the mode of proof used in articles 
[279] and [280] differs materially from 
any that we had used before. On for- 
mer occasions, in obtaining any result, 
we endeavour^ to explain how it ne- 
cessarily followed from the nature of the 
question proposed, as in arbcles [287], 
[201], [273], See. In the last articles, 
however, we have proved that the re- 
sult is true, without directly showing 
why it should be true ; we have not 
souglit for any reason why the developc- 
ment of the negative and fractional 
powers of a binomial should l>e such as 
we have found it to be. The first of 
these sorts of proof is no doubt the 
more satisfactory, but very often it can- 
not be attained ; and it is by extensively 
using the last, which, when rightly un- 
derstood, is equally conclusive, that the 
mathematical sciences have been so 
much improved in modern times. 

283. If in the expression at the end 
of art. [281] we substitute — a for o, 
and observe that all the odd powers of 
— a are negative, while its even powers 
are positive, art. [30], we shall find that 
the alternate terms in thedevelopement 
Ijeginning with the second, become ne- 
gative. So that 

(X — a)“ = a-" — max"-* 

m — 1 . , c 

X m — - — a*x"-’ — etc. 


m — I (- 

m. — -- = (- 1).- 


D-l 

2 


= + 1 


.._m-lm-2 , ,J_1)_1(-1)_2 

m.— -(-1).— — j— 
&c. 

So that 

(1 + x)-> = I — X -1- X*— .x“+ r*— &c. 
which is the result in art. [40j. 

285. To find the square root of 1 -1- j: ; 

that is, to find the expansion of (1 + x)’. 
If we substitute for m in the theorem, 

we find 
1 


2 

m — 1 


1 


- I 


1 2 

V 2 


m — 1 m — 2 


1 I 
' 2«'2 
1 1 
1 - 2 -‘ 2 -^ 


2 3 2 2 3 

- ’ Ll? 

“ 2*'273 

1 I 1 

-_1 -_2 --3 

m-1 m-2 >i»-3 I 2 ‘2 2 

■ 2 ■ 3 ■ 4 2 ■ 3 ■ 4 

1 1.3.5 


&C. 

So that 
(1 + X) 
1.3 


2« 2.3.4 


J = , + lx. + -L. 
^2 2* 2 ^ 2* 

I 1.3.5 


X* — — ^ — X* + &c., 

2.3 2« 2.3.4 

X I 1.3 / j, 

’*‘'2~T'T) ^2.3 ( 2 ) 

_,_3^(xv« 

2 . 3 . 4 \ 2 / 
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m :n-i I 
+ - . a a:« + • 

» 


m ^ 
m n 


And, similarly, little from the sum of the whole, tha 

i .r 1 /;r\* 1 'the other terms may he neglectwt. 

(l+.r) =1 — 287. The general expression for 

_ l.a.S^jry (ar + a)- is 

2.3.4V 2/ ’ 

2 series which proceed very regularly. - 71 ^ 

In like manner we should find h ' 2 * “ 

i 1 X 1.3/iT\* 

+ . 

m n n • ^ 

_ ^ 5 / X V ■ I^5^7 ( £ t •_ + ---I — “* 

1 .2.3\ 2 / 1 .2.3.4' 2 / 

I 

And again, ~ ^ — i _ 

= + ^"+,7«ax- ” 

I^/ xy k3^^7(£v‘ &c 

^1.2.3V2/ ^I.2.3.4'2/ ^ ■’ ^ 

, . . This senes also goes on to an infinite 

and m the same way any other root number of terms, unless m be a multi- 
direct or inverse of any binomial quan- pie of n. and positive, so that m = An. 
tity may ^ found. In that case m — or zero, becomes, 

286 . general expression for after a time, a factor in the numerators 
(X + a)'” IS of the coefficients, and from thence all 

X'" + ( — »0 a X"""' + (— m) . the terms of the series become 2ero. 1 he 

f _ m) — 1 series then becomes of the form in art. 

4 ! ax*""‘*+ See., [2'3]. where tlie exponent is a whole 

^ number. 

and this reduces itself to Observe that we usually consider the 


+ -.max 
n 


m—n . - 
• m. — ^o*x 


1 m—n m— 2 n 


inverse ot any timomiat quan- pie of n, and positive, so that m — kn. 
he found. In that case m — A n. or zero, becomes, 

jOie general expression for after a time, a factor in the numerators 
" ** of the coefficients, and from thence all 

1- ( — »0 a X"""' + (— m) . the terms of the series become zero. 1 he 
. _ j series then becomes of the form in art. 

^ — '■ ax*"""*+ See., [2'3]. where tlie exponent is a whole 

^ number, 

reduces itself to Observe that we usually consider the 


i. - m - . , + m ”* *■- ^ iiomial to go on to infinity, without stop- 

X" x"+ 2 x""t* — m . ping to consider whether m be a positive 

m -I- 1 m + 2 0 * integer or not ; and it is clear, from the 

• — 2 ' ^+* ^ remark, that we introduce no error 

. in doing so, since, in the case where tile 

This senes goes on for ever, without number of terms is finite, we only add 
coming to an end. the coefficient ofevciy a series of terms each of which is equal 
term being a whole numlwr [art. 262 j. to zero. We shall presently find this 
If a be considerably less than . t , the remark of importance, 
terms decrease very fast ; in tliat case 288. If we make x and a each = 1 in 
Uie series is said to converge, and the the expansion of (jr + a)", m being a 
sum of a few of its first terms differs so whole number, we obtain 

(1 -M)-,or2" =14 m 4 -m’!L^' 4 - &c. 4- m. ~ 


development of the m“ power of a bi- 
nomial to go on to infinity, without stop- 


4-&C. 4- 


And therefore 


2" — I = m 4- m 


wi(i)i — 1) . . m — p 4- I 


4- &c. 4- «• - 


4- IM 4- I. 


Now, examining the several terms of a time. Wc, therefore, have 2" - 1 
this series, and referring to art. [264], equal to the wliole numiicr of comliina- 
we see that they are respectively the tions of m things taken 1, 2, &c. up to 
Humber of combinations of m things mat a time; and if we consider the re- 
taken 1, 2, &Q.p, Ssc. m — 1, and m at jectioii of all the tilings as furnishing 
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the one combination of m thinea, taken 
none at a time, as in art. [‘163], then 
2** — number of combinations of m 
thini^ taken 0, 1, 2, . . . &6. up to m at 
a time. This result, as well as the 
other, is occasionally useful in the com* 
putation of chances. 

282. The above developement enables 
us to extract with rapidity the square 
and other roots of numliers to any de- 
gree of approximation. Suppose N to 
represent the number, and that our ob- 
ject is to extract the square root of it. 
Take out of it the highest number which 
is a perfect square; call this if and the 
remainder y, so that 

N = + y. 

Extracting the square root on both 
sides we have 


V N = V a* + y 

= aV/7+^. 

a* 

Now, art. [293], 

1 / 1 +T, or ( I + x)i 



And putting — for x we get 
a* “ 


v/ 






And . • . \/ N = 


a 






If ybe much smaller than o*. after 
taking a few terms of this series, it is 
evident that the rest will be very small. 
If that be not the case, but the perfect 
square next below N is at some dis- 
tance from it, tliere will be a square 
number a little above N. Let us sup- 
pose A* to be such a number, and y to 
be the difference Itetwceo it and N. We 
have N = A* — y 

And.-.^N"=\/^^ = A'^ 1-^. 

Now, art. [287], 


(1— a-j^orV^ 1 = ^ i j 

Hence putting ^ for x 

And . •. \/n =b^ \ — ^ 



.Suppose N = 8. Here 9, the num- 
ber next above 8, is a perfect square ; 
we, therefore, make use of the latter 
series. We have 


A* = 9 and .'.A = 3 andy — l. 
Hence, substituting in series B, we ob- 
tain 



1 

~2X9 


1 1 
2‘2*X9* 


1 -3 1 

2.3 2".9> 


— &c. 


} 


\ 18 G48 II6G4 { 

Now, considering all Ibe terms in the 
scries to be multiplied by 3, we observe 
that the third term, being reduced to a 
decimal, has no significant figun' in the 
2 first decim,al places, and the fourth 
has none in the 3 first. The number of 
terms we take note of is determined by 
the degree of accuracy required. See 
art. [IGG]. If we are satisfied with 
a result accurate to 2 places of deci- 
mals, we only take the 3 wst terms, and 
have 


/ — 611 

V 8. = — = 2.S2S 

216 

290. Again, suppose it were required 
to extract the n** root of the number 
N. Proceeding in a similar way we will 
suppose a" to be the perfect »'* power 
which is next less than N, and that 
N = 0 “ -1- y. Extracting the «'* root, 
we have 

* V N = "V a + y 
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= a 



Now putting — for m in the expansion 


of ( I + a")"* we have 

L ■! I -- 1 
(I + 0 ')'' = 1 — n a* 

71 n 

♦> 


+ — 7i w’-f&C. 
: — 


Puttinc — fora*, and substituting in the 
' a" 

value of "V N, we obtain 

VN=afi + i.ii + li-‘-f 

n a' n — - — a*> 


]1_ 1 i -2 

+ - n n + &c. 

n u*" 

2 3 


I 


And reducing and attending to 
signs of the terms 


Vn = Ji+I-I- 

I a" 


1 «-l ^ 

» 2 fi a” 


the 


1 « — 1 2 n — 1 y’ 
n 2 n 3 n a’" 



Let us apply this expression to find 
the cube root of 31. Now, 27 being the 
greatest cube number contained in 31, 
we have a" = 27, and, therefore, a = 3, 
and y = 4. Hence, n l>eing equal to 3, 
we have, by substituting in the value of 

"Vn, 



1 4 
‘ + 3 27 


1 .2 
0.6 


il 

27* 


,1.2.5 4> 
"''3.6.9 2T’ 



or, performing the multiplications indi- 
cated, and raising the numbers to the 
requisite powers. 


^31 =3-t-— -7— -t- 


16 


320 


27 21.S7 531441 


-&C.(A> 


291. In extracting the square root of 
8 in the last article we only added 3 
terms of our series, and liecause the 
fourth, when reduced to a decimal, con- 
tained no significant figure in the 3 first 
places and the terms decreased very 
rapidly , w e concluded that the sum of 


all the terms after the third would not 
contain any significant figure in the 3 
first places, so that our result was accu- 
rate so far. — The rapidity of diminution 
in this particular case rendered our 
oonclusion unobjectionable. IVliere, 
however, the terms of a series which 
goes on to infinity are convergent, that 
is, where each term is less than the pre- 
ening one, and their signs .ire alter- 
nately positive anil negative, we may 
estimate by the following general method 
the error we introduce by representing 
the sum of the whole series by the sum 
of a limited number of its terms. 

Suppose the series to be 
a — d+c — d + e —/+ ^ — A + &c. 

Let S represent the sum of the series. 
Now when we have taken the 4 first 
terms, the quantity remaining is 

e — / +g — A+A — 1 + See., 
and each term being greater than that 
which follows it, writing this in pairs as 
follows 

(e— /) -I- (g—A) + (* — f) -I- &c 

we sec that each of the pairs will be 
positive, and therefore their sum will be 
positive. This sum being the difference 
between S and a — b + c — rfitis evi- 
dent that S is greater than a—b+c—d. 
Again, taking the 5 first terms, the re- 
maining ones are 

— / + ^ — A + * — &c., 
which may be written 

— (/ — «•) - (A - *) - 

when, since / is greater than g, A greater 
than A, and so on, it is evident that the 
whole is negative. • We see then that S 
is equal to a — b+c~d + e with 
something subtracted from it, or it is 
less than a — 6-t-c — d + e, but it 
was proved to be greater than a — b 
+ c — d ; it is therefore comprised 
between thc4 and 5 first terms; e, there- 
fore, is greater than the difference lie- 
tween f and the 4 first terms. — The 
same reasoning applies at whatever 
term we stop ; and we, therefore, con- 
clude that, in a series of the above 
nature, the numerical error introduced 
by representing the series by the sum of 
a limited number of its terms is less 
than the term which follows the last 
included in that sum. 

292. Returning to senes (A), in art. 
[299], and reilucing the several terms to 
detnmals, we have 
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= 3.00000 
= .14815 
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3.14815 
: .00731 


Subtracting 

^lO/ 

3.14084 

Now this series, after the two first 
terms, is of the nature indicated in tiie 
last. Stopping then at the 3 first terms 
the error is less than the fourth, or 
320 

.. ■ ■ , But this evidently contains no 

531441 

sicmificant figure in the 3 first decimal 
places. It is clear then that .001 is 
greater than the error introduced by 
taking only 3 terms. We indicate 
this by saying that 3.14084 represents 

"Vsi accurately, as far as .001. The 
reader will find, by pursuing the same 

method, that V30=V32 + 7 = 2.0807. 
which results from taking 4 terms of 
the series, and is accurate as far as 
. 0001 . 

Should the perfect n“ power next 
below N be at some distance from it, so 

that — is not a proper fraction, or a 
a“ 

very large one, we must take Uw one 
which is next above it, as we did in 
finding the square root. In that case 
we shall have 

N = («• — y 

"Vn = "Vrf" — y 


be converted into a series of single 
terms. And in like manner, if for z we 
write b + V, wc olitain the expansion of 
(x + a + 6 + p)" , and so on. 

In art. [270] we found the general 
term of the expansion of the binomial 
(jr+a)”*, we may thus find the same for 
the polynomial (a + 4 + c + &c. + /i)", 
m being considered a whole mimlier. 
We have seen, art. [276], tliat in this 
case the coefficient of a"”" j;*in (a+x)" 

m(m — l)...(m — n + 1) 

was — , and that 

1.2 . — n 

this was also the coefficient of a" 

Call this coefficient M. In the above 
polynomial expression suppose 4 + c + 
&c. + g- + A = X. It becomes (a+x)", 
and the general term of this expansion 
is M a" x""“, that is, giving » il suc- 
cessive values between 0 and n we 
obtain each particular term. 

Call m — n, m,; the general term 
becomes M o' x"i. and we see tliat n 
and OTi may have any integral and posi- 
tive values subject to the condition that 
» -t- m, — m. 

Again, since 4 + c-t-&c.-t-A = x. 
Suppose c + &c. -h A = y, 
we have x = b + y, 
and = (4 -1- y)"i . 

, ... «i, (m, — l)...(«ii— J)+D 

^ = 1 . ' 




adrantaffc for the porpiMa of appn«iin»lion. 'V 
lobjoio two ioftaoce*. 


and expanding we shall be able to 

= O* ^ 1 + ■ . 

X a . a-t- 1 ^ 

‘a + r~^ l.i «- 

approximate as before.* 

293. The same theorem enables us to 

\ 

Agaia, since 

a — X S X 

find any power of a polynomial expres- 



sion. Thus having 

■we haro 

o4-x * 

o - a — r 

(x-i-y)" =x~+mx"-‘y 


o+x 


+m X""' y* + &C., 
for y write a -1- s, and this becomes 

<x+u+x)" = x"-hn>x— '(a-hO 

+ Ml — ^ (a + 2)* + 

expanding the terms (a -|- r)‘, (a -1- zf, 
&c. by the binomial theorem, this may 

• Tht* neriwi for the binomial majr be rqiresented 
iu other forms wHicb may sooietimes be ni«4 with 


*.o + »= ■ 


. (fl + = 


( 
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Then the general term of the last expan- 
sion is or M, m*, 

lieing equal to mi — p, that is to 
m — n — p, or m -1- n -I- n being = m. 
Hence the general term of (a -I- n)", or 
(a + b + y)"LS M Mi a"A'y"t,the only 
condition of the 3 exponents, which 
must, of course, be all rmsitive, lieing 
that their sum = m. Then making 
y = c + z, and proceeding .as before, 
and so on successively, it is clear that 
we shall at last anive at the following 
term as the general term of the expan- 
sion of (a -1- b -jr &c. + g + A)” 
M M, M, . . M, . a* Arc* . . g- A"'"', the 
liltle letter (i) not representing an ex- 
ponent, but the subscript number to 
the letter m to which it is affixed. As 
before, the law of the exponents is, that, 
being all positive, their sum = m. 

Now M = 

1.2 . . n 

M _”»■(» ■ -I)--(”'i -P + 1) 

' 1.2 .. p 

M - “tK - 1). .(Mi -g d- 1) 

*1.2 . . q • 

&c. = Src. 

And the last factor will evidently be 
M = ~ P + 1). 

'“1.2 . . V 

Again m, = m — n 
m, = m, — p, 

&c. = &c. 

So that the last factor of the numei ator 
of M is greater by unity than the first 
of the numerator of M,, end so on for 

all the quantities M,, M M,; the 

product then of the numerator will he 
the product of all the whole numbers 
from ni down to ib| — » + l . We have 
then for the general term calling 
mi —v,w 

m(m — 1 ) .... (it + 1 ) 

1 . 2 . . n X 1 . 2 . . p X . . 1 . 2 . . t) ^ 

o’ X ftr X c* X &e.g’ A”. 

Multiplying, for the sake of symmcliy, 
the numerator and denominator by 
u) (w - 1 ) . . . I , so that we shall have 
in the numerator all the numbers from 
m down to 1, and reversing the order 
of its factors, we obtain 

I J? - • , • - - . . . m 

ii.2 « X 1 . 2..p &o. X 1 .2 ..o X 1 .2 .. to ^ 
a* X X c' X .. .g* X A', 


This quantity will represent every term 
of the devclopement by giving to 
n p . . . tc all the values of which they 
are txipable, subject to the above con- 
dition. Observe that the condition Ije- 
ing fulfilled any of them may be equal 
to zero, in which case the sets of factors 
1 . 2 . . . n, 1 . 2 . . . p, 8ic. belonging 
to those which are zero must be omitted 
altogether. 

Of Interest. 

294. Interest is the value of the use 
of money. This value depends upon 
the plenty or scarcity of unemployed 
capital in the countr)’, the rate of profits, 
and various considerations of the same 
nature, all, hov\-ever, following from, 
and comprised in, the first. Estimated 
ill this way, the value of the use of a 
given sum pf money, though it would 
be a difficult problem to assign it, is 
evidently, the circumstances of the coun- 
try remaining the same, a fixed quan- 
tity. 

Rut the consideration paid for the 
use of money, which is what most wri- 
ters have defined interest to be, is 
always a matter of previous agreement 
between the parties to the transaction, 
and though necessarily dependent upon 
its value as above estimated is yet in- 
fluenced by other reasons the lender 
considering the probability that the 
money will be returned, and the in. 
terest regul^ly paid, and the borrower 
regarding his own circumstances, and 
the improvement of his expectations and 
opportunities by the command of a 
larger capital. 

295. The method of settling the con- 
sideration to be paid for the use of any 
sum of money during any time is, by 
declaring that which is to be paid at the 
end of a certain time for the use of a 
certain sum during that time. This 
section will employed in showing 
how the first is derived from the second. 
The time made use of in the present day 
is ordinarily a year, and the sum £ 1 00. ; 
£.5., or any sunt less than £5., (the laws 
at present forbid alarger,) may be agreed 
upon and enforced as the consideration, 
or interest. In the case of £5. being 
agreed upon, the scale of remuneration, 
or as it is usually called the rate of in- 
terest, is 5 per centum per annum, or 
more shortly 5 per cent. Similarly had 
£4. been agreed upon the rate would 
have been 4 per cent. We might evi- 


Digitized by Google 



ARITHMETIC AND ALGEBRA. 


95 


dcntly have referred the rate of interest 
to any other period besides a year. 
The Greeks and Homans referred it to 
a month, and made interest payable 
(and wisely, for the reader will collect 
from what follows, that a short interval 
is desirable) monthly ; and, indeed, with 
us, thoush the rate of interest is fixed 
by the sum paid for the vise diirimr a 
year, that sura is usually made payable 
m 2 eijual parts half-yearly, and some- 
times m 4 equal parts quarterly. 

We mav here remark, that the sum 
upon whicli interest is chargal is called 
the principal sum, or more shortly the 
principal. 

29B. Interest is either simple or com- 
pound, accordin;; to the manner in 
which it is calculated. Any sum being 
due or lent, at the end of a certain time, 
a year for instance, the interest upon it 
becomes payable, so that the sum then 
due, instead of being the sum originally 
lent, is that sum increased by the in- 
terest for a year. If the whole be still 
unpaid, and interest be still charged 
upon that sum only which was ori- 
ginally lent, and so on continually 
after any number of years, then the 
money is said to be charged with simple 
interest. In this case it is clear, that 
the amount of interest is in proportion 
to the time. But if after the first year, 
when interest is payable and unpaid, 
the principal sum and interest due upon 
it be considered as a new principal sum, 
and charged with interest accordingly, 
and so on continually, then the money 
is s.aid to be charged with compound 
interest. To illustrate this briefly ; 
£ 1 ( 10 . is due from B to A, and until 
payment is to tie charged with 5 ]ier 
cent, simple interest. At the end of the 
first year £5. is due for interest, at 
the end of the second year £3. more, 
and so on £.3. for each year, so that the 
whole interest for any number of years 
is equal to £3, multiplied by that num- 
ber. But if the £100. be charged with 
compound interest, at the end of the 
first year £5. is due for interest, but at 
the end of the second year not £3. more, 
which is the interest of £100. for a year, 
but a larger sum, namely the interest of 
£105. at the same rate, and so on. 

297. The calculation of simple in- 
terest is sufficiently easy. From the in- 
terest of a hundred pounds for a year 
we can by a simple proportion find the 
interest of any other sum for the same 
time, and knowing the interest for a 


year we can find it for any number of 
years by multiplication. Thus to find 
the interest of a given sum for any num- 
ber of years we have the following rule: 
MuHiphj the given turn hy the rate nr 
intereftt, divide hy a hundr^, and muU 
iiply the result by the number of yeart. 

It is required to find the inierest of 
£312. 1 Os. for 5 years at 4 per cent, per 
annum. 

£. *. 

312 10 

4 rate per cent. 

100)20.50 b 

20 

10.00 , 

£. a. 

20 10 interest for one year, 

5 number of years. 

£102 10 answer. 

We have considered interest payable 
at the end of each year, we can, of 
course, find it for any fraction of a year 
by a simple proportion. Thus to find 
the amount of £73. 15*. for 2 years and 
3 months at 3J per cent. 


£. 

a. 

73 

15 


H 

,221 

s' 

36 

17 

100)2.58 " 

2 


20 

lUi2 


12 

~ 7^0 

4 

2.00 

£. a. d. 

2 11 7^ interest for 1 year. 

1 

5 3 3 interest for 2 years. 

12 10} for 3 months i 

or } of a year. / 

5 16 1} answer. 

298. When a sum of money is not 
due for some time, but the person who 
owes it is willing to discharge the debt 
immediately, he is entitled to some com- 
jiensation for giving up the use of the 
money during that time. This com- 
pensation is called diamnnt. 

The sum paid is called the present 

value of the debt, and is such a sum as 
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would, at the given rate of interest, 
amount to the debt at the time when it 
is due. Tlie discount is the difference 
between the debt and the present value. 
Now we know immediately, from the 
rate per cent., what £100. would 
amount to in the given time. And the 
present value would in the same time 
amount to the given debt. Hence the 
present value of a sum of money due in 
a given time is the fourth term of a 
proportion, the three first terms of 
which are tlie numbers representing in 
pounds the amount of £100. in the 
ven time, 100, and the given sum. 
ence we have the following rule : 
Multiply the gi^en sum by 100, and 
divide by the number representing the 
amount of £\00. in the giveti time. 

What is the discount on £36. 10s. 
due in 3 months, the rate of interest 
being 4 ]>er cent. ? 

£100. in 3 months amounts to £101. 

£. s. ' 

36 10 

100 

101)3650 0(36 

303 ( 

6-20 
606 

IT , 

20 

101)280(2 

202 

“ts" 

12 

101)936(9 

909 

27 

4 

101)To8(I 

101 


Hence the present value is £36 2s. 

£. s. d. 

36 10 0 

36 2 9| 

0 7 2| answer. 

Examples of this kind are those 
whicli most frequently occur, and as 
they are worked out in the alxive man- 
ner it was thought advisable to give 
tiiem so, apart from the algebraical 
formula!, wluch we shall next proceed to 
investigate. We may here observe. 


that tables are in practice made use of 
in questions of interest and discount, by 
means of which they may be calculated 
with great rapidity. 

299. Let r represent the interest of 
£ 1 . for 1 year. (This will evidently be 
the rate percent, divided by 100.) And 
let n represent the number of years, 
and P the principal sum. 

Then the interest of £ 1 . for 1 year being r 

2 is 2r 

n is nr 

and the interest of P for n years is P n r. 

Hence if I and M represent respectively 
the interest, and amount of £P in the 
given time, we shall have the two fol- 
lowing equations : 

l=Pnr (1.) 

M = P-(-P nr = P(l-bnr). (2.) 

The equation (I ) is, under a slightly 
diflerent form, the nile given in art. 
[292]. There beingfour different quan- 
fities in each of the al)Ove equations, by 
knowing any three of them we can ob- 
tain the other. We shall find it ncces- 
sa« in applying the equations to reduce 
shillings, &c. to decimals of a ]>ound, 
and months. See. to decimals of a year. 
Required the interest on £14. 5s. for a 
year and a half, at 5 per cent. 

By equation (1) I = Pn r. 

Now P = £14. 54. = £14.25, 
ti = IJ years = 1.5, 

r = .05. 

Multiplying in the manner adopted in 
art. [167], 

14.25 

.05 

0.713 

1.5 

357 

1.1 

whicn becomes by reduction 

£1.2s. 

The interest of £73. 15*. at five per 
cent, amounted to £8.54. 1 ![</., re- 
quired the time. 

By equation (1) n = 
reducing I to the decimal of a pound. 
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4) 1. 

12)11.25 
20 ) 5.9375 
8.296875 

P = £73. 15 s. = 73.75 
r — .05, 

• Pr = 3.6875, 
3.6875)8.200875(2.25 
7 3750 
92)87 
73750 
181375 
183375 


And the answer therefore is 2.25 years, 
or 2 years ami a quarter. 

300. M bein? the amount of£P in n 
years, it is evident that P is tlie present 
value of £M clue in n years. And 
equation (2) of last article gives us 


which is, under a different form, the 
rule given in art. [298] for finding the 
present value. Similarly if D be the 
discount. 


D=M-P=M- 


M 

I + nr 


_ M n r 
1 ~ I + nr' 


It is unnecessary to give examples of 
these expressions, as they are of the 
same nature as those of the last article. 

301. In almost all money trans- 
actions, it is usual, when a deduction is 
made by way of discount in consequence 
of immediate payment, to calculate tlie 
interest of the sum to be paid, instead 
of the discount as above given. Tliis 
gives an advantage to the person so 
paying, inasmuch as he declucts the 
interest of the sum to be paid instead of 
the interest of its present value. But the 
person receiving is willing to forfeit the 
difference for being freed from all 
doubts and uncertainty. 

In the same way mterest is substi- 
tuted for discount in the general method 
of calculating equations of payments. 

A owes B £P| due at the end of ni 
5 'ears, and £P,, due .at the end of n, 
years from the present time; at what 
time must he pay B the sumcif £P, and 
P, , that neither party may gain or lose ? 

Let n be the numlier of years re- 
quired. Then (n — n, ) yean is the 


extra time during which A has the use 
of P, , and he is therefore benefited by 
the interest of £P, for that time, or by 
P, (n— >ii)r. But he pays £Pj 
(«i — n) years before it is due, and is 
a loser, therefore, by the discount of 
Pj for that time, or by , 

P«(»i — n)r 
1 + (n, - n) r‘ 


Now, in order that he may neither gain 
nor lose, he must be as much a loser by 
paying P, before it is due, as he is a 
gamer by paying P, after it is due. 
Equat ing therefore his gain and loss, and 
dividing by r we have 


rrS' 


-») 

— «)/’ 


which by reduction becomes a quadra- 
tic equation. But in the ordinary me- 
thod of treating this subject A is con- 
sidered a loser not by the discount, but 
by the interest on P, for (n, — n) years, 
or by Pg (H, — n) r. In that case, we 
have, proceeding as before. 


P, (» — ) = P, (n, — n) ; 

the solution of which gives 


„ _ Pi ”■ + Pg «. 

P, + P. • 

Similarly, if n be the equated time for 
the payment of any number of debts, 
P,, P,,P,, fcc.,due at the several times 
ri'i, n», rjg,&c., we should, by the same 
process, arrive at the equation 

Pi » l + Pg "i ^ Pg ”, + &c. 
PT -t- P. + P, -t- &c: ’ 

which expression is tantamount to the 
rule usually given : AM tn^eAher the 
products of each debt multiplied by the 
time when it is due, and divide by the 
sum of the debts. Here, as before, the 
substitution of interest for discount is to 
the advantage of the debtor. The rule is 
so simple that it is unnecessary to illus- 
trate it by examples. 

302. As soon as a sura of money is 
payable, it matters little whether it be 
due under the name of principal or in- 
terest ; the use of it would be of equal 
value to its owner. It would, there- 
fore, appear to be equitable that it 
should be charged with interest in one 
case as well as the other; in other 
words, that a debt forborne should be 
charged with compound interest. It is, 
however, a singular fact that the laws of 

It 
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this countiy never consider it so chareed. 
Thus, supposing a person to have un- 
justly withlield for any number of years, 
the annual payment of a certain sum of 
money by way of interest ; he would 
be simply compelled to pay the annual 
sum multiplied by the number of years. 
Considering interest payable yearly, the 
following rule for finding the amount of 
a sum of money at compound interest 
requires no explanation. Multiply the 
frwcijml sum hy the rate per cent., 
divide by a hundred, and add the prin- 
cipal sum. This gives the amount due 
at the end of the first year. Multiply 
again by the rate per cent., divide by a 
hundred, ami add the amount due at 
the end of the first year. The result is 
the amount due at the end of the second 
year. The same operation is to be per- 
formed as many times as the number of 
years for which the interest is tu be cal- 
culated. 

The difference between the amount so 
found and the original sum is the com- 
pound interest. When there is any 
fraction of a year, it is usual tu add the 
simple interest for this portion of the 
amount due at the end of the preceding 
year. 

What is the amount of £76. 15s. in 
21 years at 3 per cent, compound in- 
terest ? We shall reduce the quantities 
to their respective decimals, and per- 
form the operation as recommended in 
art.[ 167], neglecting all decimals beyond 
the third. 

£. 

76.75 
3 

100) 230.25 

2 . 303 interest for the first year. 

76.75 

79.053 amount due at end of do. 

3 

100) 237.159 

2.372 interest for the second year. 

79.0.53 

81 .425 amount due at end of do. 

We must find the simple interest of 
this for three quarters of a year. 

Multiplying by the rate per cent, we 
have 

244.275, and dividing by 100 
2.413 

This is the interest for a whole year. 
To find that for 3 quarters of a year, 
multiply by f, or by .75. 


2.443 

.75 

1710' 

122 

1.832 

adding 81.425 amount due at end ^ 

of second year. J 

83.257 which becomes by 

reduction. 

£. s. d. 

83 5 14 

Deducting original sum 76 15 
Compound interest is 6 1O 1^. 

303. The observations made in the 
beginning of art. [302] apply to the 
calculations of discount as well as those 
of interest. Correctly, then, the present 
value of a sum of money due in a given 
time, is such a sura as would at a given 
rate of compound interest amount to 
the given sum in that time. The same 
rule applies here as to the finding the 
present value at simple interest ; with 
this difference, that the amount of £100. 
must be calculated at compound in- 
terest. 

'What is the discount on £\73. 5s. 
due in 2 years at 5 per cent, compound 
interest ? 

£. s. 

The amount of £100. in 1 year is 105 0 
2 years . 110 5 

or, reducing to the decimal of a pound, 
110.25. Ueducing also £173.5 s. tothe 
decimal of a pound, and proceeding as 
in art. [167], 

173.25 

100 

110.25)17325(157.142 

11025 

63000 

55125 

*7875? 

77175 

1575 

1103 

472 

441 

22 

~9 

The present value is £157.142, which 
becomes by reduction £157. 2*. Sjrf., 
which subli acted from £173. 5*. gives 
for discount £16. 2s. 6|</, 


I 

i 


u 
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304. We shall retain for the alge- 
braical formula; for compound interest 
the notation adopted in art. (292], sup- 
posing, moreover, R to represent the 
amount of £l. in one year, which is 
evidently the same as 1 + r. 

Now, since £1. amounts to R in the 
first year, by a simple proportion R 
must amount to R' in the second year, and 
therefore £!. in two years amounts to 
K*. It is thence clear, that in n years 
£1. amounts to R" . Hence we have 

M=PR’ (1.) 

I = PR"-P= P(R- -1) (2.) 

It is hardly necessary to observe, that 
these expressions present, under a slight 
variety of forms, the rules given in art. 
[302]. The following example will be 
sufficient. 

What is the amount of £5. in 3 
years at 5 per cent, compound in- 
terest? 

Here R = 1.05, and n = 3. 

Multiplying as in art. [167], retain- 
ing, however, 4 decimal places, as we 
shall multiply by 5, art. [167], 

1.05 

1.05 

105 

525 

1.1025 

1.05 

1.1025 

551 

1.1576 = R 
5 = P 
5.788 , 

20 

15.76 

12 

9T2 


The amount is therefore £5. 15e. 9d. 

This method of calculating compound 
interest for any number of years is ex- 
ceedingly tedious, and in practice we 
must have recourse to logarithms. 

305. The interest having been sup- 
posed payable at the end of each year. 
It would seem impossible to calculate 
com/iound interest for a less period than 
a year, or to assign any but integral 
and positive values for n in the equa- 


tion (1) of the la.st article. And, in- 
deed, the manner in which the equation 
was obtained would ajipear to confine 
us to such values. But a little further 
consideration will convince us that, a 
proper signification being attached to 
the quantity which M represents, the 
expression is also true for fractional and 
negative values. \Vc have before oli- 
served one or two instances of the ex- 
tension which algebraical notation gives 
to the terms of a question, and the con- 
tinuity which it implies in the quanti- 
ties it is employed on. The following 
remarks will still further illustrate this 
fact, while the applicability of equation 
^’(1) to all values of n, presents another 
instance of the law of continuity. 

By the method of cidculating com- 
pound interest adopted in art. [295], 
after finding the interest for one year, 
we added it to the principal, considered 
the two together as a new principal, 
found the interest for a year, added 
again, and so on. But the algebraical 
mode of treating the subject, consider- 
ing R as the amount of £ I . in one year, 
mentions no particular time at which 
the interest is to be added to the prin- 
cipal, to be from that lime itself con- 
sidered as princij.al, and charged with 
interest ; on the contrary, the generality 
of this language forbids that any par- 
ticular time should be selected in pre- 
ference to another. The conversion, 
therefore, of interest into principal must 
be considered to proceed continuously. 
The amount, therefore, in a year only 
fixes the rate of increase, and we may 
calculate compound interest for a less 
period than a year with as much pro- 
priety as for a greater. 

What is the amount of £P at com- 
pound interest in 6 months ? 

R being the amount of £l. in one 
year, let x be the amount of £l, in 6 
months. It is evident, then, that 1, x, 
and R, are continued proportionals, and, 
therefore, 

x* = R, 


And the amount of P in 6 months is 

P R^, the expression we should have 
derived from equation (1), by making 

n equal to . 

Again, what is the amount of £P at 

H 2 
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compound interest in llie — , part of a 
year. 

Let X be the amount of fl. in this 
time. Then it is clear, from the last 
example, that a’ is the amount in 

^th parts of a year, and so on ; so 

that 1, T, .r* .."... R 

is a series of continued proportionals of 

m + 1 terms, and 

. ■ . R = 1 X X", 

1 

• • . .r = R - . 

I 

And the amount of P is R -, the 
expression we should have obtained by 

putting n = i in equation (1). 

Similarly, to find the amount in 2 

years, and the ^ part of a year, we 

have the amount at the end of 2 years 
equial to P R*. Let this equal P,. 

The amount of this in the — , part of a 

m'* * I 

i .1 «m + l 

year = Fi R" = P R* R" = P 

N ow M is the value in n years of £P 
due at the present time, and in the same 
way as if n refers to a succeeding period 
M is the amount of £P, so if it refers 
to a preceding one P is the amount of 
£M in n ye.ars, 

or in the latter case P = M . R", 

and M = ;^= P.R--. 

R" 

From all this we conclude that the 
equation (1) of the last article ori- 
ginally obtained for integral is also true 
for fractional and negative values of u. 
It will have occurred to the reader that 
the method formerly adopted of calcu- 
lating the compound interest for 2} 
years, where, after finding the amount 
at the end of 2 years, we took the sim- 
ple interest of this amount for 2], was 
incorrect, according to the principles 
last laid dow n. \Vc shall apply these to 
two examples. 

Required the amount of £1.53. 10». 
in 1 year and a half at 21 per cent, 
compound interest. 

R here = 1.21. 


And reducing to decimals, the amount 

a 

is (153.5) X (1.21)^. 

3 1 

But [(1.21)'? = (1.21) X (1.21)^ 

= (1.21) X (1.1) 

= 1.331 
153.5 
1.331 
1 53.5 
46 05 
4 605 
154 
204.309 

which becomes,by reduct ion, £204.6*.2d., 
which is the answer. 

What is the amount of £6. in 2J 
years at 3 per cent, compound interest ? 
Here R = 1.03 



R" = (1.03)’. = a .03)’. 

Now the following equation, art. 
[280], is true as far as it goes, that is, 
there is no term included in the &c. 
which is not multiplied by a higher 
power of X than the second, 

( 14 a:)" = l+mx 4 ot ^ * a* 4 &c. 

We shall suppose x = .03 and 

and since we only require a result accu- 
rate to 4 places of decimals, art. [167], 
we may neglect every power beyond the 
second of .03, 

for (.03)> = .000027. 

We have, then, 

1 = 1 
5 

m X = - X .03 

- J£ 

2 

= .075 

m — 1 5 3 

m — ; a:* = — X , X .0009 

z 2 4 

15 

= — X .0009 

0 

1 

- X .0135 

s 

= ,00 ir, 
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and, adding, R" = 1.0707 

P = 6 

. • . P R" = 6.460-2, 


which, by reduction, becomes £G.9*.2Irf. 

306. The cfiuation M = P R* con- 
tains 4 different quantities, from know- 
ing 3 of wliich we can find the other. 
It was observed in art. [299], that in 
calculating the compound interest for 
any number of years we were obliged to 
have recourse to logarithms. We are 
also unable to find the value of n, when 
that is the unknown miantity, without 
similar assistance. Thus taking the 
logarithms of both sides of the above 
equation, and referring to our section 
on logarithms. 


And 


Log. M = log. P . R“ 

= log. P -I- log. R“ 

= log. P -I- n log. R . 
_ log. M — lo g P 
log. R 


.(I) 

.( 2 ) 


Thus to find the amount of £13. 10s. 
in 10 years at 5 per cent, compound in- 
terest, we should have to multiply 1.05 
by itself 10 times by the ordinary pro- 
cess. Referring to equation (1), and 
observing that £15. 10*. = £I5. 5, we 
have 

Log. P = 1.1903317 
nLog. R= .211893 


.•.Log. M = 1.4022247 


And .•. M = 25.248, which, by re- 
duction, becomes £23. 4». llid. 


Of Annuities. 

307. From the greater complication of 
the subject we shall dispense with giving 
arithmetical rules for calculating annui- 
ties, and proceed at once to the alge- 
braical method. We thus find the 
amount of an annuity forborne any 
number of years, supposing it charged 
with simple interest. 

Let the annuity be represented by A, 
and supposed to l)c payable at the end 
of every year. Retaining in other re- 
spects the same notation as in art. 
[299], and observing that the interest 
fr)T each year is charged on the sum of 
the annual payments due at the end of 
the preceding year, we have 

Due/or the 1st year . A 


2nd . . 

. A-I-Ar 

3rd . . 

. A + 2Ar 

n'‘ . . 

. A+(n — l)Ar, 


and the sura of these ornA-l-(l -f2-l- 
&C. + (n — 1)) A r gives the whole 
amount. The coefficient of r is an 
arithmetic series of n — 1 terms, whose 
common difference is 1. and, therefore, 
the sum of it, art. [143], is 

/ \n-l n — 

f 2 -I- (n — •>) j or > 

— 1 . 

. • . M = n A -f H . — - — r A. 

A promised to pay B £10. at the end 
of every year, but neglected to do so. 
What was due to B at the end of the 
20th year, simple interest being charged 
at 5 per cent. ? 

Here A = 10, r = .05, n = 20, and 
» — 1 

n = 190, 

2 

and r A = .5. 

Hence .r.\ = 95, 

. • . M = 200 -I- 95, and the amount due 
is £295. 

Estimated at simple interest, the pre- 
sent value of an annuity is found as 
follows. 

The present value of A, art. [298], to 
be paid at the end of 1 year, is equal to 

— ^ ^ , to be paid at the end of 2 years 

is equal to ^ and so on, and (o 

be paid at the end of n years = — ^ — , 
1 + « r_ 

Now the sum of these present values is 
the present value of A to be paid at the 
end of 1.2, and n years, or of an an- 
nuity of£Ato continue n years. Thus 
we have P representing the present 
value, P = 

aT-^ -b . -t- See. +— ! — 1(1). 

\l+r l-(-2r H-nrJ 

If we had supposed the first annual 
payment to be made at the end of the 
»('* instead of The 1st year, and then to 
continue n years, we shovdd, by a like 
process, obtain for the present value 

{l -I- m r ^ l-(-(m + l)r ^ 

+ ! I' 

_ 1 -t- (WI + «) rj 
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What is the present value of an 
annuity of £5., to continue 3 years, at 
per cent, simple interest ? 

- Here n = 3, 


••P=5 x| 

(1 +r 


r"*” 1 + 2 r 


1 


. 1 . 


1 +3rj’ 

Now r = .015 and r® and the higher 
powers of r are so small as not to have 
any influence in the result, and may, 
therefore, be neglected. We have then, 
art. [284], 


1 

l'+2r 


l-2r+4r* 


1 


1 + 3r 


= 1 — 3 r + 3 r». 


and their sum = 3 — G r + 1 4 r*, which, 
putting for r its value, and performing the 
operations indicated, isecpial to 2.9132, 
and multiplying by 5, P = 1 4.566, which, 
by reduction, becomes £14. lli. 3}rf. 

308. Some writers have ilefined the pre- 
sent value, estimated at simple interest, 
of an annuity to continue any number of 
years.to be tliat sum the amount of which 
would, in the given number of years, be 
equal to the amount of the annuity. 
But the sum thus obtained is not the 
present value of the annuity, but of the 
amount of the annuity after the given 
number of years. This amount, by 

art. [307], is n A + n . ” ■ - r A and 


P being the present value. 


P'(l 


+ n r) = « A + n- 


-rA, 


or 


A , " “ ■ A 

n A + n . — - — r A 
P = 3 ^ 

1 + ;i r 


which differs from P the present value 
of the onnuify, found in art. [307], as 
would be shown by substituting any 
number greater than unity for n in the 
values of P and P. The meaning we 
give to the expression present value 
would naturally lead us to expect the 
two quantities, P and P', to be equal. 
Their inequality is the strongest proof 
of the inadequacy of a mode of calcula- 
tion, like that of simple interest, which, 
a^^it w ere, sets a mark iqajn any sums 
of money that may have accrued by 
way of intei'est, and forbids their future 


accumulation. The reason of their in- 
equality is easily exiilainid. Suppose 
p to be the present value of £m due in 


one year. 


Tlien p — 


m 

I + r 


and let u.s 


suppose m to be unpaid for a second year 
and charged with interest ; it amount.s 
to m(l + r). But p in two years 

amounts to p (1 + 2 r), or to 

which is different from the amount of 
«i, and the reason is, Ixjcanse pr, the 
interest on p for the first year, is not 
charged with interest for the second 
year ; and, therefore, in one case m was 
charged with interest and in the other 
only p. Therefore p, which is the pre- 
sent value of m, is not the present 
value of the amount of m after any 
number of years. The application of this 
to each payment of the annuity is mani- 
fest. 

The present value of an annuity to 
continue for ever is found by making n 
infinite in the expressions for P and P. 
The first becomes equal to 




+ - 


+ 2r 


+ &c, 




the series being continued ad injinitum ; 
and the latter Iwcomes itself infimie, 
which is an additional proof of the in- 
applicability to practice of the principles 
upon which it rests. 

309. R being, as before, the amount of 
£ I . in one year, we thus find the amount 
of an annuity, forborne any number of 
years, at compound interest.’ Observing 
that the whnte sum due at the end of 
each successive year is one of the 
annual payments, together with the 
amount in one year of the sum due at 
the end of the preceding year, we have 
due at the end of 
1st year, A 
2nd . A + A R 
3rd . . A + A R + A R* 
n" . . A + AR + &C.+ AR"-‘, 
or the amonui in n years is A ( 1 + R + 
&c. + R""'). Now the quantity within 
the brackets is a geometric series of n 
terms, commencing with unity and hav- 
ing R for a common ratio, and therefore 
R» _ 1 

the sum of it [art. 151] is . 

•' R-1 
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, . R' — 1 or by 

and . • . M = A ^ - .... (1). 

To find the present value estimated at 
compound interest we have, art. [299], 
the present value of A to be paid at the 

end of 1 year is equal to to be paid 

at the end of 2 years is equal to and 

to be paid at the end of ri years is equal to 

so that the sum of these present qj 

values, which is the present value of the 
annuity to continue n years, is 

A A , „ , A 

R + K«+*‘'- + K"’ 
or, P being the present value. 

The q\iantity within the brackets is a 
geometric series of n terms, whose com- 
mon ratio is ^ and first term unity, and 


that is summing the geometric series, 
art. [131], by 

A Hi 

R” ^ J_’ 

' “ R 


A ’ " ip 
R“-‘ ^ R- 1 


(3). 


If the annuity be supposed to con- 
tinue for ever, the series in equation (2) 
will go on ad infinitum, and P being the 
present value, we shall have 

P=^(l+|;j+^ + Scc.(«f infiniiumj , 

or, ail. [153], 


1 

p = i X i 

« ’-R 


R-1 


. . . (4) ; 


1 - 


its sum, art. [151], is 


1 ' 
’-R 


and.-.P=A,il_J^ll- 

R-1 

The present value of the amount M 
of the annuity in n years is — or (put- 
ting for M its value in the present article) 
1 

* R”. which is the 


it becomes A x 


R-1 


and similarly if the first payment be 
made after the in“ year, and then con- 
tinue for ever, the present value is 

A 1__ 

H"-‘ ^ R _ T’ 

The rate of intere.st is 3* per cent., 
what sum of money is equivalent to an 
income of £3. a year ? 

3| is equal to 3.4 per cent., and, 
tlierefore, 11 = 1.034 . * . H 1 = .034. 

By equation (4) of this article 

A 3 3000 

P = — , or -m 

R- 1 .034’ 34 

which, by division, is equal to 88A, or 
88i nearly. The answer then is £88^. 


Indeterminate Equation!. 


same as the present value of the an- 
nuity. The reader remembers that the 
two were different when calculated by 
simple interest. 

Had the first payment been made at 
the end of the m'* instead of the first 
year, and continued n years afterwards, 
we should have had by the same pro- 
cess the present value represented by 

A ^ A „ A 

R- + R-+1 + «• + 


310. In our sections on simple and 
quadratic equations, art, [108], &c. and 
art. [204], &c., we considered those 
cases only where there was the same 
number of independent equations as of 
unknown quantities. The method of 
solution adopted in this case was, when 
there were several unknown quantities, 
by combining the equations in any man- 
ner to obtain an equation involving only 
one unknown quantity, see art. [119], and 
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art. [213]. We now propose to exa- 
mine those esses where we have a less 
number of equations than of unknown 
quantities. Imperfect as our general 
means of solution were in the former 
case, except where our equations were 
all of the first degree, we shall find our 
powers in this case confined wittiin still 
narrower limits. 

We begin, as before, with equations 
of the first degree, and first with the 
most simple case of one equation in- 
volving two unknown quantities, which 
may be represented generally by 
ax + by = c. 

We observe, in the first place, that if 
the values of x and y which we are 
seeking for may be of any kind, positive 
or negative, whole numbers or fractions, 
there are an infinite number of such 
values which satisfy this equation, see 
art. [119]. For we have only to sub- 
stitute any value for one of the unknown 
quantities, y for instance, and then solve 
Ine equation with respect to the other, 
X, that is, considering x as the only un- 
known quantity, and the assumed value 
for y, and the value found for x, pre- 
sent us with a solution of the equation. 
It is for this reason, that equations of 
this kind are called indeterminate, be- 
cause they do not fix, or determine, the 
values of the unknown quantities. All 
systems of equations, where there are 
more unknown quantities than inde- 
pendent equations, are indeterminate in 
the same sense of the word ; for, retain- 
ing as many unknown quantities as there 
are equations, we may give the i-est any 
values we please, and thus arrive at an 
infinite number of solutions. But re- 
turning to the equation a x + by = c, 
suppose that we were seeking only such 
values of x and y as being whole num- 
bers, or being whole numbers and posi- 
tive, satisfied this equation, the aliove 
method would not be of any service, for 
although we might assume a whole 
numtier for y, yet the value of .r ob- 
tained in the above manner, and w hich 
with the assumed value fory would form 
a solution of the equation, would, in all 
probability, be a firaction. 

In the second place, the equation 
ax + by = c, being cleared of frac- 
tions, and in its lowest terms, in order 
that any integral values of x and y may 
be capable of satisfying this equation, 
it is necessary that a and b be prime to 
each other. For, supposing for a mo- 
ment this not to be the case, so that a 
and b having a common divisor, sup- 


pose r, may be written under the form 
er and /r, where e,/, and r arc whole 
numbers, substituting their values of a 
and b in the equation ax + by = c, \i 
becomes erx+fry = c, or, dividing 

by r, ex-\-fy =^. But theequation 

having been previously in its lowest 

terms, - must be a fraction, and it is in 
r 

that case evident, that the equation 


c 

ex+fy = ~, cannot be satisfied by 

integral values of x and y. 

We shall now show how we may find 
the whole numbers which satisfy the 
equation ax + by = c, observing that 
questions which give rise to equations 
of this kind, usually require integral 
values of the unknown quantities. It 
will be best to commence by taking a 
numerical example of this equation, and 
to consider the more general case after- 
wards. 

311. It is required to find the inte- 
gral values of x and y in the equation 
5.r-|-7jy = 81. We observe here, that 
the conditions above alluded to are 
satisfied, the equation being in its 
lowest terms, and 5 and 7 being prime 
to each other. 

Transforming to the right-hand side 
of the equation, the term having the 
largest coefficient, we have 
5 a; = 81 — 7 y. 

Dividing by3 , 


X = 



Dividing out as much as possible. 


a: = 10 -(- 


2 

1 



Our having transformed the term 
with the larger coefficient, has, we see, 
enabled us to simplify the expression 
by dividing out by the smaller coefficient. 
Now any value of y being substituted 
in this equation, that value of y, toge- 
ther with the value of x derived from 
the same equation, form, in the general 
sense of the word, a solution of the 
equation. But we are only seeking 
integral values of x and y ; we shall, 
therefore, now find such a value of y as, 
being itself a whole number, will, when 
substituted in equation (1), make the 
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value of X derived therefrom a whole 
number. 

Now, in order that x maybe a whole 
2 V - 1 

number, it is necessary that — be 
a whole number. 


Let 



V, 


» being any whole number, 

2 y - 1 = 5 u. 

This is an equation of the same kind 
as the orietinai one, but its terms are 
simpler, and necessarily so, from the 
operation of dividing out, before made 
use of. In order to find the values of 
y and v we proceed as before. We thus 
obtain 


5o + 1 

y=—T- 


( 2 ) 


= 2n + 


t’+ 1 

2 ■ 


Now y being a whole number, ^ 

2 

must be a whole number. 


to being any whole number. 

We obtain from this, 

« = 2 w - I . . . . (3). 

From all these operations we see that, 
to lieing any whole number, the value 
of t> derived from equation (3) is inte- 
gral. as also the value of y from equa- 
tion (2), and that of x from equation 
(1). The equation (3) is of the same 
nature as equation (1), but the coeffi- 
cient of V being unity we may assume 
any value for to, and arc certain of an 
inteeral value for v. Although the 
coefficient of v might have been some 
whole number greater than unity, yet 
by pursuing the same process we are 
sure of arriving ultimately at an equa- 
tion of this form, the operation of 
dividing out constantly diminishing the 
coefficients of the quantities y,v, &c. 

Substituting the value of v derived 
from equation (3), in equation (2) we 
have 

y=4ir-2-t-ir, 

or y = 5 to - 2 (J ). 

And again, .substituting this value of y 
in equation (1), 
a; = 16 - 5 «! -1- 2 - 2 w -I- 1, 
or 

X = 19 - 7 10 '. . . (5). 

The corresponding values of x and y 


obtained by giving all integral values to 
to in the equations (4) and (5), present 
so many solutions of the equation. 
The quantity to is called an indeter- 
minate quantity, or, more shortly, an 
indeterminate. 

Supposing then to equal to 1, we 
have 

X = 12, 

y = 3. 

Supposing to equal to 2, 

X = 5, 
y = 8. 

And giving to to all succeeding inte- 
gral values from 1 upwards, we obtain 
the following corresponding values of 
X and y, 

12 and 3, 

5 . . . . 8, 

- 2 .... 13, 

- 9 18, 

&c. &c. 


We shall presently return to the law 
which the several values of x and y 
follow. 

312. In solving equations of this kind 
we always endeavour to arrive at values 
of X and y expressed in terms of some 
indeterminate u\ which is susceptible of 
all integral values, as in equations (4) 
and (5). The reader will find by trial, 
that unless the coefficients of x and y 
are prime to each other, the attainment 
of this result is impracticable, art. [308]. 
It is frequently much shortened by the 
employment of various artifices for 
which no general rule can be given. 
They can be only learnt by observation 
and practice. 

Thus taking the equation 


llx— 17y = 5. 
Proceeding as before, 

llx.= 17y -1-5, 


and 


X 


= y + 


6y-f5 
II ■ 


If we continued to proceed as before, 

we should put -yp- = r, but ob- 

serving, that the difference between 0, 
the coefficient of y, and the denomina- 
tor 1 1, is equal to the other terra 5, we 
put the above equation under another 
form, namely, 
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X 


V + '^y-^y + s 

11 


T = iy • 
= 2y- 


5y - 5 

n~’ 

s (y - 1 ) 
11 ■ 


Now 5 being prime to 11, must 

be a whole number. 


Let 



y - 1 = Hit, 
and y = 11 10 + I. 

Also n; = 2 y - 5 10, 

= 22 10 + 2 - 5 10, 
or ai = 1 7 10 + 2. 

So that the several integral values of y 
and y, obtained by giving to to all in- 
tegral values from « upwards, are 
2 and 1, 

19 . . . 12, 

36 . . . 23, 

&c. &c. 

To find a number which, when divided 
by 6, gives a remainder 5, and when 
divided by 7, a remainder 3. Let us 
suppose 6 to be contained x times in the 
number in question, with a remainders, 
then the number is 0 x -h 5. 

And similarly, supposing 7 to be con- 
tained y times, with a remainder 3, the 
number is 7 y + 3. Equating the two 
values of the number, we have the fol- 
lowing equation : 


And the several values of 6 x -t- 5, or 
7 y + 3, or of the number required, are 
17, 59, 101, &c. 

numbers which will be found upon trial 
to satisfy the pro|X)sed condition. 

A person has only crowns and 3 shil- 
ling pieces in his pocket, and wishes to 
pay a bill of £2. 16i. How many must 
he give of each ? 

Let X = the number of 3 shilling pieces, 

and y = crowns, 

then the sum expressed in shillings is 
3 X -f 5 y, and therefore we have by the 
question, 

3X-I- 5y = 56, 

3 X = 56 — 5 V, 

56 - 5 y 


or 


X = 18 - y 


2y - 2 

3 ’ 


= 18 - y - 


2 (y - 1) 
3 


Let 

then 

and 

also 



y - 1 = 3 ic, 
y = 3lO+ 1 ; 

= 18 - (3tc + 1) - 2u), 


= I 7 — 5 u>. 

And the several pairs of values for x 
and y are 

17 and 1, 

12 4. 

7 7. 

&c. &c. 


or 


6x-t-5=7y-l-3, 
0 X = 7 y - 2, 



Let 

then 

and 


y - 2 
6 


= tc. 


y = 6m 2, 

X = 6 m "h 2 + tr, 
= 7 m + 2. 


The several pairs of values of x and v 
arc “ 


2 

and 2, 

9 


16 . 

.... 14, 

25 . 

.... 20, 

&c. 

8cc, 


- 3 and 13, 

Ac. &c. 

So that 17 pieces of 3 shillings and 
1 crown, 12 pieces of 3 shillings and 
4 crowns, &c., make up the sum re- 
quired. The negative values for x sig- 
nify that so many pieces of 3 shillings 
must be given back. Thus the sum 
may Ije made up by giving 13 crowns, 
3 ])ieees of 3 shillings being returned. 
Suppose it had been required to pay the 
same sum in crowns and half sovereigns. 
A moment's consideration shows this to 
be impossible, and forming the equation 
we shall find that the cirefficients of x 
and y admit a divisor 5, to which 56, 
the number on the other side of the 
equation, is prime, art. [310]. 

313. If we observe the several values 
of either of the unknown quantities in 
any of the above examples, we shall find 
that they form an antlitnetical piogres- 
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sion, Ihe common difference of which is 
the coefficient of the other quantity. 
For instance, in the first example, 
5 a; + 7 y = 81, the several values of x 
were 

12, 5, - 2, - 0, &c. 

and those of y 

3, 8, 13, 18, &C. 

1 n the former we observe each term is less 
than the preceding by 7, the coefficient 
of y, ami in the latter, each term is 
greater by 5, the coefficient of x. 

In order to show that this is neces- 
sarily the case, we will consider the 
general equation ax+by—c. This 
eiptation is in its lowest terms, and a 
and h arc prime to eacti other. Suppose 
we have found ar' and y', two integral 
values of x and y, which satisfy this 
equation, we have 

ax' -t- = c . . . . (1). 

Now let + m, and y' -I- n, be two 
other integral values of X and y, so that 
a ix" + m) + b{y' + ti) ■= c . . . (2). 
We propose to find what relations must 
subsist between m and n. 

Substracting equation (1), term by 
term, from equation (2), we iiave 
am + bn = 0, 
or am = — bn, 

b n 

therefore »i .... (3). 

a 


Thirdly. That the indeterminate w 
being capable of negative as well ns 
positive values, the arithmetic series at 
the beginning of the present article 
giving the several values of xand y, may 
t>e continued indefinitely to the left as 
well as the right. 

It is clear from what has precerled, 
that having obtained any two integral 
values of x and y, which satisfy the 
equation, we can immediately (from the 
equations x = xf -b tv, y =y' + a ic) find 
an infinite number of such values. The 
main object then is the finding with ra- 
pidity two such values. A property of 
a continued fraction has Iieen made use 
of for this purpose, and we shall briefly 
explain the manner in treating of tliat 
subject. 

314. When we have one equation of 
the first degree involving more than two 
unknown quantities, the method of pro- 
ceeding is very similar. We shall simply 
go through the operations, their expla- 
nation being the same as that given in 
the case of two unknown quantities. 

4x-l- 9y+ 10*= 103, 
transforming 


and 


= 23 


4 X = 103 
X - ~ 


-1y-2z 


- 9y - 10 X. 
9y- 10a 
4 ’ 

y + 2 a - 3 
1 


(I). 


Now observing that b and a are prime to 
each other, in order that m may be a 
whole number it is necessary that n 
should be a multiple of a; and n must 
also lie a whole number. Let then 
n = aw, u> being caimble of all integral 
values, jMsilive as well as negative. 
Equation (3) gives us m = 6 w. Hence 
X" and y' Ijeing any two values of n and 
y, we have all others represented by 

X' — bw, 

y' + o 

w being capable of all integral values. 

From this result we \e&rn, first, that 
the several integral values of x and y, 
which satisfy t he equal ion o X -h 6 y = c, 
must necessarily of the form above 
indicated. 

Heeondly. That a and b being both 
positive, while the value ofy is increased 
by tlie coefficient of X, that of x is 
diminished by the coefficient of y, and 
vice versa ; but if a or A be negative, then 
their corresponding values are both in- 
creased or both diminished by the 
coefficient of the other. 


.•. y -1- 2 a — 3 = 4 1 C, 
and y = 4ic-l-3 — 2a.... (2). 
Substituting this value of y in equa- 
tion (I), 

x=25 — 8tc — 6 + 4a— 2a — ic, 
or X = 1 9 - 9 tc -i- 2 a .... (3). 

We have thus the values of x and y 
expressed in terms of a, one of the un- 
known quanlitics, and an indeterminate 
tc, but the quantity a is so involveit that 
giving to it any integral value, the cor- 
res|>onding values of x and y are also 
integral. Suppose aeqiial to U, and giv- 
ing to tc siicessivcly the values 0, 1, 2, 
&c., we find the corresponding values 
of X and y to be 

19 and 3, 

10... 7, 

1 ... 11 , 

&C. &c. 

Next suppose a = I, the corresponding 
values of X andy are 
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21 and 1, 

12 5, 

3 . . 9, 

and so on. 

If it be necessary that the values of all 
the unknown quantities be positive, we 
must not give to s a greater value than 
9. In that case x and y are each equal 
to unity. 

A similar method may be adopted 
whatever be the number of unknown 
quantities, and we shall ultimately arrive 
at two values of x and y, expressed in 
terms of the other unknown quantities, 
and one indeterminate, or we shall have 
the values of several of the unknown 
quantities expressed in terms of the 
others, and of several indeterminates. 

313. Still considering only simple 
equations, suppose that we have several 
equations involving, however, a greater 
number of unknown quantities, as, for 
example, two equations involving three. 

14x + 11 y + 9ar = 360 (1), 

* + y + z = 30 (2). 

Our object is to find such integral 
values of X, y, and z as satisfy at 
the same time both these equations. 
The process adopter! is analogous to 
that m art. [119], where we had two 
equations between two unknown quan- 
tities, and to the reasoning of that article 
the reader is referred for an explanation 
of what follows. 

Multiplying equation (2) by M, the 
coefficient of x in equation (1). we have 

14x -M4y -t- 14 z = 420. 

Subtracting equation (I), term by term, 
from this, 14 z disappears, and we have 
3y + 5z = 60 (3). 

From this equation we find the values of 
y and z in terms of an indeterminate w, 
which values are as follows, 

y = 5 + 3 10 (4), 

z=9-3«> (3). 

Subtracting these values of y and z in 
equation (2), and reducing, we obtain 

.r = 16 - 2 m (6). 

Making u> then successively equal to 
0, 1,2, &c., we obtain the following cor- 
responding values of x, y, and z : 

16, 3 and 9, 

11 , 10 ... 6 , 

12, 13... 3, 

10, 20 . . . 0, 

&C. &c. 


In the above equation the coefficients 
of the unknown quantities in one equa- 
tion being equal to unity, the process 
was very simple. The following example 
will show more fully the method of 
solving equations of this kind. 

2a;-l- 5y + 3z = 103 (1), 

3g:-2y + 7z = 95 (2). 

Mulliph'ing equation (1) by 3, the 
coefficient of x in equation (2), and 
equation (2) by 2, the coefficient of z in 
equation ( I ), we obtain 

6z -t- 15y + 9 z = 324, 
6a;-4y-|-14z = 190, 
and, subtracting, 

I9y - 5z = 134 (3). 

The values of y and z obtained from this 
equation in terms of an indeterminate t, 
are 

y = H+5f [(4), 

Z = 13 -t- 19/ (5). 

Substituting these values of y and z in 
equation 2, we have 
3x - 22 - 10/ + 105 + 133 / = 95, 
and, transposing, 

3 a; -I- 123/ = 12. 

Here we have again an equation between 
two unknown quantities, to which we 
should apply the method for solution of 
equations of this nature, and thus have 
values of x and / in terms of another 
indeterminate u\ The substitution of 
the value of / in the equations (4) and 
(5), would give us the values of y and 
z in terms of w. We should thus have 
the values of x, y, and z in terras of the 
same indeterminate w. But observing the 
above equation, we see that all its terms 
are divisible by 3, and, dividing, we obtain 
x+ 41 / = 4, 
which gives us at once 

a; = 4 - 41 / (6). 

Thus equations (4), (5), and (6) give 
us at once the values of the three un- 
known qu.antities in terms of a quantity 
/, to which we may give any integral 
value. It will frequently hajipen that 
equations of this kind do not admit a 
solution in whole numbers, and that 
will be indicated by one of the equations 
which we arrive at between two un- 
known quantities, having its coefficients 
divisible by a number, of which the 
other sum is not a mulliple. See art. 
[310]. 

316. By combining any two simple 
equations, whatever be the number of 
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unknown quantities comprised in them, 
in the way in which equations (1) and 
C'2), in the last example, were comhined, 
we may always arrive at an equation in- 
volving one unknown quantity less than 
those two equations. See art. [119]. 
■\Vhen we do this, we are said to elimi- 
nate that unknown quantity. Thus 
equation (3). in the two last examples, 
arose from the elimination of x from the 
equations (1) and (2). Suppose then 
that we have p equations involving any 
greater number of unknown quantities. 
Combining the first of these equa- 
tions with the second, third, and every 
other successively, and eliminating by 
each combination the same unknown 
quantity, we arrive at p - 1 equations, 
involving one unknown quantity less 
than the p original equations. Thus 
combining the first of the p - I equa- 
tions with every other successively, we 
get rid of another unknown quantity, and 
arrive at'p — 2 equations. Proceeding 
similarly, we shall at last arrive at one 
equation, involving a certain number of 
the unknown quantities, which we may 
solve by one of the methods which we 
have given, and find values of the un- 
known quantities comprised in it in 
terms of one or more indeterrainates. 
This will lead us, by the continuation of 
a similar process, to the values of all 
the unknown quantities. It might at 
first appear, that, after combining the 
first of our p equations with each of the 
other, we might also combine the second 
with the third, and soon, and thus, elimi- 
nating the same unknown quantity as 
before, obtain more independent equa- 
tions. But that, this is not the case may 
be proved as follows. Having trans- 
posi-d all the terms of each of I tie equa- 
tions to the left-hand side, art. [109], we 
may write them A = 0, B = 0, C = 0, 
See. Suppose a, b, c. See. to be the 
coefficients of x, the quantity which we 
propose to eliminate, in the equations 
A = 0, B = 0, C = 0 , Stc. Then in 
order to get rid of x from A and B, we 
multiply the first by b. and the second 
by a, and subtract. We thus obtain 


A6-Ba = 0 (I). 

Similarly, combining A = 0 with C = 0, 
we obtain 

Ac-Co=0 (2). 

Now combining B = 0 with C = 0, the 
equation we should arrive at, indepen- 
dent of X, is 

Be - C6 = 0 (3); 


and this equation is not independent of 
the equations (1) and (2), but derivable 
from them, as follows. Multiply equa- 
tion (1) by c, and equation (2) by £, and 
subtract, we obtain 

Bac - Ca6 = 0, 
or, dividing by a, 

B c - C 6 = 0, 

which is the same as equation (3). The 
same may be proved of any combina- 
tions of the equations. We may hence 
conclude, that, when we have any num- 
ber of simple equations less than the 
number of unknown quantities, we can- 
not, by combining them in any manner, 
arrive at the same number of indeiiend- 
ent equations as unknown quantities. 

.317. When indeterminate equations 
are above the first degree, their solution 
is one of considerable difticulty. If in one 
equation with two unknown quantities 
even the square of either ofthem occurs, 
its discussion would require a separate 
treatise. We will take one example, 
where the only term above the first de- 
gree is the product of the two unknown 
quantities, the solution of which will 
give some notion of the method to be 
generally adojitcd. 

Required two numbers whose pro- 
duct, added to three times the first, and 
five times the second, is equal to 48. 

X and y being the two numbers, the 
question gives us the following equa- 
tion : 

xy -I- 3x -1- .5 y = 48. 

Transposing the term not involving x, 
and collecting the coetficients of x, 
x(y + 3) = 48 - 5y, 
and dividing by the coefficient of x, 

48 - 5y 
X = 

y + i 

We may get rid of y from the numerator 
by writing this 

_ 63 - 5(y -t-3) 


Now, in order that x may be a whole 
number, 63 must be a multiple of y -I- 3, 
and the several numbers of which 63 is 
a multiple arc 3, 7, 9, 21. Hence y -t- 3 
must be equal to one of these numbers. 
In the first case y would be equal to 0, 
but if we take 7, we have y = 4, and 
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= 9-5=4, 

or the two numbn-s are 4 and 4, as will 
he found correct by trial. Again, taking 
9, we have y = 6, and 



and we shall find the numbers 2 and 6 
answer the proposed condition. The 
other value of y + 3, viz. 21, would 
make x negative. 


On Continued Fraction*. 


318. When we have any fraction, as 
Cl 

for instance — , dividing out as far as 

we can, the fraction.al part will become 
a proper fraction, and we have a mixed 

9 

fraction 4 — , or, representing it alge- 
braically. 


4 + 


13 


4-b 


Now this may be written 

ii! 

9 

AVe may now proceed further with the 
division, for 

4^ = i + 4. 


AVriting this in tlie] denominator we 
have 


Again, 


4 + 




4 . 


And putting this value of - in the pre- 
vious expression, we have the fraction 
^ represented by the follow ing expres- 


4 -t- 


1 - 1 - 




A fraction represented in this way, 
where we observe the numerators of 
the several tractions which enter into it 
are all equal to unity, is called a enn- 
iinued fraction. AVe’ shall here be able 
to enter into a few only, and those the 
most sinqile and obvious, of the proper- 
ties which it possesses. 

In the first place it enables us to ex- 
press in simpler terms the value of any 
given fraction to any degree of accuracy 
which the question may require. Thus 
taking the above expression represent- 
ing the fraction and neglecting the 

fractional part altogether, we have for 
our first approximation 4, which differs 
from the accurate value of the fraction 

9 

by — . Again, taking only the first tenu 

of the denominator, and neglecting the 
rest, our second approximation will be 

4 + -j, or 5, and this differs from the 


accurate value of the fraction by — . 

Observe that this approximation is 
greater than the fraction itself, while 
the former one was less. Proceeding 
one step further, and representing the 
fraction by 


our third approximation is ‘* + 

14 

— , which, like the first approximation, is 
less than the accurate value of the frac- 
tion, and differs from it by approacli- 

ing nearer to it than either of the former 
values. AVe shall presently treat the 
suliject more generally, and shall then 
see that it necessarily results from the 
form of the expression that the succes- 
sive approximations, derived in the above 
manner, err alternately by excess and 
deficiency, and approach nearer ami 
nearer to the accurate value of the frac- 
tion. 

As an example of this, we will exa- 
mine the length of the tropical year, or 
of the interval betw een the sun's leaving 
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and returning to the same equinox.* 
The most accurate calculations have 
proved this interval (upon which the 
seasons mainly dejrend) to he equal to 
3G5,21'22G4 days. Representing this 
fractionally, we have 

21 2264 

365 + ; , 

1000000 

or, reducing the fractional part to its 
lowest terms, 

365 + 

125000 

1 

125000' 

302«ir 

And, dividing as before, we obtain 

1 


or 


365 + 


365 + 


3368 


4 "h ■ 

3 1/233 

Tliis, by a further reduction, becomes 

1 


365 + 


4 + 


3207 
7 — ~ 

386S 


Not proceeding any further with the 
division, we see that the three first ap- 
proximations to the given fraction are 

365, 365-, 365:^. Tlie first number 

gives us a very rude approximation to 
the length of the year, and one wliich, in 
the course of a few centuries, would 
completely invert the order of the sea- 
sons. Tlie second answers to the J ulian 
Calendar, hy which one day was inter- 
calated every four years ; and the third 
differs, by a very small quantity, from 
the length of the day which is the basis 
of the Gregorian Calendar, and which 
is now acted upon in almost all the 
countries of Europe. According to this 
we intercalate a single day every four 
years, but omit three of these inter- 
calations in four centuries. This makes 
us intercalate ninety-seven days in four 
centuries, and gives tlierefore for the 
97 

length of each year 3G5 — days. 

319. But the utility of continued frac- 


* In rpiiliijr, ihe earth inuvei roaod the aun, hnt 
it eidi) conreiition eumelimee to roD>i(lrr the earth 
at rfbt, and the i>un mnvin|( round it. The aun is 
tatd to lie in the in thnise t«’u poattiwna 

where the plane of the eartb'a et|nalor bem? pro- 
dueled pai^e^ ihiouj^h him. At ihe»e tiium the 
dtir ition of dajr ia e 4 anl to that of mgbt all over the 
earth. 


tions in giving us approximations to the 
value of any fraction in simpler terms 
than the fraction itself, is not to he esti- 
mated very liighly. Their principal 
utility consists in our frequently being 
able to express the value of an unknown 
quantity under this form only, or under 
no other so easily. On this account 
every tiling connected with them be- 
comes important. For instance, when 
we have the quantity sought for, only 
under this form, it is convenient to 
know, in stopping at any term of the 
continued fraction, how far our ap- 
proximation differs from the value of 
the whole of it, or to know some limit 
to the error, so as to esiimale the degree 
of accuracy. See art. [292]. We sliall 
presently show how this limit may be 
assigned. 

In art. [254] we showed liow, from an 
equation of the form o' = i, we might 
find the value of r by means of a table 
of logarithms. We may also express 
the value of x derived from such an 
equation in the form of a continued 
fraction. Then take the equation 
2' = 3. 

Now, observing that 

2 > = 2 , 

and 2* = 4, 

it is evident that in the above equation 
X must be greater than 1, and less 
than 2. 

Suppose, then. 


where x' is greater than 1, (since sis 
less than 2.) 

We have from the original equation 



2 X 2' = 3, 
3 


2 ' = 


2 ’, 


or, raising both sides of the equation to 
the x"* power, 

2=(ir 

/ 3 3 

Now = -^, whicli isless than 2; 

/ 3 9 

but l.'r / ~ T’ '9 greater than 


2, and tlierefore x' must be greater than 
1, and less than 2. 
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Suppose, then, or substituting for x" 

X = 1 -j 


^ = 1 +^- 


Substituting this in equation (2), 
/.I 

2 


-I 

I 

- = (-f- 

a \2/ ’ 


which gives us 


Now 


and 


(r-i- 


( 2 ). 


less than - 


3 

2' 


i (4V 3 

3 ^ \3' 2’ 

(if. 5, 

V 3 / 8 


which gives us 


-=r-)" 

3 


1 ■ 


1 + 


x"> 


1+- 


1 


2+ See. 


(^)%r^’, is greater than|; 

whence we infer, as before, that x" is 
greater than 1, and less tlian 2. Let, 
then, 

x" = l+J;,. 

Equation (2) gives us 


since x"' is greater than 2. 

The several a])proximations to the 
value of X derived from this expression 
are 

1,2,|,|,&C. 

320. In order to consider this sub- 
ject generally, and exhibit the relations 
which the successive approximations 
bear to each other, and their respective 
degrees of accuracy, we will take the 
general form of a continued fraction, or 


y+ 


1 


yi + 


ys + 


1 


y. + &c. 

where y, y,, y,, y,, &c. are whole 
numbers. The first approximation to 
the value of this fraction is y. 


the second is 
the third is 


y+- 


1 


y^+f 

and so on. 'With regard to their 
several approximations, we immediately 
observe that the first y is too small, 

there being some quantity, — , 

yi -f- &c. 

to be added to it ; that the second 


We should here find that x' 
greater than 2, and less than 3, and 
might again proceed in the same man- the fractional part not being y, but 


y H “ (0° orea/, the denominator of 

— ' y. 


ner as before. 

The result of all this is, that 

X = 1 -I- — 

' X 

or substituting for jd 

I 

X = 1 ■ 


some quantity, y, -f — greater 
1 


than y, ; the third, y- 


1 + 


1 ■ 


I 




, IS too 


small for y, , the denominator of 

y* 

the fractional part is too great for the 
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same reason that y -| was too great 

in the second approximation, and so on. 
It is unnecessar)' to proceed further to 
prove the followin? principle. Thp. suc- 
cessive approTisiatiuns tn the vitlue of 
it continued fraction are idternatcly too 
great and too small, the even ones too 
great, and the odd ones too sotall, 

321. In order to exhibit the connec- 
tions of the several approximations with 
each other, let the first be represented 

by -, the second by — , the third by — , 
<l qi <2i 

and so on. The several fractions — , 

?■ 9s 

&c. are called converging fractions, or 

more shortly convergents ; — the first, — 

7i ry« 

the second, &o. and their several numera- 
tors and denominators are intended to 
represent the numerators and denomina- 
tors of the several approximations, when 
reduced to the form of simple fractions 
bjy the process made use of m art. [318]. 
Then'* approximation then is the (n - 1 )'* 

converging fraction ; - is not called a 

converging fraction, liecause, being equal 
to y, it is in fact not a fractiun ; if is of 
necessity equal to unity, but it is put 
under this form for the sake of sym- 
metry. 

The following equations need no ex- 
planation, 

£ = y 

9 l’ 

9i yi 

reducing this becomes 

p, _ y y, + 1 


so that 

p. =yy. + I] 
9> = y- I 


y> 


( 1 ), 


Pt . I 

— is found by writing y, -I for y, i 

9* !/t 

the expression for — so that it is equal 


yi + 


or y. y« + y + ^ 

yi yi + 1 

which may be written 

(y y, + l)y, + y 
yi *• + I 

Now observing equations (I), and also 
that y = J3 and y = 1, we obtain by 

substitution in the above value of — 


so that 


]h _ ;>■ y t + 

Qt yi y» + y’ 


9t 


Pt = p, y. + pi 

I]) = qt yi + q I 


.( 2 ). 


Again^ is found by substituting yi 

for y* in the value of — , and is there- 
y> 

fore equal to 

(y.+y^)+P 


Pi 


+ 9 


9i(y.+i) 

which may be written 

(Pi y« b p) y, + Pi 


(9i yi + 9) y» + 91 

and observing equations (2). and sub- 
stituting for Pi y, -1- p, and y, y, + y, 
we obtain 

ft'_ Pf_y?_± P‘. 

, 9. 9» yi + 9i ’ 

so that 


(3). 


9i = 9i y> + 9i ) 

Proceeding similarly, it is evident from 
the way in which the quantities y, y,, 
&c. enter into the several converging 
fractions, that we shall arrive at a 
similar result, and we have the following 
equation connecting each of the con- 
verging fractions with the two which 
precede it : 

_ P.-iy- + P-i . 

9- 9.-iy.+ 9.-*’ 

whence 

P.=p.-iy. + P.-.1 

9" — 9*-i 9"“! 9*-s) 

322. Itiultiplying the first of these 
equations by y.-i, and the second by 
p.-i, and subtract ing, we obtain 


p. X y.-i - y. X p,_, = 
p. X j.-, - y, X p.-, = - {p, 


-i9.-s - 9.-iP-«} W- 

i 
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This expression shows us that the 
difference between the product of the 
numerator of uny conrerging fraction, 
u)id the denominator of that which pre- 
cedes it, and the product of thedenomi- 
nator of the same converging fraction, 
and the numerator of that which pre- 
cedes it, is alternately positive and nega- 
tive, and differs only in sign. 

Now going back to equations (1), and 
obsert’ing tliat y = p and <; = 1, we 
have 

p, y. y - q, X. p = yy,-\- \ - yy„ 
or Pi y q — q, y p \. 

Again recurring to equations (2), we 
find 

Vi y qi - qt y Pi - p y q, — q y p, 

= - (p, y q ~ q, y p) 

= - 1 . 

a result which might have been at once 
inferred from equation (A). The follow- 
ing equation immediately results from 
equation (A) and the remark which 
follows it : 

p, X q,-i - qn y p„-i = ± 1 (B). 

And it is also evident from the values of 
Pi yq—qi y p.< pa y qi — qt y pi > 
that the positive sign must be taken 
when n is odd, and the negative one 
when it is even. We may hence derive 
the following property. The difference 
between the product of the numerator of 
the n“ conrerging fraction, mid the deno- 
minator of the (n - 1)'*, and the prriduct 
of the denominator of the n“, and the 
numerator of the (n — 1)'*, is equal to 
I irhen n is odd, and - i when n is 
even. 

.123. In treatingof indeterminateequa- 
fions, we observed, art. [311], that by 
means of a property of continued frac- 
tions we might quickly arrive at a solu- 
tion in whole numbers of the equation 
ax'-J-6y = e. We may thus find it. 

The fraction 7 being reduced into the 
b 

P 

form of a continued fraction, let — re- 

W 

present the converging fiaction previous 
to the last, which will be the complete 

fraction^. We have then by the last 

rule 

axQ-4xP = ±l. 

Ill any paiticiilar case we should know 

whether 7 was an even or an odd con- 
b 


verging fraction, and therefore know 
which sign to take. We will suppose 
it to be an odd one, and according to 
the rule adopting the positive sign, and 
then multiplying by c, we have 
axPxc-6xQxc = c.,.(l. 
Now observing the equation 
ai-\-by = c, 

and comparing it with equation (1), we 
see that it is satisfied by the substitution 
of P X cfor x, and Q x cfory. Hence 
P X c, and - Q x c, afford us a solution 
of the equation. By applying this to the 
equation we before examined, 5 x -f- 7 y 
= 81, we should obtain for the values of 
X and y, 243, and - 1C2. 

Returning to equation (Bl, 
p, y q„-i - q.y p.-i = ± 1, 
it is clear from this equation that every 
divisor of p, and q, must also divide I , 
so that they admit no divisor greater 
than unity. This furnishes us with 
another property. The numertdor and 
denominator of each converging fraction 
are prime to each other. 

324. By writing + — for y, in the 

expression for — , art.[319],we obtained 

the expression for — . But supposing 

qt 

that we had written 


»■ + 


Ha 


1 

f-' ~~ ~ 

^ a, + Sic- 


as far as the expression went, for y,, in 
the same expression. We should evidently 
have obtained, upon reduction, the frac- 
tion which the continued fraction repre- 
sents. Similarly, if in tlie expression for 


— , we put for y, 

I I 
ya+i -h &c.’ 

continuing the expression as far as it 
goes, we shall again obtain the original 
fraction. Representing then 

by Y, and the original fraction by F, 
and writing Y for y, in the expression for 


— , in art. [319], we have 

p.-iY-fp .-. 
qn, I Y q,.a 
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F - 


This expression will lead us to the several 
errors we commit by representing the 

p. -t _ p.-i Y + _ p.., 

q, -i 7—1 Y 4- 7—1 7— •’ 

_ ^ ~ 

(7.-1 Y 7,-,) 7,-1 

And by a similar reduction we should obtain 

F p.-i 

7-1 ~ 7-1 {7-1 Y -1-7— i} 


original fraction by its several converg- 
ing fractions. For 


0 ). 


.( 2 ). 


From these expressions we learn that 
the several converging fractions are alter- 
nately too great and too small; for if 

F - is positive, F - is negative, 
7.-1 7—1 

and vice versA. This result we for- 
merly arrived at from the way in which 
the successive approximations were de- 
rived from each other. 

325. Now, in order to estimate the 
degree of accuracy of the several con- 
verging fractions, we observe in the first 
place that art. [320], 

p— 1 7—1 - 7— ip— 1 = ± 1. 

Hence, from ctiuation (2) in the last 
article, 

= 

7-1 7— 1 (7-1 Y-|-f/-ij’ 

now Y is greater than unity, and, there- 
fore, 

F - is less than ; — i , 

7.-1 7.-1 (7.-‘ "T 7>-i) 

neglecting the sign, and consequently, <i 
fortiori, 

F - is less than — ^ 

7—1 ( 7 .- 1 ) 

The following property then is manifest. 
The error committed by rej>resentin^ a 
fraction by any of its concergcntsis /css 
than unity divided by the square of the 
denominator of that convergent. 

Thus the error committed by repre- 
senting the length of the year, art. [31G], 

by 365 — days, was loss than — L days, 

or less than the th part of a day. And 

similarly the error introduced by repre- 
senting the value of x in the equation 

8 1 

2' = 3 by - was less than — . 

'5 25 


it will be manifest that F ■ 


is less 


than F 


from which we derive 


Once more, observing equations ( 1 ) 
and (2), and considering that Y is greater 
than unity, and 7—1 CTCater than 7 —,, 
(for 7—1 = 7 — iy,.i -f 7 — ,, art. [3 19]) 

P-x 

7 . 

P-i 
7.-1 

the following projierty. Each converging 
fraction ajqiroaches nearer to the value 
of the continued fraction than any of 
those which precede it. It is for this 
reason that tiiey are called converging 
fractions, or convergents. 


Of the e.rpansion of a* and the forma- 
tion of Logarithmic Tables, 

326. AVe have already explained the 
purposes of logarithmic tables, art. [234], 
etc., and also the method of using them. 
AVe now proceed to show how they may 
be formed. It appearwl from the nature 
of logarithms, art. [237], that compara- 
tively few of them could be expres.sed 
in whole numbers, or terminating deci- 
mals, and we observed that this was not 
necessary, since they were sufficiently 
exact for all common purposes when 
carried to seven decimal digits. This 
naturally leads us to endeavour to 
express them in the shape of a series, 
and if we can arrive at one which is ra- 
pidly conrergenf. neglecting Ihoseterms 
which have no influence on the first 
seven decimal places, we shall form a 
table accurate to the degree required, 
art. [292]. A preliminary step in the 
arrival at this series is the expansion 
of a*. 

327. Before, however, we proceed to 
the direct consideration of the subjects 
placerl at the head of this section, we 
must prove the following theorem. 

If tne equation 


A-t-Bx-f-Cx*-)-&c. = 0 -j - 6 X -f- c g* &c. 
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be true whatever value be given to x 
and A, B, C. &c. a, 6, e, S«:. being in- 
dependent of X, we propose to prove that 
it is a necessary consequence of the 
above equation, that the coefficients of 
like powers of x in both sides of the 
equation are equal, that is, that A = a, 
B = A, C = c, &c. For since this equa- 
tion is true, whatever value be given to 
X, it is true when j* = u, and the two 
expressions are reduced to their first 
terms, so tliat we have 
A = o. 

But A and a are independent of the 
value of X, and therefore being equal 
for one value of x, they r.re equal for all. 
We have then, striking out A and a 
from the two sides of the original equa- 
tion, the following equation subsisting 
for all values of x, 

Bx-1-Cx*-|-S«:. = Ax-)-cx*-|- &c. 


Divide by x and the following equation 
is true for all values of x. 

B + Cx-f&c. =6-f Cx+&c. 

Hence for the same reason that A was 
equal to a, we have 

B = A, 

and so on for all the other coefficienls. 

This theorem is one of the strongest 
instruments in analytical reasoning, and 
we shall find it in the subsequent part 
of Algebra of frequent and extensive 
application. 

.128. We shall now consider the ex- 
pansion of o', and endeavour to express 
it by a series ascending by integral 
powers of x. We have already seen, 
art. [281], that any power of a binomial 
for instance (I -|- y)' may be represented 
by a series ascending by integral powers 
of y. We have in fact proved that 


1 ,. .1 I n-1 n-In-2.,,. 

(1 -l-y)’ = l-|-ny-t-n — — y* + « _y3_|-&c. 


+ «■ 


n-1 n - 2 




(A). 


This series goes on for ever when n is fractional or negative, but when it is a 
positive integer, contains only n-(- 1 terms. Now here the remark made in art. 
[287] is of importance to show that even if n be a positive integer, we introduce no 
error in supposing the series to go on to infinity. The metliod in which we shall 
alter the arrangement of the factors of the several terms in series (A) will show the 
necessity of retaining all the terms if we wish to arrive at a general result. 

Returning to equation (A), and representing the exponent by x, and writing a 
for I + y, so that y = a - I , we have 

ov = 1 -|-x(a - l)-)-x^-— !• (a - !)• + - l)*-J-&c.l 

\ (B). 

. x-lx-2 x-fr-I) ,„ic I 
+ x— ^ (a - D' -f &c.) 


We here observe, in the first place, that 
only integral powers of x enter into the 
expression, and in the next, that all the 
terms after the first have x for a factor, 
so that I is the first term of the result 
arranged according to the ascending 
powers of X. In order to find the second 
term, or, which comes to the same thing, 
the coefficient of x. we proceed as fol- 
lows. Observing the several terms of 
the series, we see that in the second the 
coefficient of x is (a - I), in the third, 
1 1-2 

- - (a - 1)*, in the fourth, x — 

2 ’ ’2 3 

(a - 1)> or ^ (a - 1)>, and so on for 


the remainder of the coefficients ; or that 
in each term it is the product of the 
second terms of the numerators of all the 
factors (except .r, which has no second 
term) which compose the coefficient, 
divided by the product of the denomi- 
nators of all tlie factors. Now the 
second term of the numerator of each 
factor is always the same as the denomi- 
nator of the preceding factor. A little 
consideration then will show, attenlion 
being paid to the sign, which is [Msilive 
when there ai-e an even number of fac- 
tors besides x, and negative when there 
are an odd number, that the coefficient 
of X is 


(„ - 1 ) _ 1 (u - 1 )> -I- 1 (a - 1 )• - 1 (a - 1 )* -f &c., 
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this series goinsr on to infinity. It is 
doubtless possible by a similar method 
to examine the coefficients of t', &c.. 

hut the ojjcration would be tedious and 
almost impracticable, and would he 
different for each coefficient. The 
theorem demonstrated at the beginninf; 
of this section will enable us to obtain 
these several coefficients with ^eat faci- 
tity, and has the advantage of furnishing 
them all by the same process. 

329. Resuming equation (B), and 
writing A for 

(a- D- i(a - 1)»+ ^ (a - 1)> - &c. 
and calling the several coefficients of 


3^, &c. (the expressions for which we are 
about to investigate) M, N, &c. we have 

o* = 1 +.\x + Ma:* 1 

+ Nx> + &c. J 

This being true for all values of x, and 
A, M, N, &c. being independent of x, 
we may write x for x, and have the 
following equation, in which the values 
of A, M, N, &c. are the same as before, 

«^=I+Ax + MC 1 

+ Ni> + &c. 

Sulitract'ng equation (2) term by term 
from equation (I), and combining the 
terms with like coefficients, we have 


o' - o' = A (X - 2 ) -)- M (x* - 2 *) + N (. 1 * - 2 *) + &e. 

Now every term of the right-hand side of this equation is divisible by .r - 2 , for 
every term has a multiplier of the form x' - 2 ', andx' - 2 ' being divided by 
■X - 2 , gives 

X'-' . +x'-*. 2 4 -x'-". 2»-f &c. -f 2'-' (3), 

a rmotient in which there are r terms. The above equation then may be written, 
maxing x - 2 a common factor of the several tenns, 

o' - o' = (X - 2 ) {A + M (X-4-2)-}-N (X’ + X 2 + 2») -f &c.} (4). 

Again, o' - o' = o' («"' - I). 

But by equation (1), putting x - 2 for x, 

o'- = 1 + A(x - 2)-1-M (X - 2 )*-f N (X - 2 )» + &c. 

Whence it appears, making x — 2 a factor of the sum of all the terms which it 
multiplies, that 

fA-fM(x- 2 ) 1 

o'--l-(x-2)| ..j. N (X - 2)' -f &C.J’ 

so that 


o* - o' = o' (o'- - 1) 

= o'(x- |A + M(.r - =) 

-o*(.x +N(x - 2)’+&C.| 

Whence substituting this expression for o' — o' in equation (4), and dividing by 
.r - 2 , which is a factor on both sides of the resulting equation, we obtain 


&c.}’ 


A + M (X + 2 ) -f N (x« -f X 2 + 2 *) + &c. = 
o' (A+ M (X - 2 )-f N (x - 2 )*-|- &c.) 

Now this equation subsisting for all values of. r and 2 , we may suppose 2 equal tox, 
and ivc obtain, since all the terms after A on the right-hand side of the equation 


vanish, 

A + M . 2x + N . 

and it is evident from equation (3), and 
the remark which follows it, that the 
coefficients on the left-hand side of this 
equation would go on following the same 
law. Putting then for a' its value from 
equation (1), and multiplying each term 
by A, we have 

A-j-2 Mx-|-3Nx*-|-&c. = 

A + A'x-|-AMx> + &c. 


3 *-)- Sec. = o' X A ; 

of like powers of x must be equal ; so 

that 

2 M = A*, 

3 N = A X M, 

See. &c 

From the first we obtain 



from the second 


Hence by the theorem proved at the 
beginning of this section, the coefficients 
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2 3 


coefficient of x*, 


A‘ 


-,‘and so on for 


and the form of the two expressions 
shows that we should have for the 


2.3 . 

the other coefficients. Hence substitu- 
ting the values of the several coefficients 
in equation (1), 


= I -j- A.r-f- 


-V.r* , A’.o^ 


1 . 2 


1.2.3 


+ &C. 


(C). 


the series continuing to follow the same law. This is the expansion required. 

330. We now propose to deduce from this expression a series for the logarithm 
ofa number to any base. See art. [234]. The process, though at first view circui- 
tous and indirect, requires only to be understood to appear simple. 

In equa;ion(C) any value may be given to a; and A, therefore, which, art [326], 
is equal to 

(a_l) -i(o- l)»-&c.. 


admits a corresponding variety of values. 
Let us suppose A equal to unity, and 
represent by e the value of a correspond- 
ing to this value of A. We have, by 
equation (C), A being equal to 1, and a 
to e, 

e' = l+4-f-j^L + r:^+S=c.(D). 

and making x equal to 1 , 

Of this series we may take any numlrer of 
terms. The summation of them is 
.sufficiently easy, since each term, after 
the second, is derived from the preceding 
one by dividing successively by 2, 3, &c. 
The student can perform the operation, 
and neglecting the terms after the 
eleventh, which have no influence on the 
seven first places of decimals, he will 
find 

e = 2.7182813. 

This quantity then is known. The dis- 
covery of it does not at present appear 
to have brought us nearer our object, 
but we shall find it a necessary instru- 
ment in arriving at it. It is the base ofa 
system of logarithms called the Napier- 
ean, from Napier, a celebrated mathe- 
matician of the seventeenth century, 
who invented logarithms and calculated 
them to this base. Logarithms calcu- 


lated to this base are also sometimes, 
though without much propriety, called 
hypertiolic logarithms, from their enter- 
ing into some of the properties of the 
hyperbola. 

Resuming equation (C), suppose 
X equal to unity, the equation becomes 

« = i+A+^;+&c. 

But making x equal to A in equation 
(D) the series for e* is the same as the 
above series for a. We thus have 
a = e* (1). 

As we shall consider a as the base of the 
system for which we are forming our 
tables, we will put equation (1) under 
another form, and write n for a, and 
represent 

(n-D-^Cn - l)*+ 5 (« - 1)>- &c., 

which is what A becomes, by p. This 
being done, equation (1) becomes 

n (2). 

From the definition of logarithms, this 
equation shows us that p is the logarithm 
of n to base e, or Nap. log. n — p. But 

p = n - 1 - ^(;»-l)'-t-i(n-l)“-Scc. 

Substituting, then. 


Nap. log. » = 71 - 1 - i (n - 1)*-]-^ (« — 1)* — &c (3). 


We have thus obtained a series for the 331. Taking the logarithms of both 
logarithm of a number in the Napierean sides of equation (2) in the system re- 
system. We thus proceed to find it in quired, for instance, in that whose base 
any other. is a, we have 


Digitized by Google 



ARITHMETIC AND ALGEBRA. 


119 


or 

since 


log.n= log. s' 

= p log. e, 

log.n = log. c |(n-D- i (n — l)* + y (« - D’ — &c.|. ...(■!). 
p =(n-l) - - 1)' + -^(» - 1)* — &c. 

i tJ 


We here appear to be no further 
advanced, since log. e being taken to 
base a, we have at present no means of 
finding it. Equation ( t ) will help us out 
of this difficulty. 

The equation (1) of the last article 
a = e* shows, taking the logarithm of 
both sides to base a, that 1 = log. 

= A log. e, therefore 

I=log.c, 

the logarithm being taken in the system 
whose base is a, and -r is known, since 


A is equal to 

a - 1 -i{o- !)•+ i(a -1)> -&c. 

But this, it is evident, from equation (3), 
is the logarithm of a in the Napierean 
system. Representing, then, for the 
sake of distinction, logarithms taken in 
the Napierean system by log.', and 
those taken to base a by log., we have, 
putting for A its value, in the above 
equation 


and substituting for log. e in equa- 
tion (4), 




(n ■ 


!)•+ 3 in - 1)> 


- &c.|. 


The scries within brackets in the 
above equation is the Napierean loga- 
rithm of » given in equation (3). The 

quantity ^ ^ , by which the Napierean 

logarithm is multiplied, so as to produce 


the logarithm of the same number in 
the system calculated to base a, is called 
the modulus of that system, and is evi- 
dently the same for all values of n, de- 
pending only on the base of the system. 
It is usually represented by M ; repre- 
senting it so, the equation becomes 


log. N = M |(n- I) — (n - 1)'-|- - 1>’ - &o.| .... (.5). 

(332.) In order that this equation, we stated in the last article, that A could 
which affords the complete algebraical be found, being equal to 
solution of the question, may be practi- j ^ 

cally adequate to the computation of lo- (o-l)- — (a - l)”-&c., 

ganthms, we must alter its form, for if ^ 

n be any number greater than 2, it is yet we should find this expression of 
evident that the terms of the series in- little use in computing its numerical 
stead of cnaoerging, become continually value. We proceed then to alter the 
greater and greater. In fact, although form of the series in the above equation, 

and to the numerical computation of M. 

Putting n = 1 -|- n' in equation (5), and therefore n — I = n', it becomes 
log. (!-}-«') = M |n' — — n' -|- .i n'J — &c.|. 

Again putting n = 1 - n' in equation (5), and therefore n - 1 = - n', it becomes 
log. (1 - n') = M I - - in'* - in'* — &c.|. 

Subtracting this equation from the last, and observing that 
log.(l-l-n') - log.(l -n') 
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and Ihat the series within the brackets go on following the same law, so that all 
the even powers of «' destroy each otlier, and all the terms involving the odd 
pow ers become doubled, we have 


log. 





To reduce this to a more favourable form, let 

! + »' _ A 
1 - n' c 

the solution of which simple equation gives 

, b - c 

I +«' 


Substituting for 


1 - n‘ 


- and n' in the above equal ion 


log. - = 2 M 


(A - c 1 /A - lib - c\* . . 1 

|^ + t(a+-J +Tib+i) 


( 6 ). 


(333.) The series here is convergent, 
and rapidly so where the difi'erence be- 
tween A and c is very small. It is con- 
venient to make A and c consecutive 
numbers, so that A - c is equal to unity, 
and we can by means of tlie above 
series, observing that 

log.A = log.-^ +log. c, 

find the logarithms of all numbers suc- 
cessively. Supposing, for a moment, 
that we have found the value of M for 
Brigg's system when the base is 10. It 
being equal to 

.43429448, 

so that 2 M is equal to 

.86S5889G, 

we have the following rule which is 
taken substantially from Dr. Hutton's 
mathematical tables. Call s the /earn 
of any number (b) trhose logarithm 
IS sought, and the number (c) next less 
by unity. Diride .80858890 by s, and 
reserve the quotient ; divide the resertred 
quotient by the square of s, ond reserve 
this quotient ; divide this last quotient 
by the square n/s, and again reserve this 
quotient, and thus proceed continually 
dividing the last quotient by the square 
o/s,as long as division can be made. Then 
srrite these quotients under one another, 
the first uppermost, and divide them 
respectively by the uneven numbers 1, 
3, 5, <fv;. Add alt these last quotients 
together, then the sum tcill be the loga- 
rithm of as given by equation (0). 

jind therefore to this logarithm, adding 
also the logarithm of c, the neat less 
number, the sum trill be the required 
logarithm of b, the number required. 


The operations for finding the loga- 
rithms of 2 are indicated below. The 
next less number is 1, so that s = 3, 
and the square of s = 9. 

3).80858896 
9).289.i2965 
9).0321699C 
9).0(i357444 
9).00n3''716 
9).UU(M)44I2 
9).00000490 
9).00000054 
.OUU0UOO6 
Proceeding with the nde 

1).28952965(.28952965 
3).03216996(.0l072332 
5).00357444(.00071488 
7).00039716(.00005G73 
9).000044I2(.00000490 
1 1) 000004 90(.00000044 
13).00000054(. 00000004 

Adding the quotients 

log. ^ = .30102996 
Add log. 1 = .00000000 
log72 ^^ 01 02996 

By a similar process we may find the 
logarithm of 3 and of all the higher 
numbers. But it is only necessary to 
find the prime numbers by this direct 
method, the others being easily found 
by composition and division. 

Thus log. 4 = log. 2* 

= 2 log. 2, 

log. 6 = log. (2x3) 

= log. 2 -f- log. 3, 
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and so on. 

Log. 5 = log. — 

= log. 1 0 — log. 2 
= 1 - log. 2, . 

&c. See. 

The series in equation (6) admits 
other transformations which are of ser- 
vice to the practical computer of loga- 
rithms by atlbrding verifiaitiovs of his 
result ; it being evident that when we 
have arrived at the same result by 
several different processes, we may feel 
a more perfect assurance of its accu- 


racy. But the discussion of them here 
would be misplaced, our object being 
only to explain the construction of 
tables. 

(334.) The multiplier M may be 
found immediately from equation (6). 

It is equal to , V , the accent indica- 
log. a 

ting as before that the logarithms are 
taken in the Napierean system. This, 
as was before remarked, is the quan- 
tity by which we multiply the Napierean 
logarithm of a number in order to 
arrive at the logarithm to base a. 


Equation (6) then gives us, withdrawing M, 


Now for Brigg's system a = 10 


In order, then, to 6nd M, or 


; — 7—, we must 
log.' a 


first find log.' 1 0. 

But log.' 10 = log.' (2 X 5) 

= log.' 2-)- log.' 5. 

By equation (7) b being equal to 2, and c to 1, 




By a process similar to that used in the last article we shall find 
log.' 2 = .69314718. 

From this we obtain log.' 4, or 2 log.' 2. 

Again, putting 5 for b, and 4 for c in equation (7), we have 



which may be easily computed, being 
very convergent. Adding log.' 4, we 
obtain log'. 5. These operations being 
performed, in which the reader will find 
no difficulty, and log.' 2 being added to 
log.' 5, we shall obtain 

log.' 10 = 2.30258509, 
and therefore 

= .43429448. 

(335.) In art. [233] we promised to 
inquire into the real value of such quan- 
tities as a '**'**'’, and to show that it 
differed from unity by a quantity which, 
within a certain degree of accuracy, 
might be neglected. 

By art. [327] we have 

o’ = 1 + A.» -t- — + &c., 

J > « 


where 

A=a-I— i(a- l)«-|-.l(a-l)t-&c., 

which is the Napierean logarithm of a. 
It is in most cases a small number, and 
is not greater than 1 0 unless a be greater 
than 10000. Now x being equal to 
.00000029, the third term will not influ- 
ence the twelve first places of decimals, 
andmay.therefore.withthose that follow 
it, be put out of the question. Supposing 
A to be le.ss than 10, A a: will have no 
significant figure in the five first deci- 
mal places, and may therefore be neg- 
lected if the degree of accuracy required 
does not extend so far. In this case we 
may therefore consider a as equal 
to I. 

In art. [240] we remarked that the 
common logarithms of consecutive num- 
bers of five or more digits were nearly 
in arithmetical progression. We may 
thus prove this to be the case : 
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Iog.'(c-|- 1) - log. c = log. 


^±i. 


log. (c+2) - log. (c+ 1) = log.*-^. 

c-(- 1 

Calling the first D, and the .second D', and subtracting 

0 + 1 

= ,og.J£:^*=iog.^±^+i- 
c tc + 2) “ c(c-|-2) 


or, expressing the logarithm in a series, 


D - D' = m|— - 

(c(c + 2) 

Now c containing five digits, the deno- 
minator of the first term contains at 
least nine digits, and M being less than 

-i , (as was shown in the last article,) 

D — D' can have no significant figure 
in the eight first decimal places. We 
have therefore in the tables calculated 
to seven places of decimals, 

D - D' = 0, 
or D = D', 

so that the differences between the loga- 
rithms of consecutive numbers are 
equal. From this property the method 
of finding the loirarithms of numbers of 
six and seven digits in art. [242] directly 
flowed. 

(336.) We have subjoined a small 
table of common logarithms, which will, 
for many purposes, supply the place of 
a whole volume of them. By means of 
this table the logarithms of all numbers, 
fromoneupto ten thmmmJ, oro[al\ num- 
bers consisting of /our digits, wherever 
the decimal point be placed, may be 
found to a certain number of decimal 
places. It will lie seen, by reference to 
the table, that the logarithms directly 
given are those of all numbers only from 
10 up to 999. But since the logarithms 
of 20 and 2, 30 and 3, &c., as well as 
those of all numbers consisting of the 
same digits, but varying in the position 
of the decimal point, differ only in their 
characteriitics, art. [238], the manner of 
deducing from this table the logarithms 
of all nuratiers consisting of one, tiro, or 
three digits, is evident. These loga- 
rithms, it will be observed, are given as 


2 c« (c+2)* + 

far as four decimal places only, while 
those tables, the construction of which 
we more fully explained in arts. [236], 
&c., were calculated as far as teven. 
For an explanation of the use of the 
pmmrtional parts arranged to the right 
of the double line in each page, we must 
refer to arts. [240]... [243]. We are en- 
abled, by means of them, to find from 
our table the logarithm of any number 
consisting of four digits, as in the arti- 
cles last referred to, we derived the 
logarithms of numbers, consisting of 6 
digits, from tables where the logarithms 
of numbers up to 99999 only, were 
tabulated. Thus, to find from our 
table the logarithm of 9863 ; — From 
the tabic we see that the logarithm 
of 986 is 2.9939 (2 being the cha- 
racteristic), and, consequentlv, the 
logarithm of 9860 is 3.9939. Now the 
prujtortional part corresponding to 3, 
the last digit of the number whose 
logarithm we proposed to find, is I, and, 
therefore, adding this, we have 
log. 9863 = 3.9940. 

See arts. [240]... [243]. 

(337.) Tl'.e table of antilogarithms 
contains the n.atural numbers corre- 
sponding to all logarithms of four places, 
arranged in the onler of the loga- 
rithms. This table is an extract from 
Dodson’s Antilogarithmic Canon. The 
first two figures of the given logarithm 
being found in the first column, and the 
third figure on the top of the page, the 
corresponding natural number is oppo- 
site to the former, and under the latter. 
The quantity to be added for the fourth 
logarithmic figure must be taken from 
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the columns headed proportional parts, 
in the same line with the number already 
found, and under the given fourth figure. 
The natural numbers thus obtained will 
generally be exact to a unit in the last 
place, except towards the end of the 


table; the number of decimal places will 
depend upon the characteristic of the 
logarithm. This table is chiefly intended 
to save time when many logarithms in 
succession are to be looked out. 


Digitized by Google 



TABLE OF LOGARITHMS, 


Proportional Parts. 



Digitized by Gt « >gle 





































TABLE OF LOGARITHMS, 


Proportional Parts. 



Digitized jy Gt « 'gle 






























TABLE OF ANTILOGARITHMS, 


Proportioval Parts. 



Digitized by Google 

















































ERRATA IN SOME OP THE EDITIONS. 

Page 86, column I, line 38, for (x-l-a)* read (jr-j-a)* 

Page 87, column 2, line 27, for x read *" 

Page 83, column 2, line 23 of note, for a read • 

line 24 ditto, for ( I + !)"+• read (1 + a)"+* 
line 27 ditto, for (1 + «)"+• read (1 + s)"+* 

The same in lines 32 and 35 
Page 90, column 1, line 2, for (1+ x)^ read (1 — x)^ 

line 6, for (1 + x)^ read (I + x) ^ 
line 19, dele — m at the end of the line 

... . m + 1 , m + 1 

line 20, at beginning, for — read — m . — 


1 


--1 


column 2, line 5, for ” ^ ~ ,j — 

,, , ,, , »i(ni — l)...m -;> + 1 

line 7 from bottom, for ; — read 

1 . 2 .... p 

m (m — 1) . . ■ (m — p + 1 ) 

. I . 2 ... 7p 

!/• 1/ 

Pa*re 91 » column 1, hne 20, for -- read ~ 

^ a* a* 

line 27, for y/l + -^ read y/i + -^ 

Page 92, column 1, lines 4 and 5 should stand thus: 

- 1 In"' 

(1+x) =l + -.x+ 5 — ,x« 


line 8 thus : 


n 

1 1 
1 2 

+ *• + &«=• 

n 2 3 

-L-, 


line 9 thus : 


"vTr=a/i + I.L + i.f ! i! 

no" n ■ 2 ■ a*" 

^ } 


^ i--, -1-2 

In « 


1 V ■ 1 V 

line 1 2, for H ^ read -t- — . 

a . " no" 


line 13 thus : 

column 2, line 40, for/ read S 


1 n — 12 II — 1 V* 


II 2 II 


3n 


o*" 


&c. ^ 


Page 93, column 2, line 5 of note, for ^ ^ read 


line 9 ditto, for 


I Y z' ! Y 

o — X 1 read I , o — * 1 
^~a + xj \^~a + xy 


Page 94, column 1, line 2, dele comma at the end of the line. 

line 5, for (a + n)” read (n-f-x)" 

Page 96, column 2, line 22, for [292] read [297]. 
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To prevent any misconcepfion as to 
the use of this treatise, we state that it 
is intended only for those who study the 
principles of arithmetic and algebra, 
and the reasons of the rules laid down 
in those sciences. The plan we should 
recommend is the following : — Let the 
student repeat examples of each rule 
upon paper, choosing the most simple 
numbers which can be found, as well 
those given in this work as others, until 
he is capable of solving such instances 
mentally. Let him then proceed to 
the cases which contain more compli- 
cated numbers or exjiressions. This is 
by much the shortest way of proceed- 
ing, and eventually the easiest. 

We presume a knowledge of the four 
fundamental operations of arithmetic 
in whole numbers, and shall therefore 
content ourselves with showing how 
examples m.ay be formed which shall 
contain their own verification. 

As soon as the pupil knows the pro- 
cesses of addition and subtraction, let 
him take a series of numbers, each of 
which contains one more figure than 
the preceding; say 154, 2S79, 31673, 
200104, and 7172618. Let him sub- 
tract each of these from the succeeding 
as follows : — 

2879 31673 200104 7172618 
154 2879 31673 200104 

2725 28794 168431 697-2514 

I.et him then add all his results, to- 
gether with the least number chosen. 
The result ought to be the greatest 
number. 


6972514 

168431 

28794 

2725 

154 

7172618 

As an exercise in multiplication, let 
two numbers be written down for the 
student, each of which he is to multiply 
by itself. For instance, 142 and 361. 
361 X 361 = 130321 
142 X 142 = 20164 
Subtract 110157' 

Let him then take the sum and dif- 
ference of the two numbers first chosen, 
and multiply these together, which 
should give, the same result as the 
preceding. 

361 361 

142 142 

add 503 219 subtract. 

503 X 219 = 110157 
For division, let the student multiply 
two numbers by themselves, and divide 
the difference of the results by the dif- 
ference of the numbers ; which should 
give their sum. But the division of 
any two numliers by one another may 
be made, and the result verified by 
multiplication as usual. 

Section 1. — Common Fraciiotu. 

Operations containing fractions with 
verj' high numbers are of little prac- 
tical use ; decimal fractions being pre- 
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ferred. But as exercises of arithme- 
tical accuracy \vc shall ffivc, among 
the rest, a few cases of high numbers. 

I . — To reduce a fraction to its lowest 
terms. 

Definition. — A fraction is in its 
lowest terms, when there is no fraction 


equal to it which has a smaller nume- 
rator and denominator. 

Principle emplni/cd. — The value of a 
fraction is not altered by dividing both 
its numerator and denominator, or mul- 
tiplying both its numerator and deno- 
minator by the same number. 


1 2 .1 4 S „ „ „ , 

----- &c„ &c„ are all equal. 

3 B 9 12 15 „ „ „ , 

----- &c„ &c.. are all equal. 

Pule, Divide both numerator and denominator by the greatest whole num- 
ber which will divide them both without remainder. 

Case 1. Where it is evident that a certain number will divide both numerator 
and denominator without remainder, and that the result is in its lowest terms. 

u_i 5i_5 ^ — £ 

33 ~ 3 48 ~ 4 14 “ 2 99 ~ 1 1 15 ~ 5 


Point out here by what numbers the numerators and denominators are 
divided. 

Case 2. AVhere it is evident that the numerator and denominator are divisible 
by some number, but not evident that the result is in its lowest terms, divide by 
that whole number, and proceed as in Case 3. (Observe that Case 3 may be 
employed without this, if irrcferrcd.) 

A numlwr is divisible by 

Two, when the last digit is divisible by tiro, or even ; as in 68, 48, 132. 

Three, when the sum of its digits is divisible by three, as 162, in which 
1 + 6 + 2 or 9 is divisible by 3. 

Tour, when the two last digits are divisible by /our, as in 16864, in which 61 
is divisible by 4. 

Fire, when the last digit is cither 0 or 5, as in 180, 965. (To divide by 5, mul- 
tiply by 2, and strike oil' the cipher.) 

Sit, when it is ei'en and divisible by three, as 486. 

Seren, according to no rule sufficiently simple to be useful. 

Tight, when the three last digits are divisible hy eight, an 2794216, in which 
216 is divisible by 8. 

Tine, when the sum of its digits is divisible by nine, as 729, in which 7 -h 2 -1- 9 
or 18 is divisible by 9. 

Ten, when the last digit is a cipher. 

Jileeen, when the two sets of sums made by taking alternate digits are either > 
cijual, or difi'er by a multiple * of 1 1, as 1 034, in which 1 + 3 is the same 
as (I + 4, 121 in which 1 -1- 4-is the same as 2, 129382 in which 
1 + 9 + 8 or IS, differs from 2 -t- 3 + 2 or 7, by 1 1. 

Twelve, when it is divisible by four and three. 

The preceding rules may be applied to the following fractions: find out which 
is employed in each. 

5665 1133 103. 

1720 = TTu = 


7944 _ mo _ im 

8^ — 2229 ~ 743 
8904 _ 1272 _ 212 
4494 ~ 642 ~ 107 


(.Case 3.) 
(Case 3.) 


Case 3. When there is no very evi- less, the divisor by the remainder, the 
dent divisor of the numerator and last-mentioned remainder by the new 
denominator, divide the greater by the remainder, &c., &c., (as afterwards 


* A muUlplti of all any Dtuaber which can be dlrideU by a wiUiQut remainder. 
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shown,) until there is no remainder, or 
until it is evident that two successive 
remainders have no common divisor. 
In the first case, the last divisor used 
will divide both tenns of the given 
fraction, and will reduce it to its lowest 
terms ; in the second case, the fraction 
is alreadv in its lowest terras. 

*«* observe that whatever divides 
two numbers divides their difference : 
therefore 102 and 107 can have no com- 
mon divisor; if they had, it would be 
either 5 or would divide 5. This will 
often be useful. 

„ , -1460 

Reduce rr to its lowest terms. 
ISSb 

1850)1466(2 

3712 

754)1856(2 

U08 

”348)754(2 

696 

”5,8)348(6 

.348 

”iT 


therefore 58 is the greatest divisor 
which 4466 and 1856 have in common. 


58)4.166(77 

406 

406 

406 

0 

4466 


58)1856(32 

174 

116 

116 


Therefore 


1856 


77 

32 


1847 

Reduce to its lowest terms. 


1847)8209(4 

7388 

821)1847(2 

1642 

205)821(4 

820 

1)205(205 

205 

0 


Tliis tells us the greatest common divisor of 1847 and 8209 is l,or that there is 
no divisor which will reduce the fraction to lower terms. 


2133 

.3 

156933 

_ 329 

13787 

17 

19557 

41 

314175 

_ 355 

lOOIIO 

_ 355 

100005 

1 13 

"31866 

“TTJ 

7992 

9 

54369 

_ *51 

11544 

13 

73305 

85 


instances of higher numliers, 

2241.379310344S27586200S96.W1 _ 63 
9999!)99999999999999999y99999 ~ ^ 

J26145y 994432 _ 10807 
14972023^327424 59049 

The following is a table containing some prime numbers (or numbers which 
have no whole divisors greater than 1) by which examples may be formed. 


2.3 

367 

857 

10.37 

.3299 

8443 

18583 

29 

397 

88.3 

1709 

.3389 

8573 

20611 

83 

433 

947 

1759 

4.591 

8669 

32801 

149 

509 

953 

1831 

4673 

9011 

4.3717 

179 

541 

907 

1847 

5189 

9151 

58573 

181 

619 

971 

1861 

5407 

9181 

60013 

191 

647 

977 

2081 

6329 

9403 

72053 

257 

709 

983 

2111 

6449 

9521 

84229 

271 

761 

991 

2287 

7237 

9631 

97073 

311 

809 

997 

2749 

7321 

9967 

99991 


Take any two of the preceding numbers, say 23 and 149 ; multiply both by 
any number, say 8, giving 134 and 1192, then 

184 2.3 

reduced to lowest terms, gives 

1192 149 

Many thousands of examples may bo thus formed, > 
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II . — To reduce Fractions to a common Denominator , — 

That is, to find fractions havim; ttie same denominator wliich shall be 
respectively equal to a set of fractions havinit different ilenominators. 

Case 1. When the fractions have denominators, of which all the divisors can 
be easily seen. An example of this case will be better than any rule. 

To reduce to a common denominator the following fractions, 

2 3 4 5 6 7 8 9 10 12 IG 

write down all the denominators which are not evidently divisors of some of 
the rest. 

7, 9, 10, 12, 16 

Write these down in prime factors, that is, make them by multiplication. 

7 3X3 5X2 2X2X3 2 x2x2x2 

Take each prime number as often as it occurs in that one of the preceding which 
has it most often. 

22223357 

Multiply all these together, which gives 

2x2x 2.x2x3x3x5x7 = 5040; 

Divide this by all the denominators in succession. 


5040 -r 2 

s 

2520 

5040 7 

= 720 

5040 -1- 3 

= 

1680 

5040 4- 8 

= 630 

5040 4 

ss 

1260 

5040 -z- 9 

= 560 

5040 -4- 5 

= 

1080 

5040 ■— 10 

= 504 

5040 4- 6 

= 

840 

5U40 12 

= 420 


5040 -r 16 = 315 

These need not all be formed by mtdtiply every numerator by the result 
actual division, for it is clear that to of its denominator in the preceding list, 
divide by 9, we may take the third part and we shall thus have the mimcr.itors 
of 1680, in which 5040 has been already of the fractions required, while 5040 
divided by 3. "ill be the common denominator, as 

Now look to the original fractions: follows; — 

1 2520 

1 X 2520 = 2520 - is - — 

2 5040 

2 . 3300 

2 X 1080 = 3360 - IS - 

3 5040 

1 . 1260 

1 X 1260 = 1260 - IS 7 — 

4 a04U 

Similarly 

3. 3240 2. 1 120 

— IS “ IS 

6 ^040 U 5040 

5, 4200 I£12 

6** 5040 10 ** 5040 

1 . 720 _1_ . 

7 ** 5040 12 ** 5040 

1 . G30: 13 . 4095 

i ** 5040 16 ** 5040 

Fractions given. TUesamereduccdtoacomnion denominator. 

3 5 7 225 250 42 

i 12 Too 600 600 6^ 

3, _L_5_7 720 20 75 56 

12 16 30 240 240 240 240 

* Cousldet tbU as 
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OF ARITHMETIC AND ALGEBRA. 


The most convenient common deno- 
minator is the least numlier which is 
divisible by all the denominators or 
their least common multiple ; but any 
common multiple will answer. The 
least common multiple is found in the 
preceding process. 

Case 2. — Where the least common 
multiple of all the denominators is evi- 
dent. This, generally speaking, is when 
the denominators are very low num- 

Nnmbsri gtren. 

2, 3, 4, fi, 

4, 9, 10, 12, 18, 

2 , 6 , 10 , 

G, 8, 10, 

3, 7, 9, 

5, 8, 10, 15, 

7, 9, 12, 15, 

2, 4, 6, 8, 10, 

18, 20, 24, 

16, 18, 22 


bers, and the least common multiple is 
found by multiplying the denominators 
together, rejecting any factor out of 
each, which is evidently contained in 
a ]ireccding one. For instance, the 
least common multiple of 4 and 6 is not 
4X6 but 4X3, because the factor 2, 
which is thrown out when 6 is made 3, 
is already in 4. Tlie following arc 
instances : — 

LcMt common moltiplc. 

2X 3X2 Xl = 12 
4X 9X5 Xl = 180 

2 X 3X5 =30 
6 X 4X5 =120 

3 X 7x3 =63 
5 X 8X3 =120 

7X 9x4 X5 = 1260 
2X 2X3 X2X5 = 120 
18 X 10 X 2* = 360 
16 X 9 X 11 = 1584 


When the least common multiple has been found, perception derived from 
practice, rather than rules, must be the guide ; if that fails, go back to Case 1. 


KracUoni given. 


Reduced to n common dcnomlnntor. 


2 1 5 

3 4 6 

JL i 

14 4 

5 

6 18 

JL £ 

10 9 

1 i 1 L 

3 4 5 6 

Case 3. — ^When there are only two 
fractions with complicated denomina- 
tors, cither multiply numerator and 
denominator of each by the denomi- 
nator of the other; or, if considered 
worth while, find the greatest common 
measure of the two denominators, and 
their quotients when divided by it ; 
multiply each numerator and deno- 
minatof by the quotient of the other 
denominator. 


1 

2 

3 

7 

9 

2 

_7 

15 

2 

2 


To reduce 


33 

82 


. H * 

and — to a com- 
25 


6 

8 

3 

10 

12 

I 2 

12 

12 

12 

6 

7 


28 

28 

28 


81 

15 

1 


18 

18 

18 


42 

27 

50 



90 

90 


30 

20 

15 

12 

60 

60 

60 

GO 


mon denominator. 


33 

_ 

X 

25 

_ 825 

82 

~ sT 

X 

25 

” 2050 

II 

11 

X 

82 

902 

25 

“ 25" 

X 


~ 2050 


10 

60 


, 81 . 37 , 

To reduce and to a com- 
7/00 1540 

mon denominator. Here the greatest 
common measure of 1540 and 7700 is 
1540 ; therefore the fractions are 

81 , 185 

and 

7700 7700 


PractloDs giren. 1 

1 Redact to a rommon denominator. 

53 

27 

49G08 

4887 

181 

936 

169416 

169416 

113 

355 

12769 

126025 

355 

Ti3 

40115 

40115 


• For 24 write 2, became 6 U already a factor of 18, and of the reilduary factor 4. 2 Is already In 20. 
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6 EXAMPLES OF THE PROCESSES 


\\\.— Estimation of tha Value of Fractions. 


Sale 1. When frat:tions have a com- 
mon denominator, the greater has the 
greater numerator. 

16 9 14 13 

l2 ^ 12 11 ^ 11 

Rule 2. When fractions have a com- 
mon numerator, the greater has the 
less denominator. 

16 16 iL -s. iL 

7^8 11 ^ 15 


Rule 4. Uy adding the same mimhcr 
to both numerator and denominator of 
a fraction, the fraction is brought 
nearer to 1; by subtracting the same 
number from the numerator and deno- 
minator, the fraction is removed far- 
tlier from 1 ; that is, addition to troth 
decreases fractions greater than 1, and 
increases fractions less than 1 ; sub- 
traction from both increases' fractions 
greater than I, and decreases fractions 
less than I. 


Rule 3. If the numerators of two 
fractions be added for a numerator, and 
the denominators for a denominator, 
the resulting fraction lies between the 
two first. 


2 

5 


lies between - and - 


8 3 5 

— lies between — and - 


23 20 

— lies between , 
60 40 


and^ 

20 


1 2 3 4 5 

2 3 4 3 6’ 

is a continually increasing scries. 

3 4 5 6 7 

2 3 4 5 6’ 

is a continually decreasing series. 


, &c. 


r, &c. 


H • , . 

-- IS less than — , 
4 «> 


28 , 27 

— IS greater than — , 


IV. — To add and subtract Fractions. 


Rule. Reduce the fractions to a com- 
mon denominator ; do with the nume- 
rators what is directed to be done with 
the fractions ; let the result be the nu- 
merator ; let the common denominator 
be the denominator. Reduce the result 
to its lowest terms, if thought worth 
while. 

1 1 3 

What is - -I- - ? These are - and 

2 3 D 

2 1 1 

hence- + -has 3 +2 for numerator. 
6 2 3 

. 5 . 

and 6 for denominator, or is Simi- 


l 1 1 15 . 

' ■*‘2’^4'*’8~ 8 

1 ^ J _ _1 _1 1 

8 63 560 5040 “ 7 


4 

7^ + 


21 


11 


” on 


17 50 850 ' 90 18 

1 2 4 97 

3"^ 5 21 “ 103 

1 j2 2£1 

^ 7 '*■ 13 91 

I 1 6 _ US 

3 5 7 ~ 15 “ To5 


1 1.3 

; — o - 

- 2 1 


53 

19 

20082 

! 3 


89 347 

" 30883 

7 2 


83 




3 + TT = 

33 '*’ 33 

33 

6 

II 

2239 

7 2 _ 

77 6 _ 

71 

T 97 

■*"l2 

~ 2364 

3 ~ 11 “ 

33 33 - 

33 




4 6 

■ 5-5 

12 2 
13 7 

no 

91 

44 

3 

153 
■ 427 

18329 

1281 


7_ 37 

10 15 “ 30 

11 7 

^ 4 4 


1 3 


1111 
* +i + 3'^i+5^ 
12 3 4 

^“2 + 3 '^ J +5 


137 

60 

163 

"cT 
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OF ARITHMETIC AND ALGEBRA. 7 


1 1 i ,1 . i _ 

by the denominator, 

and add it to t 

2 "" 3 4 “ 5 6 - 60 

1 4 3 6 5 277 

numerator ; let the 
main. 

denominator 1 

2'*'.3'^4''’5'*’6~ 60 

3 - = — 

7i = !^ 

1 2 3 4 5 213 

4 4 

9 9 

2 3 4 5 6 “ GO 

4 24 

5 101 

® 12 ~ 12 

Such reductions as the following are 

3 “ 5 


particular cases which often occur : 

3 1603 

^ 93 293 

1 16 17 

^3“^ 3“ 3 '*‘ 3 ”. 3’ 

Too ~ 100 

' Too “ 100 

11 .361 

14 — = 

9 213 

Rule. Multiply the whole number 

23 25 

17 “ 17 


V. — Tn multiply or dwide Fractions by a Whole Number. 


Rule. Do as directed with the nu- 
merator, or the contrarj’ with the de- 
nominator ; that is, to multiply, mul- 
tiply the numerator, or divide the 
denominator ; to divide, divide the nu- 
merator, or multiply the denominator. 

(i 

Multiply by 7, 

42 6 

the latter is the more simple. 

Divide — by 3, 

. . 6 - 5-3 6 i ■ 

cither — or that is. 




the former is the more simple. 


7 7 

rr X 5 =- 


rr X 5 =- 
In 3 


8 

80 

— X 10 = 

— 

21 

21 

144 

28.8 

107 ^ ^ " 

107 


-L • - - JL 

13 ■ "* 73 

Ti ^ Tfi' 

144 , 12 

T07~ “ 1Q7‘ 


When the multiplier is composed of 
factors, it may happen that some fac- 
tors may be most conveniently used in 
one way, some in the otlier. The stu- 
dent must render himself very familiar 
with the following: 


Multiplication of Numerator 1 
Division of Denominator ' 

Division of Numerator 
Multiplication of Denominator 


is Multiplication, 
is Division. 


Multiply ^ by 14, or 7 x 2, 
4X2 8 

77-4-7 ~ ir 


Divide — by 25 or 3 x 5, 
6 0-;- 5 12 

77 X 5 " 383' 


4 




16 

4 

-T- 28 = 

1 

21 

X 

28 

= 

.3 

21 

147 

12 




24 

12 

-4- 8 = 

3 

;i9 

X 

26 


■3 

39 

78 

108 




432 

108 

-4-24 = 

9 

35 

X 

20 


7 

35 

70 

55 




275 

35 

-4-110 = 

1 

63 

X 

43 


7 

63 

12t 

25 





25 


1 

43 

X 

86 

= 

30 

43 

-4-300 = 

516‘ 
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EXAMPLES OF THE PROCESSES 


VI. — To multiply and divide Fractions by one another. 

2 4 

Definition 1. The product of - and This is the answer to such questions 

4 2 

as the following : What is two-thirds of - ? What is four-fifths of - ? A. gave 
2 4 

B. - of his share, and B. gave C. - of what he got. How much of A.’s share did 

C. get ? If 1 gallon cost ^ of a shilling, how much of a shilling does | of a gal- 

4 

Ion cost ? What is - taken two-thirds of a time ? What is twice the third part 

of x? 

o 

2 4 

Definition 2. The quotient of - divided by This is the answer to such 

questions as the following : What number of times, or what parts of a time, 
2 4 4 2 

does - contain - ? How must - be treated, so as to give - ; that is, into how 

4 

many parts must - be divided, and how many of these parts must be taken, so 
2 2 

that g may result ? If 1 gallon cost j of a shilling, how many gallons, or how 

4 

much of a gallon, may be bought for ^ of a shilling ? 

Rule. To multiply, multiply numerators by numerators, and denominators 
by denominators. To divide, divide numerator by numerator, and denominator 
by denominator; or invert the divisor, and multiply. Or to perform either 
operation, invert the multiplier or divisor, and proceed as in the other. 

2 4 5 7 

Multiply X by -, divide the product by -, and multiply the result by — . 

O Q 1 II 



2X4 

8 

8 

5 

8 7, 

56 

56 7. 

392 

3X5 

“ 15’ 

15“ 

'7 “ 

15 5*“ 

75’ 

75 ^ 11*“ 

siS' 

Ift 

20 

320 


4 

3 

20 


T 


“ 21 


ll" 

“ 5 

“ 33‘ 


20 

16 

320 


3 

4 

33 


T 


~ 21 


5 

“ll 

" 20' 



Before the multiplication is made, strike out any factors which are common 
to a numerator and a denominator ; before the division is made, strike out any 
factors which are common to both numerators, or to both denominators. 


16 35 

8X2 

7 

X 

5 

2 5 

10 

21 ^ 24 “ 

7 x 3 ’^ 

8 

X 

3 

“ 3 3 

9 

22 . 33 

11 x 2 . 

11 

X 

3 

2 . 3 

10 

35~25 “ 

7 X 5 “ 

5 

X 

"5 

" 7~5 “ 

21 




12 3 4 

X X X X I x T 


21 in I.? 

16 7 “ 8 

iL £1 132651 

96 ^ 96 “ 884736 


1 

120 

1 


5 



64 

729 



OF ARITHMETIC AND ALGEBRA, 


221 

_ 24973 

X 

397 

16.3564 

118 

41890 

167 

777 

129759 

228 

_ 228 

93 

X = 

11625 

963 

162747 

4600 

662 

30452 


£2 X— X — x£2x — x£2 = •'•'036000000 

cT 61 ^ 61 61 in 513^37136^1 


£ X 1 X 1 xAx I X 22 
7 2 3 1 1 9 25 

H ^ £ = 7 ± 


25 18 _ 625 

18 ■ 25 324 

3163 799 _ 79075 

468 ■ 25 373932 


ii X 12 = 1 

13 14 


H£ — ££ = 1 
18 ■ 18 

119 338 _ 13447 

27 ‘ 113 9126 

3l4-i = 7 
2 2 


fIxlxlWfAx 2 xn=lL 

V.6 2 10/ V>1 3 2/ 135 

(2 1 + 1) -7- (3 i - i) = £1 6 1 4 - 2 J 

X 2 6/ ' 2 8' 81 8 ; 


ol — 2 i = 2 £ 


17 4 - - = 51 
3 

9 4- 1 i = 6 


6 X = 2 


1 4- — = 10 
10 

1 3 

10 - 4- 2 = 14 

2 4 

100 101 _ 100 
3 ' ~3 Toi 

10 X — 4-i-= 10 


9 = 1 + 2X-+3X 
3 


11 11 
16 
9 


^ IL — Vniciintix htirin" Frarliom in the N itmeralnr or Denominator, or both. 

Pttlr. To reduce such fractions to e(|uivalent simple fractions, multiply the 
numerator anil denominator by the least common multiple of the denomi- 
nators of the fractions contained in them. 

1 

3 3 

To reduce — j-to a simple fraction. 


18 + 3 
24 + 2 


To reduce 


' to a simple fraction. 
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EXAMPLES OF THE PROCESSES 
The least common multiple of 7,4, 2, and 7, is 28 : 


4i - 2i 
7 4 

6 I - 2 i 


1 i X 28 - 2 i X 28 
_7 _ 4 

oix28-2ix28 


182 _ 00 ~ l22 


That is, 4 when diminished by 2 is the same proiMrtion of 6 

diminished by 2 which 58 is of 122. 

7 


3 

1 


2 i 


2 — 



4 

13 

' 9 

95 

12 

25 

4 

1 

~ 17 

3 i 

M4 

8 1 

“ 99 


4 


5 


4 


8 

2 


1 i 
2 


22 


3 

_ 104 

4 

IT 

88 

9 

3 

“ 117 

1 1“ 

3 

7i~ 

15 


1 + 1-i 


I + 1 
2 


12-6 + 4 

12 + 6 - T 


_7_ 

11 


2i - 1 i 

4 3 

2 i + 1 ' 


54 - 32 
51 + .30 


22 


8 4 

VIII . — Miscellaneous Exercises in the preceding Rules. 

11 2 3 

4 “ 9 


i+ 1 

2 3 


3 3 2 

X i + 


1 + 


j n 

4 ^ 18 “ 60 


9 


1 ^ 1 

7 - 3 i “ 1 + -i 

4 3 1 „ 1 10 

1 7 - i 5 


7 + 3 i 
4 


4 
7 

1 + 1 

19 3 


1000 


1749547 

4200000 


1 V3 ^ 5/ - 37 


i? X (l - “) + ± X i X (1 + ±) = i 

17 V 81/ 11 C V2 12/ 3 

2 

I_! + 1 X ± + 2 (i + ii) + JL (2 + A = 1 

2 5 10 5 V 2 147 70 \7 5 / 


13 V 1 _ II V 1 

21 2 14 3 

X i - H X i 

21 2 14 3 


Oioitiz 
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W,— Verification of Algebraical Proceues. 


The foUowina: are some algebraical 
equations which are always true, what- 
ever numbers or fractions may be 
placed instead of the letters ; provided 
only, that wherever a subtraction 
occurs, such as a — 6, o must be 
greater than b. The student must at- 
tempt to verify them ; and the proof 
that he is correct consists in his hnding 
the same number on each side of the 
equation. For instance, in the first 
example, let a stand for and 4 for J : 
then 

I 1^ 

4 3 2 a-4 _ 2~3 _ I_ 

0+4 “ i T ~ 5 4 “ 1^ ~ 2 

i'^3 3 


and that the young student cannot* be 
more usefully employed at this stage 
of his progress, whether the operation 
be considered with reference to arith- 
metic or algebra. The student should 
first try each expression with some 
whole numbers, before he proceeds to 
use fractions, in order to be certain that 
he understands the meaning of the 
terms. 


4 

-1- 1 


aa 

a + b 


4 

ab + bb 

a - b 


+ * _ 

2oa + 2ab 

0 + 4 

a 

- 4 

aa — bb 

1 


1 _ 

a 

1 + o ■ 

1 + 2o 

1 -f 3o -1- iaa 


4 _|_o-4 2^1 

0+4 4 5 2 

Again, iyi 

aa 2 2 _ 4 _ / 9 \ 

o4 + 44 ~ 

2^33 3 G 9 
The following list may be considered 
long, but it must be remembered that 
every one is also an example in algebra, 
(ax — by) (ax - by) = (aa + 44) 

° + * -1- 'LzJ = a 
2 2 



(o 4) X (o - 4) =: oo - 44 

(o -f- 4) X (a -h 4) = 00 + 2o4 -f 44 

(a - b) X (a - b) = aa — 2ab -(- 44 

1 •+• a; _ fix _ aa 

a + X a A- X 

X 

(.r-(-o)X(a'-l-4) = xx+(a+b)xx+ab 
(x—a)x(x—b) = xx-(a+b)xx-\-ab 
(XX -+ yy) - (ay + bx) (ay bx) 
o + 4_a— 4_;^ 

2 2 ~ 


XX - 2 a- -h 1 _ X - \ a-x — 3* + 2_a; — 2 

a-x-1 x-t-1 xx-lOx + 9 X - 0 

XXX + ^xx -h 26x -h 24 _ X + 4 
XXX + Gxx + 1 lx + 6 X -+ 1 
(n+1) («-h2) _ n(o+l) . „ , j 
2 2 

(n + 1) (n + 2) (n +3) _ 7;(n-fl)(n-h 2 ) . « + J) ■ _ ■ , 

' 6, G 2 


• The very little power which even advanced ttudenU j^neraily poiaeei, of (urnintr their nl^ebralcal 
into arlthmeticn] reanlte. It one of the principal featuret of tchoul iiulruction, a* It exliU at preaeutf 
and it a very terluut impediment to higher ttudiet. 
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EXAMPLES OF THE PROCESSES 
bbbc 


c ' e , he . hhc , 

■ 1 “i "T* 

a — o a aa aaa 


aaa {a — 6) 
hbhc 


a + b 

1 + X 


c _ he bbr. __ 
a ‘ (HI aaa aaa (a -(- b) 


_ 1 — 3? _ 3x _ 


*T 


1 — a: 1 4* ^ 

.1 (a+ l)(a + l) „ 

(2 ^ — s: — — Z 


i — XX \ — XX 

a _ i = (« +!)(«- 1) 


a a a a 

(a + b + c) {b + c — a) (c + a — b) (a + b — c) = 
= iaabb + iaacc + ibbcc — aaaa — bbbb — cccc 


X. — Algebraical Theorems of Approximation, for Verification. 

If p be veiy nearly equal to 1, then the following theorems are nearly true ; 

/)p = 2p — 1 I -i- p = 2 — p 

pi>p = 3p — 2 I -7- j;p = 3 — 2p 

pppp = 4p — 3 &c. 1 -j- ppp = 4 — 3p &c. 

If ar be very small, the following theorems are nearly true. 

* = 1 - ar r-^ = 1 + x = 1 + 2x 


1 + a? 
l-3a- 


1 — X 
] + 6x 

= 1 + lOx 


J — X 

6 — 4x 8 

— 2 

3 + 2X 3 


If X be very great, the following theorems are nearly true : 


X j _ 1 

X +T X 


X - I _ 2 

X + 1 ~ X 


1 


1^ 

X 


1 +x 

Section 2. — Decimal Fractions. 

I . — Exercises on the Meaning of the Decimal Notation. 

■ I is read decimal, one. 

■ 123 is read decimal, one, two, three. 

3fi'012 is read thirty-six, decimal, nought, one, two. 
The student should now write the following and similar tables : — 
I 


XX 


1 


•1 means — 

•01 means 

loo 


•001 means — 

*2 • . 

2, 

To 

•02 . , , 

2 

Too 


•002 . . 

2 

1000 

•3 . . . 

3 

10 

•03 ... 

3 

Too 


■003 . . 

3 

1000 

•4 . . . 

&c., &c. 

4 

To 

•04 ... 

4 

100 


■004 . . 

4 

* lOUO 

'"ro + 

J_ + 

- • war Vs 1 /sV* 

100 

20 

+ _i_ 

; which is 

100 

■■ . WlllCIl IS 

1000’ 

1000 

1000 

1000 


123 

1000 


•0104 is : 


100 


10000 ’ 


which is 


100 

10000 


10000 ’ 


which is 


104 

10000 


7 . 00 

6 • 7 IS 6 + — which Ls — 
10 10 


7 .... 67 

which IS - 
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13 


35-013 =35 + -^ + 


3 

luuo 


2-008 = 2 + 




H 

lUOO 

7 

lUUU 
I 


3.) 103 
1000 
2008 
1000 
174 


10000 
1211 


10000 


12345 
12.34-5 
1-23-45 
1--2345 = 
-1-2345 = 


12-11 =12-hy^ 

100 100 


• 


12345 = lOOOO -1- 2000 -|- 300 -h 40 -|- 

5 



1-234-5 = 1000 -1- 2 

:00 -1- 30 -1- 4 -1- 

5 

To 



1-23-45 = 100 -1- 

20 -f- 3 -|- — -f* 

10 

5 

100 




3 4 

5 



12-345 = 10 -(- 

2 4- — 4- 

^ 10 ^ 100 1000 



1-2345 = 1 + 

-^-f — -4- — 




10 100 ^ 10l|0 

^ 10000 



= 1234-5 X 10 = 

123-45 X 100 = 

12 -.345 

X 

1000 

= 123-45 X 10 = 

12-345 X 100 = 

1-2345 

X 

1000 

= 12 .345 X 10 = 

1-2345 X 100 = 

- 12345 

X 

1000 


-12345 X 10 = 
-01-2345 X 10 = 


-012345 X 100 = 
•0012345 X 100 = 


•0012345 X 1000 
•00012345 X 1000 


■ 12315 


1 - 2345 = 


12^345 = 


1 - 2.345 

12 -.345 _ 

1-23-45 _ 

12.34-5 

10 

100 

1000 

10000 

12-315 

12.3-45 

12.34-5 _ 

12.345 

I6~ ~ 

100 

1000 ~ 

10000 

1-2.3-45 

1234-5 

12345 

12.3450 

10 

100 

' TooiT ~ 

10000 

1234-5 _ 

1-2345 

12.3450 

1234500 

10 “ 

loo ~ 

Td(ro~ ~ 

10000 


1-23-45 = 

8-2 = 8-20 = 8-200 = 8 2000 = 8-20000, &c. 

Instances like the preceding should be continued until the student is so 
familiar with the changes of the decimal point as instantly to point out the 
elfect produced by it, without recurring to a rule. 


II. — 7b yfnd a Decimal Fraction ichich shall be nearly equal to a given Common 

Fraction. 


Principle. No common fraction has 
n decimal fraction exactly equal to it, 
unless its denominator is divisible by 
nothing but 2 or 5, or is composed of 
the product of some nurabere of tieos 
and Jives. But a decimal fraction can be 
found, which shall be as near to a 
given common fraction as we please, 
though not exactly equal to it. 

liule. Annex ciphei-s to the nume- 
rator, divide by the denominator, and 
neglect the remainder. Cut off as many 
places from the quotient as there were 
ciphers annexed to the numerator, for 


decimals. If one cipher was annexed, 
the decimal so obtained is within — 
of the given fraction; if two ciphers, 
within if three ciphers, within 


1 

1000 ’ 


and so on. 


In this and ait other decimal opera- 
tions, when directions are given to cut 
off a certain number of places, and there 
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EXAMPLES OF THE PROCESSES 


are not places enough to be so cut off, 
affix ciphers to the beginning, in suf- 
ficient number to make up the defi- 
ciency, Thus, to cut off tliree decimal 
places from 25, write '025; to cut off 
ten decimal’ places from 118, write 
•0000000118. 


Find a decimal fraction which shall 


be within 


1 

10000°' 23’ 


Annex /our ciphers to 18, and divide 
by 23. 

23)180000(7826 
rem. 2. 


Cut off four places from 7820, and 
the answer, ‘7826, is within ' 


10000 


of *• 

23 

18 7826 

Verification. — - 


and 


23 10000 230000’ 

1 


230000 1 15000' 

I 


which is less 


loW 


Find a fraction which shall be within 

1 _ 1 

1000000 °'oi3‘ 

013)1000000(1095 
rem. 265. 

Make six decimal places in 1095, 
which gives "001095, the fraction re- 
quired. 

Definition. A decimal is said to be 
true to the (first, second, third, ^c.) 
place of figures when any alteration in 
the (first, second, third, ^c.) place of 
figures would remove it farther from 
the truth than it is as it stands. For 
instance : 

G* 

— = 61616 very nearly. 

It is also very nearly '6161, but not 
quite so near to this as to ’6162. The 
second is a little loo great, the first a 
little too small ; but the second is not 
so much in excess as the first is in de- 
fect. 

liule. To make a decimal true to the 
last figure, find one more figure than 
is wanted ; if the last figure be 5, or 
upwards, increase the preceding by I. 
Thus : 


• 18829976. 

If we wish to retain one place only, write ‘2 
., „ two places - - 

„ „ three 

„ „ four 

1 , » five 

„ „ six 

„ „ seven 

V7hat is the nearest decimal fraction 


to — true to five places of decimals. 

Annex six ciphers to 1, and divide by 
309. 

309)1000000(3236 

Answer : • 003236, which, made true to 
five places, is ■00324. 

The following examples of decimal 
fractions are all true to the last place : 


7 _ 

24 

•2917 

370 _ 
873 ~ 

•42383 

11 _ 
28 “ 

•3929 

G1 _ 

827 ~ 

• 07376 

i- - 

•0345 

447 _ 

1-73930 

29 


257 ~ 


•19 

•188 

• 1883 
•18830 

• 188300 

• 1882998. 


1 

910 

= 

•0011 

1012 

582 

= 

r 73883 

41 

741 

= 

•0553 

410 

555 

= 

•73874 

16 

- 

•0554 

355 

Ti3 

= 

3-14159 

33 

V 

_ 

•0554 

1 


•00032 

596 


3090 


700 

793 

= 

•8827 

100 

633 

= 

•15798 


• The »tu«leot nuitt not be surprised at this 
fractlou having the snme decimal (to four places) 
as the preceding. The twfo trariious do not differ 
by so much as o»e tcn-thv^xindth. 
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Instances of the al)Ove process carried to a greater nrimticr of places : 

1'-, = 1-031 j'J5376019273301737r367|.10G00315955, &c. 
43 

— = •0451-iUG71363483735571878-J79i:8j729-275970619 


— = ■00173253119429959001782331194293900, &c. 

36 1 

Instances of fractions which can be exactly expressed decimally ; that is, in 
which the denominators are made by multiplying twm or Jives, or both : 


‘2 


_ = -25 
4 


i = -125 — = -0623 

8 16 


_ = -04 
25 

= •03123 


— = •013C25 
04 


= -0078125 


= -001933125 


£2 = -984375 
64 


— = -013071875 
512 

!1. = -0123291015625. 


III . — Reduction of Decimal Fractions to a common Denominator. 

Rule. Annex ciphers to all which same number of places. Thus-1, '12, 
have a less number of ]daces than are • 123, reduced to a common deiiomina- 
in that which has the greatest number tor, are- 100, ‘120, •123. 
of places, so that all shall have the 

Frurtlons stern. I Redtireil to a common UcDomlnator. 

•06, -031, -0148 -0600, -0310, -OMS 

12-.3, 2-4, -197 I 12-300, 2 400, -197. 


IV . — Addition and Subtraction of Decimal Fractions. 

Rule. Proceed in every respect as in 12 From 66-112 

whole numbers, but keep decimal points 12-1 Take 2-01783 

under one another, and place the deci- 1-42 64 - 094 1 7 

inal point of the result under the other •0081 

points. (See page 1 for methods.) 

Add 12, 12-1, P42, and -0081. 

1 + -1 -f -01 + -001 + -0001 = 1-111 1 
1 + -2 + -03 + -004 + -0005 = r-2343 
67 + 7-8 + -SO - 1-2168 = 74-4732 
6-71.8909 - 2-1488 = 4-570l09. 


V. — MaltipUcntion of Decimals. 

Throw away the decimal points, anil mal places in the resnlt as there are in 
all preliminary ciphers ; multiply the both multiplier and multiplicand, 
results together, and take as many deci- Multiply together the lollow ing : 


1 -2 

C-3 

2-99 

•001 

6-0 Multiplicand- 

1-1 

■84 

•oil 

•01 

's Multipliers. 

12 

fi3 

•299 

1 

60 

11 

84 

1 1 

1 

5 

121 

252 

.5U4 

52‘J2 

3289 

1 

300 

1-21 

5 '2*42 

•03-289 

•00001 

3. Ailswerj. 
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8 X 8 = G4 8 X '3 = G'4 '8 X '8 = 'CJ '08 X '8 = ‘084 

80 X -8 = 04 -008 X ‘08 = ‘00064 800 X ‘0008 = ‘64 

15-94 X ■254‘0S3G = 4050 ‘092584 
‘0047IG X ‘22240G5G = ‘0010488G933G9G 
•923521 X “28029151 = •264396'22 lOOG'l 
•155 X 24-025 = 3‘723875 14‘2 X •142 = 2'01G4. 


V 1 . — Divtsiun nf Driumah, 


Rule. Case 1. When the divisor has 
no decimals, or is a whole number, pro- 
ceed as in common division, and let the 
Jirsl tieeimal plaee of the quotient be 
that figure, in the making of which the 
first decimal place of the dividend is 
brought down ; but if more than one 


decimal place of the dividend is used 
in making the first figure of the quo- 
tient, put the decimal point first, and 
then a cijiher for every decimal place 
alter the first which is used in making 
the first quotient-figure. 


9) 173-4 3 

19--27 


18)-0011(-0002 

36 

5 


23)4-Gl(-2 
4 G 

1 


Case 2. 'When the divisor has deci- 
mal places, strike out the decim.al point, 
and remove the point in the dividend 
as many jdaces to the right as the 
number of places which have been thus 
destroyed in the divisor, previously an- 
•09)1-G8( •4)-0192( 

9)108-U(^ 4) •192 

”Tg^2... -U48 

2-5)- 1793 
25)1-793(7172 
1 75 


nexing ciphers to the right of the divi- 
dend, if necessary. 

In both cases, ciphers may be an- 
nexed at pleasuic to the right of the 
dividend, and used in foi'Uiing addi- 
tional quotient-figures. 

•11)3 

11)300-00... 

27-27... Quotients. 

-0025)179-3 

25)1 793000(71720 
175 


43 43 

25 25 


180 

175 


50 

0 


180 

1 75 

50 

50 

o' 

71720 


Quotient. 


Case 3. If the dividend be a number followed by ciphers, as 8G400, strike out 
the ciphers, proceed as before, and when the process is finished, remove the 
decimal point one place to the left for every cipher so struck out. 

1-793 

2500)1 -793( - = -071 72 

2 a 

1-793 

25) 1-793C 07172 = -0007172 


Eifldcnd. 

Diritor. 

Altered 

Divldebtl. 

Altered 

Uirlsgr. 

First Qtio- 
tleni'Flgurc. 

1 Pert uf the 
1 AUerrdUivi- 
drnd which 
gives it. 

Column lo which it must 
stand. 

1-9G-28 

64'M) 

19G-28 

6419 

:* 

196-28 

•ihI Decimal Place. 

•0019 

•134 

1-9 

134 

1 

1-90 

2nd Decimal Place. 

074 

•01‘i 

674000 

12 

5 

67 

Ten Thuusaiiiis Column. 

0-221 

•913C 

62210 

9136 

G 

02210 

Unit-s Column. 

•7021 

123-65 

70-21 

12365 

5 

70-210 

3rd Decimal iMacc. 

1 

•OOi 

1000 

1 

1 

1 

'i*housand» Column. 

118 

190-5 

1180 

1905 

G 

1130-0 

)»t Decimal Place. 

1 

116-4 

10 

1164 

S 

10-000 

3rd Decimal Place* 
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.6 

c 

•06 

*006 

— = -1 

— = 10 

— - = '001 

= *01 

6 

*6 

60 

•6 

600 

— = 1000 

600 

•OOG 

= 10000 - — 

= *00001 

•6 

8-4 _ 

■00 

8-4 

GOO 

8*4 

8*4 


— y 

— : = 70 

= 700 

12 “ 

1*2 

•12 

*012 

•84 

•084 

•081 

•0084 

l 2 =’«' 

— 

• 7 - — = ‘07 

— m 

•12 

1*2 

•0012 ~ ‘ 


1 

•159 
8T92 
937'65C7 
.37 -99416 


= 6 •289308 


= 9-37057 


= 243-30 


•59 _ 
79800 ~ 
•59 

80000 ~ 


•000007393483 

•000007375 


^ = -00862069 
0621091-97027 

88-7ir- ="« 2 - 80 ’ 

•00630050 

— = -007396 

80 

01000 

"•¥^ = 73939-393939 

= 39723-001485.32 


When tlie student has acquired suf- it stands, repeating teyis, hundreiU, 
ficient knowledge of the meaning of thousands, &c., as successive figures are 
decimals, and expcrtncss in using them, passed over, if to the left, and tknths, 
he will need no other rule for all the hunorkoths, thousandths. &c., as 
eases than the following ; — Put a semi- successive figures are passed over, if 
colon in the place where the decimal to thk kioht. Let the first figure of 
point ought to be, in order that the the quotient have the denomination 
result should contain no higher or last named. We give underneath the 
lower denomination than units, that is, place of the semi-colon, and the value 
should lie between 1 and 10 ; pass from of the first place of the quotient, 
the semi-colon to the decimal point as 

Divlaloni required.' 

84 -31 5630 

•19 22 11-9 

■309-7 216-4 

49872-3 193-2 


Plecee of the eeinl-colon. 

84 -31 56.30 

M9~; ;22- IT 90; 

.369-7 216-4 

49;872-3 193;2 


Vuue of nret plecee of the 
quotient. 

400 -01 400 

•007 1 


VII. — Contracted Multiplication of Decimals. 


Dale.— To multiply two decimals 
together, so as to retain only a certain 
number of places in the product, with- 
out the trouble of finding the rest — ■ 
invert the order of the figures of the 
multiplier, and write them under those 
of the multiplicand in such a way that 
what was the units figure of the mul- 
tiplier may come under the last place 
of decimals, which is to be retained. 
Multiply as usual, with this exception, 
that each figure of the multiplier begins 
with the figure of the multiplicand 
which comes immediately over it, the 
figure next to that beiog only used to 


carry from (as in the subsequent exam- 
ple). Put the several lines directly 
under one another, instead of removing 
each one place to the left. 

*,• As it is almost impossible to 
make this rule clear in words, we sub- 
join an example at length. 

Ex. Tomultiply 147-3861 by-6457, 
retaining only three places of decimals. 
The second factor, written so as to 
show a unit's place, is 0-0457, and in 
reversing, the 0 must fall under the 
third decimal place of the other factor, 
thus ; — 

C 
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147^8^1 Multiplier reversed ; units place 0 falling under third decimal C of the 
75400 upper line. 

— Jllultiplier 0 ; figure to h^In with, 8, figure to c^rry from, fi. Six times 

884ti2 6 is 3C, nearest ten, four tens, carry fmr. Six limes 8 is 48, and 4 is 

52. put down 2 and carry 5. The rest as usual. 

5805 Multiplier 4 ; figure to begin with, 3 ; figure to carry from 8. Four times 
8 is 32; nearest ten, ihrre tens, carry /4ree. Four times 3 is 12 and 3 
is 15, &.C. The rest ns usual. 

737 Multiplier 5 ; figure to begin with, 7 ; figure to c,arry from, 3. Five times 
3 is 15; nearest* ten. /u’o tens, carry two. Fire times 7 35 aod 2 is 

.37, &c. The rest as usual. 

103 Multiplier 7; figure to Itegin with, 4; figure to carry from, 7- Seven 
times 7 i* 40, nearest ten, Jiv. teus, carry five. Seven times 4 is 20 and 
■ fi is 33, &c. The rest as usual. 

y .">’107 Adii as usual, and mark ufF thna,* places ; (the numlier proposed) for decimals. 

Tlin full proihu-t of 14 7'38fil and is 95' 16720477, which in thousandths 
only is nearest to 9,7 ' lfi7, our result. 

The following multiplications have the proper arrangement and result given. 
A'o decimal places means that the whole number of the result is l equired.With- 
out fractions. 


MultipbcAtion required. 

No. of 
Decimal* 
retained. 

1 Arraowment of 
Multiplier nnd 
Multiplicand. 

ItesuU. 

.36-3771 

X 

9-993.39 

tliree 

.36-3771 
933 999 

363-529 

19-08I137 

X 

523-36 

two 

19-081)37 
6 3323 

9986-30 

•0699268 

X 

•9975641 

seven 

•0699268 
1 4657990 

•0697565 

1376.3819 

X 

•05877853 

one 

1.3763819 0 
35877830 0 

809017-0 

753554-1 

X 

7-986335 

none 

753554 -1 
55.36897 

60I8I50 

1 •2799116 

X 

•6156615 

seven 

1-2799416 
3 1663160 

•7880 108 


Whore the figures of the multiplier multiplier has no figure above it ; but 
extend to the lelt of the multiplicand, the carriage from the 3 (9 x .3 — 27) 
continue as long as there is either mul- is three tens, and three must be written 
tiplication or carriage. Thus in the under the right liand column of the 
first example, the first 9 of the arranged preceding lines. 

Vni. — Contracted Divmon of Decimals, 

Proceed as usual, until the of the divisor are cut off. When the 
number of quotient figures remaining abridged divisor is not contained in the 
to be found does not exceed the number remainder, cut off a second figure from 
of figures in the divisor. Then, in- the divisor, put a cipher in the quotient, 
stead of annexing a cinher, or bringing and proceed. We subjoin a detailed 
a figure down from tne dividend, cut example. 

off the last figure of the divisor ; that To divide •1299194 by •991.7206, as 
is, do not employ it except to carry far as nine decimal places. The first 
from, as in the last nile. See how often quotient figure being a decimal, and 
this abridged divisor is contained in the there being seven places in the divisor, 
remainder ; multiply, carrying from the two quotient figures must be found by 
figure cut off; find a new remainder; cut the usual method; after which, the 
off another figure from the divisor, and process is explained, 
repeat the process until all the figures 


* I n thifl CMP, 15 !b equally near to ose tea nod two tens. It ia uauttl. Bad gaacrBlIy more correct, to 
take tb« higher of the two. 
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Piviw. aftf^mardu 

nbrltlxo'l. Divuleml. 

9913206 ) I2994940( 
9915206 

■131060717 



30797.940 

29745618 



991520 

6 1051722 

991521 

• 

Cnt off the 6, TMervinp it to carry from; 
091520 is contained in 10517-2 once; 
once 6 U 6, nearest ten, one ten^ carry 
one. The rtu>t ua usual. 

99152 

9915 

06 60201 
206 

59491 


Figure to carry from,0; 99152 not con- 
tained in 00201, cut off another figure 
from divisor, and put 0 in quniient. Fi- 
;mra to carry from, 2 ; 0915 contained 
ill 60201, six times. Six times 2 is 12; 
nearest ten, one ten, carry 1. Six times 
5 is aud 1 U 31. The rest as usual. 

991 

99 

5206 710 

1 5206 

• 

901 not contnined in 710 ; cut off one more 
figure, and put 0 in quotient. Carrying 
tignre 1 ; 90 contained in 710, seven times. 


Steven limes 1 is 7. nearest ten. one ten. 
carry one. Seven times 8 is G3, and I is 
64. The rest as usual. 


9 915206 16 

10 


Carrying Ogiire 9. Divis. 9, contained once 
in 16. Once 9J is 9; nearest ten. one 
ten. carry one. Once 9 is 9. and 1 is 10. 


9915206 6 

6 

0 


No divisor, carrying figure 9. M’hat num- 
her of times 9 will carry 6, or be most 
nearly 60 ? Seven limes 9 is 69 ; put 7 
in the r|uotient. and carry 6. which 
finishes the process. 


DiviU.nd, 

llivifor. 

No. of Decinuils 
to be retained. 

Quotient. 

1 

3- 14159265 

7 

•3183099 

1 

2-718-2818 

7 

•4342944 

2992-9 

51-77717 

5 

57-80347 

171-8 

414-487636 

9 

•414487636 

•273 

74-529 

9 

•003663004 

•0008202 

•67272804 

8 

•00121922 


When the divisor itself contains more 
places than are required in the <iuotient, 
as many jilaces may be cut from the 
right as will make the two the same ; 
and the dividend may he cut down in 
the same way until no more places are 
left than will give one figure in the 
quotient, to the abridged divisor, re- 


membering the rule for increasing the 
last figure. Thus • 1648267 -j- • 7 >6.9, 
to two places only, may be found from 
• 1648.9 -f- 73, by the rule c.vemplified 
above. 

Both in multiplication and division, 
it is best to retain one more place than 
is absolutely required to be correct. 


Skction 3. — Extraction of the Square Root. Examples of Sards and Irrational 

Quantities, 


I. — Extraction of the Square Root. 

The rule for this will be better un- 
derstood by a detailed example than 
by any verbal explanation. Though 
the quantities operated upon are deci- 
mal, it is to be understood that a whole 
number may be used in the same way. 
For 5, for instance, is 5' 0000, &c. 

The fallowing contains the working 
of the rule at length for the extraction 


of the square root of 32 ' 1 9, to four 
places of decimals. Annex so many 
ciphers that the decimal point shall be 
followed by twice as manyplaces (eight) 
as there are to lie decimals in the root 
(four). This gives 32 ‘19000000. Point 
the unit’s place, and every other place 
from it, to the right and left, which 
give 3219000000. 

C 2 
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Girrn number Root found, figure 
DWiBora. pointed. bjr ligure. a« belotr. 


321»000000 (5'G73C 

First pfWo</ 32; nearest square, 25 ; root 5. Put 6 in tit© root, 
25 and subtract 25 from 32. 


IOC) 719 


C36 

1127) 8300 

7880 

11343) 41100 

34029 


Remainder 7 ; bring down next period, 19. Double 5 (10), which 
place in divisor. 

Cutoff one figure from 710» — 71- This contains the divisor 10 
seven times; fry 7, a.<> follows : annex it to divisor, 107 ; multiply 
by it, 107 X 7 is 749 : this is greater than 719 : 7 will not do. 
Try* C. Then 106 X 6, isC36 — less than 719. PutOin lhen>ot 
and in the divisor, and subtract 636 from 719 ; remainder, 8^1. 
Bringdown next period, 00 : add 6 la.st found to 100. giving new 
divisor, 112. Cut one figure from 8300 — 830. This contains 
112 seven times. Try 7, and 1127 X 7 7889. Put 7 

the root and in the divisor, and subtract 7889 from 8300. 

Remainder, 41 1. Bring down next period, 00; add 7 l^^t fotmd 
to 1127, giving new divisor 1134. Cut one figtire from 41100, 
—4110. This contains 1 134 three times ; trial* no lunger ne- 
cessary. Put 3 in the root, annex 3 to divisor, giving 1 1343. 
Subtr^t 11343 X 3, or 34029. 


1134CG) 707100 Remainder, 7071. Bringdown last period, 00 ; add 3 last found 

to 11343, giving new divisor 11346. Cut one figure from 
707IOO; — 70710. This contains 11346 six times. Put six 
68O79C in tlic root; annex 6 to divisor, giving 113166. .Subtnict 
113466 X 6, or 680796. 

26304 Remainder. 26304; less than half of 113466, which shows that 
there is no occasion to change the last found 6 into 7, to have 
the nearest decimal of four places. 


The required root is therefore 6*6736 ; by which we mean, that though 32 ‘ 19 ha.s no 
exact square root, yet 5*6736, multiplied by itself, will give a result nearer to 32* If) than 
any other number witli four decimal places. This we will try. Multiply the three suc- 
cessive fractions, 5*6735, 5*6736, 5*6737, each by itself, retaining five decimal places in 
the product. 


5*67350 

5*67360 

6-G737O 

53765 

63765 

73765 

2836750 

2836800 

2836850 

340410 

340416 

340422 

39715 

39715 

397 16 

1702 

1702 

1702 

284 

340 

397 

32-18861 

32-18973 

32-19087 


Find the difference between each of 
these, and the quantity which we first 
set out with, and we have 

‘00139 -00027 '0008, 

of which the .second is the smallest. 

When, after cuttinj? off one figure 
from the altered remainder, the divisor 
is not contained in the result, bring 


down a second period, and place a 
cipher in the root and the divisor. 
The following is an instance in the 
extraction of the square root of 
100.106552374*249. Where the calcu- 
lator would simply annex a cipher or 
period to a line, wc write the line again 
with the cipher, that the student may 
see the several steps. 


* This trUl will rarely be necessary after the second step. 80 that bavin? cut one figure from the 
Increased remainder, the number of times which the divisor therein cotitaliieU may be written down 
on the ri(ht. and the whole divisor, ihut a/fered, rauitipUed by Us last figure. 
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100406552374249(1 

1 

2) 00 t 

20) 0010 10 


2002) 0040G5 1002 

4004 


2004) 

6152 


200403 

615237 

601209 

100203 

200406) 

1402842 


20040607) 

140294249 

140284249 

u 

10020307 


Wherever a dotted line occurs, the 
nusmented remainder, with the last 
figure cut ofF, is found not to contain 
the dividend, a new period is brought 
down Ijclow the line, a cipher is an- 
nexed to the divisor and to the root 
(also brought down), and the figure 


which, after this, answers the purpose, 
appears at the end of the divisor and 
of the root. There being no remainder 
at last, the exact square root required 
is 10020307. 

The student should perform the pre- 
ceding operation in this form : 


100400552374249(10020307 

1 

2002) 004065 

4004 

2004 03) 6 1523 7 

601209 

20040607) 140284249 

140284249 
0 


We must notice one more case in which a cipher may occur. Wc will 
first wnte the beginner's attempt, as it would be if he were not cautious. 
To extract the square root of 2034 : 


First Attempt. 


Corrected Proce««. 


203400, &C. (45 •! 

16 

85) 434 
425 

901) 900 
901 


203400, &C. (45' 09, &c. 
16 

85) 434 
425 

9009) 90000 

81081 

9018) 892900 

&C. 


In the first he has gone wrong, for cipher in the divisor and the root, and 
though 900, stripped of its last figure, brings down another period. The de- 
contains 90 once exactly, yet 90 1 (the cimal point of the root always precedes 
new figure being annexed) is not con- that root figure in forming which the 
tained in 900. He therefore puts a first decimal period was used, annexed 


* The prelimlDAr) ciphers may be omitted } 170 It not contained In 004 or 4. 
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ciphers being always considered as de- the beginning, or to a cipher in the 
cimals. If periods of ciphers be thrown unit's place. 

away in the Iwginning of the operation. In the following examples, the num- 
the root is all decimal, and has a ci- her whose root is to be extracted is in 
pher at the beginning for every period the first column ; the pointing at full 
so thrown away; but this rule does length in the second; the same with 
not apply to the throwing away of a the decimal point and preliminary ci- 
single cipher (not a whole period) at phers, if any, thrown away, in the 

third ; and the answer in the last. 


No. glreu. 

l>o., pointed. 

Do., limiilifitfd. 

1 

1 Square Root, 

1 nearly. 

•1 

0-1000 &c. 

1000 &c. 

•31622776602 

-85 

0-8500 &c. 

8500 &c. 

•92195444573 

•0683 

0- 068300 &c. 

68300 &C. 

■261342686907 

•0068 

0-006800 &c. 

6800 &c. 

•082462112512 

9-79 

9-7900 &c. 

97900 See. 

3-12889756943 

97-9 

97-9000 

979000 &c. 

9-89444-288 


The preceding method may be short- riod, let the remainder stand, .strike off 
ciied. as soon as half the decimal places a figure from the divisor, and proceed 
required have been found, by substi- its in contracted division, 
tilting a contracted division. llie following is the extraction of the 

The rule is. when /in//' the number of square root of 12 to 12 decimal places 
(decimal and other) places have been by this method : 
obtained, instead of forming a new pe- 

12-00 (3-464101615138 

_9 

64) 3 00 
2 56 

686) 4400 

4116 

6024) 2S400 
27696 

69281) "0400 

692SI 

6928201)Tn 9(1000 
0928'.’01 
692820|2) 4261799 
4156921 
104878 
69282 
35506 
34641 
955 
633 
262 
208 

54 

55 Tlic nearest. The 8 not so much i(x> great as 7 

would be too small. 
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The student may furnish himself with 
examples to any amount by the follow- 
ing principle : If A has the square- 
root H, four times A has the square- 
root txrire B, nine times A has the 
square-root three times B, and so on. 
Tail him then choose a number or frac- 
tion, and extract the square-root, say 
of four times that number, as well as 
of the number itself. His first result 


should he twice the second. The last 
figures only cannot he expected to 
agree. 

The extraction of the cube-root is a 
long and useless process. When the 
student becomes acquainted with lo- 
garithms, he will always use them for 
the extraction of all roots, the square- 
root included. 


II . — Definition and Notation of Powers and Roots. 


Operation. 0<.‘noleil by 

7x7 ;» 

7X7X7 P 

7X7X7X7 7< 

7X7X7X7X7 1 7» 

&c. i &c. 


I Commonly I’slled 

j The square orsecoiid power of 7 , 
I The cube, or third power of 7. 

' The fourth power of 7. 

1 The fifth power of 7. 

■ &c. 


By analogy, 7 is written 7^ and called the first power of 7. 


Condition ful- 
blled by p. 

pp= 7 

Manner ofdenntinfp. 
or 7> . . . 

ppp = 7 

Vy or 7* . . , 

PPPP = 7 

*'^7 or 7 I . . . 

PPP = ■* 

VyV or 7’ . . , 

pppi>]> = 7« 

*^7'’ or 7* . . . 

pp = 7" 

'^7“or7V. . . 


Name ofp. 

Sq\iare, or .second root of 7, or 7 to the 
power of one-half. 

Cube, or third root of 7, or 7 to the jiowcr 
of one-third. 

Fourth root of 7, or 7 to the power of 
one-fourth. 

Cube root of the square of 7, or 7 to the 
jxiwer of two-thirds. 

Fifth root of the sixth power of 7, or 
7 to the power of six-fifths. 

Square root of the eleventh power 
of 7, or 7 to the power of eleven 
halves. 


Verify the following equations by 
multiplication : 

16 = 2« = d* = 8* = 16‘ = 32^ = 64* 
9 = .3* = 9‘ = 27* =81* = 243*= 729* 
32 = 8* = 4* 256 = 32* 

'In such an equation as 32 = 4*, | 
has two names ; one referring it to the 
4, the other to the 32. 

J is called the exponent of 4. 

I is called the logarithm of 32 to the 
base 4. 


Verify the following assertions : 


The nutnberlle the loearUhtn of the| 
unttermen- correepondinft nnm 
tiuned ber undermenliuned 

2,3.4 lOU, lOOU, 10UU9 
3, j, i 262144,8, 4, 2 I 
6,5, 4 |64, 32, 16 

I i. 1. J. i 1024, 32, 16,256 
32768, 4096 
1. Id. A 05,536, 4, 64 
A. fo. iJl6384, 262144,2 ! 


to lh« bM« 
ID 
r>4 
o 

Il048576 


III. — Particular cases of Propositions which are proved by Algebraic Reasoning. 

The student should go through the whole of these, adding others similar to 
them if necessary, until he performs all such operations by liahif, without rules. 
10« = 10 X lO" = 10* X 10« = 10’ X 10’ = 1000000 


2 * = 


2 X '27 = 2,’ X 


2» X '24 = 2” 


8 ’ 


¥ 


8 * 

8* 


2» = 2’ X 2’ &c. = 256 
12» X I2« = 12“ 

i* = ?&C.= 512 
8 ’ 8 < 
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21' = 9« = 163» = 4« 

gs 163'* 4” 

2“ = (2’)‘ = (2>)‘ = (2<)’ =(2")’ = 4006 

(3 b/ = 3** (■")’= 7** (1009)’ = 100«‘ &c. 

2* = 24, or VA = 2» or V29, = 2 V* or V2'“ 
o4 — 2? = 2* = 2^ = 2^^ 


or, V2 = V2* =V2» = V2‘ = 'V2* &C. 

Va?® = ^9 'V3^‘ = 30 Vis'* = 15* 

or (93)^ - 9x or (93)’ = oi 

or (SD^ = 850 or (8^)’ = 89« 

V3? = (V^)’ = 4 V32* = (V32)’ = 8 

= ((o«’)0‘)' 

6 ^ X 6^ = « 6^» Or V6 X ®V6 = VG* 

7! X ?s = 75+J = ;?5,orV7*x Vt« ='*^“ 
gi-^g* = 89 “* = s4, or V8 -r Vs = Vs 
9? ^9? = 93“? = 9’^, or Vo* ^ VO^ = 'VO* 


10 * - 7 - 10 » 


12! 10’ -4- 18’ = J_ = 1 

109 109-4- 10* 10* 109”* 


67 4- O'® = 


1 


1 


710 • rTa 


6«-7 6" 


1 

7» 


3l^i =37, 


5? 4- 5 ! = 


(io3)5 X (io4y -f- (io4)4 = io4 x 10 * 4 - io« = io4+’-i = io4 

(si)’ X (j®)i -i- ( 5 *)* = si X 59 -7- oi = 51 


7\ ^ 

6 means C* 


3 means 3^ 


^2’36^* *** means ^2'3C^l»i ^6 is 6 * 
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7 * means 7 ^ 


•'•1* iJii 

8 means S’™ 


s 3 3 4 4 s i i 4 

2 X 4 = 8 3 X 10 = 30 6^ X 7 = 42’ 

4 4 4 ,4 4 - - - _ 

. 2 X 3 X 4 = 2 X 3 X 4l = 24 or V2 X V3 X V4 = V24 

3 3 3 _ _ 

7 X8 = 7 X 8l or ^7* X 4y8> = •^30“ 

0 vr.)- . - (1 V 5 )‘ - (? v^)' - 5 

ViT = 9 VhI X 2 = VbT X V2 = 9 V2 ; VTsG = 2 V39 

. /H X a/— = — - X = 2 

^V' 3 v' 8 2 

^8 = V4 X 2 = V4~X V2 = 2 V2~ ; VoT = 4 V2~ 


V44 = 2 Vll 


VlOO = 4 VlO 


a/1830 = 0 V31 


10 a/'j" = a/90o' 7 a/3”= a/1^ 12 a/12 = a/i'tW 

•Vi6 = V8~x“7 = V8 X V7 = 2 V? a/To8 = 2 VJT 

= Vie X 18 = VTii x VTb = 2 VTi , VoTTi = 4 V24 
VfiiiM = 3 Vio , 4V3 = V236 =: 2 V2 

/s ^ a/3 X a/3 _ V A /a _ *L 

V 7 ~ ^7 “ a/7 X a/ 3 “ ''^l V n ~ a/6G 

/7 A* _ 's/ 3 X a/7 _ ^ /T _ a/60 

V 7 = */V - ./r V ./7 “ 7' V 11 - ■ 11 


7 a/7 X a/7 

5 a/ 3 a/3 

•I'/ “ a/49 ~ 7 


A Aii 

64 ~ 8 


‘/I _ _ V-3 X V3 X V3 3 l_ 

^ 5 = V5 ■" Vl X V3 X V3 “ vrx“ir>r3 ~ V4S 

yl _ ’A* _ X X _ V 77 _ i vTs 

V 5 ~ Vs ~ Vs X Vs X Vs T * 

Vi _ A /± _ V^ 2 

V 7 “ 7 “ Vii2 • v 10 “ 10 ~ V8I0 
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The preceilinir operations occur per- 
petually in the hi;;her applications of 
arithmetic ; the student should repeat 
them on low numbers, till he is per- 
fectly familiar with all of them. The 
following are the rules vinder which 
they may all be reduced ; but they 
should be dispensed with if possible, 
by mere habit of pcrlorming the 
operations. 

Rule 1. All ixKits may be treated as 
powers, that is, fall under the same 
rules as powers, when the fraction 
which has the order of the root in its 
denominator is used as the exponent. 
Call them fractional powers, so that 
the word power shall mean both power 
and root. 

_ i 

"Vu is a ’ "Vu“ is a " 

Rule 2. To raise a power to a power, 
multiply together the exponents for a 
new exponent. 



Rule 3. To raise a product, or quo- 
tient, or the result of several multipli- 
cations and divisions, to any power, 


raise every multiplier and divisor to 
the same power. 

/a 4\ “ _ n" 4" 

\c d) <f d' 

Rule 4. When several powers are 
raised successively, it is indifferent in 
what order the operations arc per- 
formed. 

Rule 5. To multiply together two 
powers of the same quantity, add the 
exponents for a new exponent. 

a" X n" = a" + * 

Rule 6. To divide one power of a 
quantity by another power of the same, 
take the difference ofthe exponents for 
a new exponent, and place the result 
in the numerator or denominator, ac- 
cording as the dividend or divisor has 
the greater exponent. 

a" 

m greater than « — = a"-* 
a’ 

m less than « ?_ = — i— 

a* a 


IV. Various Combinations of the preceding Propositions applied to the Use 
of the Square-Root. 

Rule To square the sum of two the difference of two quantities, sub- 

ouantities, square each of them, and to tract twice the product, instead of 

the sum of the squares add twice the adding. 
product of the quantities. To square 

(a -)- 4)« = a* -h 4» -f 2 a 4 (a - 4)" = a* -|- 4'^ - tab 

(6 -f 4)» = 36 -I- If. -|- 2 X 24 (6 - 4)“ = 36 -t- 16 - 2 X 24 

(6 -(- V3)» = 6 -f 3 -I- 12 V3 = 9 12 v'd 

(6 - V3)’ = 6 -h 3 - 12 V3 = 9 - 12 V3 

(V? -t- V3)> = 10 -|-2 Vin UVTi - V2)» = 16-2 

(Vl2 -I- VTo)' = 22-1-2 Vl20 I = 16 - 4 
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(V^+ VsD’ = 6+ •''3T (V74 - vTj)’ = 8} - iVTIo 

(•W2 + 3V7)* = 711+ 12V14 (3V2 - •iV'J)’ = 30 - 12^6 

0 "S - ')' ■ s ■ 0''“ + 5*'0’ 

{y> - i")’- s+''”(l\/l-3\/l)'-ra+''' 

(!•! - Vm)* = 1-31 - 2-2V~l V+)> = 1-3 - 2V^ 

Rule 2. The product of the sum, and difference of two quantities, is the 
difference of their squares : 


(a + A) X (a — *) = a* — 
(6 + “I) X (6 - 4) 


V5 + V3 

^ V^ + '^ 

C + Vl 
Vl+i 

“^ + 3 


Factort given. 

V5 


V3 


• - s/3 

vTo - 3 


36 - 1C 

ProtiacL 
2 
9 

3^ 
35i 
55 

1 
4 

1 


SacTioN 4. Miscellaneous Questions involving the Use of Fractions. 


1 . If 5 of a shilling buy j of a gallon, 
how much wiU | of a shilling buy ? 

If *s. buy ; gall. 

Then 2s. buy ^ gall. , 

Is. buysg gall. 

3s. buy 5 gall, 
^.bnys;^ gall. 

•2. If ^ of a pound sterling is pmd for 

^ of a yard, how much must be paid for 
3i? 


a 

15 

yd. 

cost 

£— 

^17 

2 

yds. 

.. 

■^17 

1 

yd. 

costs 

^34 

13 

yds. 

cost 

*34 

13 

4 

yd. 

>• 

5S5 

*U6 


3. If j£2j buy 35 gallons, how much 
will £4^ buy ? Answer, 5^. 

4. If3g acres let for i;ioJ, how much 

I 99 

will II5 acres let for ? Answer, £30^- 
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5. If £- be worth g of .i sheep, and 

3 1 

s of a sheep be worth — of an ox, how 
much must be given for 100 oxen? 
Answer, ^2000. 

C. If 12 oxen be worth 29 sheep, 15 
sheep worth 25 hogs, 17 hogs worth 3 
loads of wheat, and 8 loads of wheat 
worth 13 loads of barley; how many 
loads of barley must be given for 20 

oxen? Answer, 23 loads. 

4»)8 

7. If 12 of A count for 13 of B, 0 of 
B for 18 of C, and 1 3 of C for 2 of I) ; 
how many of A count for 100 of D? 
Answer, 200. 

8. A. is indebted ^ of his whole pro- 
perty, and loses g of it. He recovers 
as much as amounts to adding | to 
what he then has, and afterwards 
loses i of what he has got. Can he then 
pay his debts ? Answer, Yes ; after 
which ~ of his original property will 
remain to him. 

9. A. gains 3 per cent. (3 parts out of 
a hundred) on what he already has, 
and B. 7 per cent. But A. gains £100 
less than B., and they started with the 
same sums. What were those sums ? 
Answer, £2500 each. 

10. There is a number to which 3 is 
added, and ^ of the result taken. To 
this 5 is addeil, and — of the result 
taken. The produce is then U. What 
was the number ? Answer, 172. 

11. A woman bought 130 apples at 

19. M'hat is the reason of the followit 
will be immediately perceived : 


three a-penny, and 100 at twoa-penny, 
and found she neither lost nor gained 
by selling the whole lot at five for two- 
pence. But on doing the same with a 
couple of other lots of 150 apples each, 
she found she was a loser. What was 
the reason of this ? 

12. How much per cent, is £02 of 
£75 : that is, how many times does ^ 

1 3 '* 

contain jjj ? Answer, 82 j per cent. 

1 3. What decimal fraction of a pound 

is one farthing? Ans., ’OOIOtieCG 

14. How many pounds are there in a 
hundred million of farthings? (See last 
question.) 

15. What fraction is one pound 

avoirdupoise of a hundred weight, one 
day of a year, and one second of a day ? 
Answer, -00892857, -002739726, 

•000011574, nearly. 

16. A cistern | full has two cocks> 

which alone would empty Me whole 
cistern in 7 and 5 minutes. How soon 
will they empty it together? (Show that 
this amounts to asking how often i -f i 

is contained in |.) Answer, in 1 ^ 
minutes. 

17. Tlie tenth part of a numlicr is 
increased ,by 1. the tenth part of the 
result by 1 , and so on in succession 
five times, the result of which is 
6 - 79829. What was the number ? 
Answer, 568719. 

18. Show that if any number be 
treated in the preceding manner a 
sufficient number of times, the result 
may be brought as near to as we 
please. 

ig scries of equations, the law of which 


! 


Digitized by Google 



OF ARITHMETIC AND ALGEBRA. 


29 


T 1 4-1 

' + 2 + 4 = 4 


,+i ,1.1 = 1.-^ 

‘2 ^ 4 ^ 8 8 


1 1 


1 + 2 + 4 + 8 + If, 


IG - I 
IG 


&c. 


20. From V3 = I" 7320508 deduce 
manner ; and also 




■S773503 in the most simple 


without dividing by any decimal fraction. 


2679402, 


Sections. — Useful approximative Rules applicable to cases which frequently 

occur. 


1. To find how much a certain sum 
per day amounts to in a year, and the 
converse. 

Rule I. To the number of pence per 
day add its half; call the result pounds, 
and this is the amount in 360 days; 
add a shilling for every penny in the 


half-day’s allowance just found, and 
this is the result for a year and a day, 
or for leap-year. For a common year, 
diminish the above by one day’s allow- 
ance. 

How much docs .3v. Id. a-day amount 
to in a year ? 


40 pence 
20 pence, its half 
Sum 60 pence 
£00 0 0 

1 20 shillings 

£C1 0 0 in 306 days. 

The correct amount is 3*. 4d. less than this. 


How much does "id. a-day amount to in a year? 
3i its half 
Sum lli pence 


£11 5 0 

3 9 

Zn 8 9 

Ti 

£11 8 14 


114 pounds 
3| shillings 
for 36G days 


for 365 days. 


The nndeTmeni^oned 
Sum, per Day* 

6*. 4rf. 

2s. 3id. 

9jd. 


it Ihe undermentioned* 
per Year ^365 Day#). 

£115 II 8 
£ 41 16 54 

£ 14 16 6 } 


Rule 2. Take the nearest pound to 
the year's allowance, subtract one-third 
o( itself from it, and let the result be 
pence. If more exactness be recpiired, 
subti-act a penny for every six shillings. 
The residt is within a penny of the sum 
per day. 


How much per day is £100 a-year ? 
100 

33* J of 100 

60j pence is 
5s. ad. nearly ; 

therefore 5s. 3rf. is nearly the answer. 

Per Y'ear. Per Day, about 

£357 19s. 7d. 

£ 27 Is. 6d. 

£493 £l. 7s. Id. 
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Rule 3. A number of shillings per 
week taken twice, and a half, and a 
tenth, is the number of pounds per year. 

Thus, IG shillings a week is 
2 X 16 + i of 16 -f i of 16, or 
32 + 8 + l‘G, or 41"6 pounds per 
year, or i?41^, or £41. 124. 

Rule 4. A number of pounds per 


year i.s very nearly* one-third and one- 
twentieth in shillings per week. 

Thus, £60 a-year is i of 60s. -p of 
G04.,or234.a-week(exactly 234. Od. 
Similarly, £37 a-year is | of 37*. -f i 
374., or 124. 4d. -p l4. lOd., or 144. 2d. 
per week. 


II.— To reduce Shillhigs, <f-c., to the Decimal of £\, and the converse. 

Rule 1. Annex two ciphers to the adding one if that gives 24 or upwards, 
shillings, and halve the result. Turn .'Vdd and make three decimal places, 
the pence and farthings into farthings. 


IVhat decimals of £l are 164. 0}<f., s\d., and 14. 2i</. ? 


2)1500 


Otf. 

6i 

14. 

. 21d. 

750 


27 

Ci X 4 + 

1 

6)100 

40 

9J X 4 -1- 1 

'027 

Answer 


50 

790 





21 X 4 

•790 

Answer 




59 






•059 Answer. 


44. lUd. - 

- - - 

is - - - 

- £ 

•247 


.64. I lid. - 

- - - 

is - - - 

- £ 

•297 


tv. Od. 

- - - 

is - - - 

- £ 

•050 


24. Od. - 

- - - 

is - - - 

- £ 

•100 


164. 7id. - 

- - - 

is « - - 

- £ 

•830 


174. 4i<f. - 

- - - 

is - - - 

- £ 

•868 


£15 7 61 - 

- - - 

is - - - 

- £15 

•376 


Rule2. Given a decimal of a pound: upwards, and 1 from the third, if the 
take the three first places, double the result of the last give 2.6 or upward.s. 
first figure, and add one, if the second This is the number of farthings, which 
he 3 or upwards, lor the shillings; take must be turned into pence and farthings, 
the second and third places, throwing What shillings, pence, and farthing 
out 5 from the second, if that be 5 or are there in £• 177 ? 


P'irst figure x 2 =2 

Add 1 for 5 in second figure = 1 

3 shillings 

Second and third figures, 
with 5 struck out from 
the second 27 

Take away 1, this being up- 
wards of 24 , 1 


26 farthings 
— G^d, 

34, G^d, Answer. 


£ 

•019 - 

-“-is---- 

4}d. 

£ 

•076 - 

*--is---- 

I4. Old. 

£ 

•312 - 

---is---- 

64. told. 

£ 

•969 - 

---is---- 

194. 4Jd. 

£l 

•Its - 

- - - is - - - - 

£l. 24. 4Jd. 


• Wlthlu lets tbtn a penny in a pound. 
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The results of the last two rules are 
approximations which arc sufficient for 
common purjxrses. The student shmiltl 
rc|)cat them until he can solve both 
cases mentally. They g:ive immediately 
the price of 10 thines within three- 
pence, of too within alxjut two shillinijs, 
and of 1000 within a pound, when the 
price of one is known. For example, if 
onethingcost £2. 14*. 4id,,or£2' 718, 
ten cost £27’I8, or X'27‘180, or 
£27. .3*. Id (within a penny or two), 
one hundred cost 271 '8., or i271/. 1ft*. 
(within a few shillings), and 1000 cost 


£2718. (within a pound). The correct 
.answers to the preceding cases .are 
27/. 3*. 9</.,271/. 17*.ft(/.and 2718/. 15*. 
Ohserre, that in the cfuf nf shillinsa 
and Kirpencfs, without odd pence and 
farthings, these rules are exact. 

What is the interest on 1 57/. 1 7*. 6d. 
for one year, at 5 per cent. ? 

157-873 

5 

100)789-375 

7-89375 £7. 17*. lirf. 


III. — Tb reduce Miles per Hour to Feet per Second, and the eonrerse. 
Buie 1. Half as much again as the number of miles per hour is, with suffi- 
cient exactness for common purposes, the number of feet per second. To be 
perfectly exact use the follow ing : 

Number of miles -f i the number — i the number. 

Thus 6 miles an hour is G r, of 6 — ^ of 6, or 8g feet per second. 


Bute 2. Add half of the feet per second to its fifth (and if perfect accuracy 
be necessary, subtract one eleventh of the last) ; the result is the number of miles 
per hour. Thus 22 feet per second gives - of 22 •+• j of 22, or 11 -)- 4-4, or 
15-4 miles per hour nearly ; 1 5 • 4 — of 4 - 4, or 1 5 miles exactly. 

The preceding rules have tieen given instances in which ho will have need to 
because they frequently apply in prac- apply it ; but where one particular frac- 
tice. In no other case IS it worth while tion occurs frequently, the following 
to learn a special rule. But in every hints may be useful, 
sort of occupation which has any refer- 1. The latrour of calculation will be 
ence to arithmetic, the necessity for saved, and the chance of error almost 
multiplying or dividitig by some parti- destroyed, by a table, w hich may lie 
cnlar decimal fraction will freipiently more "or less extensive according to 
occur. A calculator who does not meet circumstances. For example, a reader 
with any one particular fraction otloncr of French works of geography, travels, 
than another, will not need to take any architecture, &c., will continually be 
other than common rules, since the obliged to convert metres into feet, and 
trouble of learning and recollecting a the converse: he should, therefore, 
particular rule will more th.an counter- make on a card such a table* as the 


ralance its 

convenience. 

in the 

few following : 

— 


Mflrc*. 

Fret. 

Metroi 

1. Feet. 

Metre*. 

Feet. 

1 

3-2809 

in 

.32-809 

100 

328-09 

•> 

G-5618 

20 

05-018 

2U0 

630 18 

3 

9-8427 

30 

98-427 

300 

984-27 

■1 

13-I23G 

40 

131-236 

1 400 

1312-36 

5 

lG-4045 

SO 

104-045 

500 

1640-.15 

6 

19-6854 

60 

196-854 

fiOO 

1968-54 

7 

22-9CG3 

70 

229-66,3 

700 

2296-63 

8 

2G-2472 

80 

202-472 

800 

2624-72 

a 

■29-0231 

90 

295-281 

9ti0 

2952-81 


• Informing such table*, atold, a« much poMUilp, the oeceasitynf allerinf what I* taken from 
the table. Ad expert calculator uecds ooly the lir»t column ) but of Itieae there arc not many, 
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Tills table is calculated from the fol- 
lowing : 

1 metre is 3 ‘2809 feet, 
and its use is as follows : — For example, 
whatis 807‘41 metres? 

800 metres are 2624' 72 feet. 

CO - - - 196-85 „ 

7 - - - 22-97 „ 

•4- - - 1-31 „ 

•01 - - - -03 „ 


867-41 - - 2845-88 

2. For a less exact method, to be 
u.sed when tables are not at hand, or 
when a great degree of correctness is 
not required, lay down the number of 
decimal places wliich are to be retained, 
and endeavour to separate these places 
into simpler fractions, somewhat in the 
manner followed in the rule of Practice 
in commercial arithmetic. For instance, 
in the preceding case, suppose that the 
metre is 3-281 feet, the error of which is 
less than one ten-thousandth part of a 
foot, that is, giving in the multiplica- 
tion an error of less than one foot 
in ten thousand. The preceding is 
3-25 -F -03 -F -001, which gives the 
following rule : — To turn A metres into 
feet, take three times A, the hundredth 
part of this, and the quarter and thou- 
sandth of A, and add the results toge- 
ther. For instance, what number of 
feet are in 867-41 metres ? 

A = 867-41 

3A = 2602-23 

= 26-02 nearly enough 

.'A = 216-85 - - - 

4 



2845-97 nearly as before. 

The student may employ himself in 
endeavouring to simplify other eases. 
All must deiicnd on iiis expertness in 
separating tne fractions. 


3. laxik for such simplifications as 
may benuade by making the multiplier 
the sum or difl'erence of two numbers 
or fractions. Thus a degree is 69^ 
statute miles, or therealxiuts. To turn 
degrees into miles, multiply the degrees 
by 70 and subtract one-half their num- 
ber, instead of multiplying by 69 and 
adding one-half. 

4. Multiplication by a number which 
often comes into use may be more 
safely done by division. Take the 
preceding instance of multiplication by 
3-2809. Now, 

3-2809 = 

-3048 3048 

very nearly. Hence, any one who has 
often occasion to turn metres into feet, 
should keep by him the following table 
of multiples of 3048. 


1 

3048 

4 

12192 

7 

21336 

2 

0096 

5 

15240 

8 

24384 

3 

9144 

6 

18288 

9 

27432 


Hence the rule is, multiply by 10,000 
and divide by 3048 ; which latter part, 
with the assistance of the table, is 
nothing but inspection and subtraction, 
as follows : — What is 867-41 metres 
in feet ? 

867-41 X 10000 = 8674100 
3048 >8674100(2845-83 
6096 
2 ^ 

2438 ‘^ 

1 .3'970 
1219 2 
177M 
15240 
25400 
24384 
10160 

Tlic'' advantage of this method is, 
that with the table it is less liable to 
error than multiplication, and the 
figures of the result which are most 
wanted arc first found. 

We shall proceed in the next treatise 
to the use of Logarithms. 


Digitized by Google 



33 


OF ARITHMETIC AND ALGEBRA. 

Suction 6. Mnaning of Logarithnu. Rulet. Arrangement of Tables in 
common use. Method of taking out Logarithms, and Numbers to Lo- 
garithms. 


In the precedine treatise (page 2.3) 
yvehave said that if a* = c, then A, which 
is the exponent of a, is called the loga- 
rithm of c or of o to the base a. Thus 
10*=1000. whence 3, the exponent of 
10, is called the logarithm of 1000 to 
the base 10. Hence it follows that 3 
may be the logarithm of all sorts of 
numbers, according to the base chosen. 
Thus : 

2* = 8 3 = log. 8 (base 2.) 

.T> = 27 3 = log. 27 (base 3.) 

4’ = 04 3 = log. 6 1 (base 4.) 

&c. &c. &c. 

But as, in the practice of logarithms, 
no other base is used, except only 10, 
we shall, in this treatise, suppose no 
other base ; and logarithms to this base 
are called common logarithms, tabular 
logarithms, or Brigg's logarithms. And 
because we have nothing to do with 


the method of constructing logarithms, 
but only with the use to be made of 
them when they have been found, we 
shall refer to works on algebra for the 
former part of the subject, and proceed 
to the latter, after we have stated m 
what the difficulty of finding them 
consists. 

According to the common language 
of algebra, if we raise the mth power 
of 10, and extract the nth root of the 

result, we have what is called the -I'' 
power of 10, or 

S/To“ = lo"* 

We shall now simply write down 
some results, not expecting the student 
to verify them ; because, though that 
might possibly be done by ordinary 
arithmetic, yet the process would be of 
very great length and trouble : 


■i/lo* 

or 10"“ 

-a 

or iO 

= 1-9952623150 nearly. 

'“VTo^ 

act 

or lo'““ 

'301 

or 10 

= 1-9999618696 nearly. 


30i<n 

or 10'^ 

‘Mioa 

or lU 

= 2 0000000200 nearly. 


So that we may get a result as near to 
2 as we please ; that is, we may find a 
decimal fraction x, which shall, as 
nearly as we please, satisfy the equa- 
tion 1(K = 2. The answer is x = ’30103 
nearly. And in the same way we may 
find an approximate logarithm for any 
other number or fraction. These ap- 
proximate logarithms are arranged in 
tables, with certain modifications de- 
rived from the following fundamental 


rules, which are proved * in works on 
the subject. 

1. The logarithm of a product must 
be the sutn of the toganthms of the 
factors. Thus, C, 8, and \0, multiplied 
together, give 480; the logarithms of 
G, 8, and 10, added together, give the 
logarithm of 480. The following in- 
stances may be immediately verified 
from any tables : 


2 X 5 = 10 

Log. 2 -|- Log. 5 = Log. 10 
Ixjg. 2 = ’3010300 

Log. 5 = -6989700 

Ix)g. 10 = 1’ 0000000 


4 X 7 = 28 

Ix)g. 4 -I- Log. 7 =i Log. 28 
Log. 4 = -6020600 

Log. 7 = .8450980 

Ix)g. 28= 1-4471580 


2. 7b Jind the logarithm of a quotient, subtract the logarithm of the divisor 
from the logarithm of the dividend. Thus. 20 divided by 5 gives 4 ; the logarithm 
of 20, diminished by the logarithm of 5, is the logarithm of 4 : 


100 40 = 2 5 64 16 = 4 

Ix)g. 100 = 2-0000000 Log. 64 = 1’8061800 

Log. 40 = 21?^^ Log. 16 = 1-2011200 

Log. 2’5» "0^3979100 laig. 4= 0’6020600 

3. The logarithm of a potcer, root, or combination of power and root, which is 


* The reailer muit rocolloct tbruughout, tbst hen Uy down rules only, not dcmunslrutions. 
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denoted in algebra by a fractional exponent, is found by multiplying the loga- 
rithm qf the number given by the exponent in question. The following equa- 
tions will set this in a clearer light : 

Log. aa or Log. o* = 2 Log. a. 

Log. aaa or Log. a* = 3 Log. a. 

Log. e/a or Log. a* = J I.og. a. 

Log. Va or Log. a* = 1, Log. a. 

Log. Va’ or Log. a* = f Log. a. 


Log. Vu" or Log. 

What is the logarithm of the square 
root of 156 ? 

Log. 156 z= 2- 1D312J6 

J Log. 156 = 1-0965623 ytns. 

What is the logarithm of the fifth 
root of the fourth power of 2097 ? 

Log. 2097 = 3-3215984 

4 

5) 13-2863936 

2-6572787 Ans. 

4. The logarithm of 1 is 0 ,- that of 
the base (which is here 10) is 1 ; that 
of the square of the base (here 100) is 
2 ,- that of the cube of the base (here 
1 000) is 3 ; and so on : or 

Log. 1 = 0 I>og. 1000 =3 

Log. 10=1 Log. 10000 = 4 

Log. 100 = 2 Log. 100000 = 5 

&c. 

5. As the number increases the loga- 
rithm increases, and the greater the 
number the greater the logarithm : but 
the rate at which the logarithm in- 
creases is perpetually diminishing as 
the number increases. Thus we see 
that, as the number passes from 10,000 
to 100,000 (through ninety thousand 
units) the logarithm passes from 4 to 
5, receiving no greater increase than 
takes place while the number passes 
from I to 10 (through nine units only). 

6. In any logarithm (4-0183 for in- 
stance) the whole numbev (4) is called 
the characteristic, and the remainder 
(-6183) the decimal part of the loga- 
rithm. 

7. In any number (368-414 for in- 
stance) the figures which precede the 
decimal point (the 3, the 6, and the 8,) 
are called integers, and those which fol- 
low the point are called decimals. And 
figures, when opposed to ciphers, are 
called significant. Thus, in 864000, 
4 is the last significant figure ; in 
-000193, 1 is the first significant figure. 


a" = - Ix)g. a. 

8. A fraction less than unity (-5 for 
instance) has none but a negative lo- 
garitlim ; but that students may use 
logarithms who have not studied alge- 
bra, we affix a meaning to the term 
negative, for this subject only. The 
term multiplication is extended m arith- 
metic to whole numbers and fractions, 
so that multiplication, in its extended 
meaning, includes the first meaning of 
division : thus, to multiply by ^ is to 
divide by 10. But from the connec- 
tion which exists between multiplica- 
tion of numbers and addition of loga- 
rithms, and also between division of 
numbers and subtraction of logarithms, 
we cannot use; the word multiplication 
in an, extended sense, which includes 
division, and keep rules (1) and (2) at 
the same time,* unless we also use the 
word aiidition in an extended sense, 
which includes subtraction. And this 
is done as follows : by I we mean a 
unit, with a warning, that in all opera- 
tions performed upon this 1, we are to 
subtract where we should have added 
if tlie bar had liecn absent, and to add 
where we should have subtracted. And 
with this we say, that 1 being the loga- 
rithm of 10, r is the logarithm of 1; 

2 being the loprithm of 100, 2 is the 
logarithm of : the following are in- 
stances of the use of this sign, with 
the corresponding real operations : — 
Multiply Divide 

1000 by ^ 1000 by 10 

Log. 1000 = 3 Log. 1000 = 3 

Los- 13 =1 Log. 10 = 1 

Add 2 Subtract 
And 2 is log- 100 

1000 X = 100, 1000 -;- 10 = 100 


• The choice ij, betweeo njakin;; two nilc«, aod u*in« the words of ooe rule iu a $cD«c wlitcii will make 
Uiai oue uicliulc both. The laUer is the more dillicult at first, bul the more coiiTcnleot in the end. 
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Divide 


1000 by ± 
Log. 1000 = 3 

Log- =_2 

Subtract 5 


Multiply 
1000 by 100 
Log. 1000 = 3 
Log. 100 = 2 
Add 5 


And 5 is log. 100,000. 


1000 -^— = 100,000 
• iOO 


lOOOX 100=100,000 


When a subtraction appears which 
is impossible, invert the subtraction, 
and place the bar over the result. The 
following are instances, with the cor- 
responding operations, the first line of 
each set containing logarithms, and the 
second the numbers and operations cor- 
responding: — 


3-5 

[lOOO -f- 100,000 

[ 2-3 

[ 100 ^ 1000 

f 0-3 
I i^lOOO 


2 

_L 

100 

= T 

- i 

“ 10 

=: 3 

~ 1000 


In all other c.ases, combinations of 
the jireceding rules may be used: and 
it must be considered that 1 and 1 
added make 2, and so on : the follow- 
ing instances will contain all the 
cases : — 



= 1 


2 = 4 


+ 

lloo~ “ 10,000 


I l-l-2 + 3 = l-2-3=4 
I ^ loo ^ Iwo ~ 10,000 


4 - 

1 


110,000 


4 

I 

10,000 


= 0 

= 1 


- 3 = 
1 


lOUO 


What are the results bf the following, 
and what are the corresponding opera- 
tions in the numbers to which the 
terms are logarithms ? 

4 -f 3 - 2 - 1 
2 - 3 -t- 5 - 1 


What is the logarithm of ‘5 ? 

Log. 5 = -6989 7 

Log. 10 = 1 -00000 
Subtract. Impossible, there- 
fore invert the subtraction, and place 
a bar over the whole; as follows, 
-30103 

W'hat is 20 X ‘5 ? 

Log. 20 = 1 -30103 
Log. -5 = ^f03 

Add 1-00000 Ant. 10. 


What is 100 -j- -5 ? 

Ix)g. 100 = 2 00000 
Log. -9 = -30103 

Subtract 2-30103 1 „„„ 

which is log. 200 H'”--®"- 
But the necessity of using decimal 

E laces with a negative sign, can always 
e avoided, and the characteristic only 
made negative, as follows: for 
log • 5 or log. ^ or log. 5 — log. 1 0 or 
•69897 - 1 write -69897 + 1 


or 1-69897; 

in which the first figure only is to be 
used as a negative <|uantity. We re- 
peat the preceding instances. 

What is 20 X • 6 ? 

Log. 20 = 1-30103 
Log. -5 = T-69897 

Add 1-*0000 Ant. 10. 

Here the 1, which is carried after 
adding 1, 6, anil 3, (where we have 
placed an asterisk instead of a cipher 
to mark the place) instead of increas- 
ing the 1, destroys it. 

What is 100 -f- -5? 

Log. 100 = 2-00000 
Log. -5 = 1-69897 

Subtract 2-30103 as before. 

To make any logarithm which is 
entirely negative, negative in the cha- 
racteristic only, make that characteris- 
tic greater by 1, and subtract the 
decimal part from 1. 

D 2 
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What is 40-41372? 

1 - -41372 = -58628 
Answer 41 -58628 

0^ = T-7 r21 = 2-79 FT = T-9 
1-6141982 = 2-3858018 

In the practice of logarithms, it will 
be necessart/ to appear to subtract the 
greater from the less, which is done by 
subtracting in the usual way till we 
come to the last place, inverting the 
subtraction which there occurs, and 
placing the negative sign over the 
result. 


From 

1-6936 

20-414 

Take 

3-0177 

29-666 

Ans. 

2-6759 

To -748 

6-4 

12-8 

6-6 

0-00 

7-9 

14-4 

6-7 

4-28 

2-5 

2-4 

T-9 

5-72 


0-0000 O'OOOOO 

S-I896 0-12315 

3-8104 1-87655 

In the following examples the nega- 
tive characteristic is treated in the 
manner already described, namely, as 
to be subtracted in addition, and added 
in subtraction. The figure carried is 
always to be added, and, therefore, 
makes a negative characteristic less : 


thus 2 carried to 5 makes it 3. 

Add. 

Add. 

Add. 

1-48 

9-83 

2-18 

2-56 

T-47 

Foo 

3-41 

4-66 

9-14 

3-45 

5-96 

1-32 

From 1-616 

8-413 

4-17 

Take 2-929 

T-097 

5-28 

4-687 

9-316 

0-89 

From 0 - 000 

0-00 

2-66 

Take 2*147 

T-42 

3-44 

1-853 

0-58 

1-22 


As the difiiculty lies entirely in the 
line of characteristics, we give some 
examples of that line only, the figure 
carried from the preceding line being 
written in Roman figures at the top. 


I I II IV III 

Add 1 2 3 2 1 

3 10 8 6 2 

7 5 7 9 3 

_4 _8 _1 _3 _4 

4 4 T 6 1 

O I I I 

From 2 0 3 1 

Take _2 _0 

5 10 2 

To multiply a logarithm with a nega- 
tive characteristic by a whole number, 
proceed in all respects as in common 
multiplication, except only in subtract- 
ing, instead of adding the figures 
which are to be carried, so soon as the 
characteristic comes to be multiplied. 


1-61 

2-55 

4-1 

4-6 

4 

3 

8 

2 

2-44 

5-65 

32-8 

7-2 


When the multiplier exceeds 12, and 
the process is not performed in one line, 
the better way is to omit the charac- 
teristic altogether, at first, and sub- 
tract the product arising from it after- 
wards, as in the following multiplica- 
tion of 2-136 by 15. 

•136 

15 

680 

136 

2-040 

4 X 15 = 60 

Subtract 58-040 

To divide a logarithm with a negative 
characteristic by a whole number, 
begin by increasing the characteristic 
until it is divisible by the whole num- 
ber, make the quotient a negative cha- 
racteristic for the result, and use the 
augment which was found necessary, 
as if it had been a remainder. Thus, to 
divide 1-4 by 2. increase the first 1, 
and make it 2 (necessary augment, 1) 
and 2 being contained in 2 once, 1 is 
the characteristic of the quotient. 
Then, taking the augment 1, prefix it 
to the 4, giving 14, which contains 2 
seven times. Therefore 1-7 is the 
quotient. 
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2)3-010 

4)1'I1 

10)6-52 

2-505 

1-78 

1-45 

7)8-10 

3)9-12 

4)4 '13 

2-87 

3-04 

1-03 


As divisions by higher numbers 
rarely occur, we shall only give one 
instance, that the student may exercise 
himself in reconciling the process as it 
here appears, with the rule given. The 
asterisks mark where the process dif- 
fers from common division. 

I3)1G5'61(T3'35... 

13 


(rf) When there are no figures (or 
only ciphers) before the decimal point, 
let the characteristic be negative, and 
let it tell in what place following the 
decimal point, the first significant 
figure is found. Thus, in '0000136, the 
first significant figure being in the fifth 
place following the decimal point, the 
characteristic of the logarithm is S. 
The decimal places in the logarithm of 
321 being ‘SIOSIS, we have 

Log. '324 = T'510545 

Log. '0324 = 2-510545 

Log. '00324 = 3-510545 


35 

♦ 39 

• 46 
39 

71 

We can now give a logarithm, by 
help of the fables, to any number or 
fraction, and can, by the above conven- 
tions, make the rules marked (I) (2) 
and (3) include all cases of logarithmic 
operations, by help of the following 
rules. 

(a) An alteration in the position of 
the decimal point, alters only the cha- 
racteristic, and not the decimal part of 
the logarithm, if the significant figures 
remain the same : thus all the follow- 
ing numbers and fractions have the 
same decimal part in their logarithms, 
with different characteristics. 


'000256 

2'56 

25600 

'00256 

25'6 

256000 

'0256 

256 

2560000 

•256 

2560 

25600000 


(A) In every whole number, let a 
decimal point be understood after the 
unit’s place. Thus 58 is 58', or 58'0, 
or 58 '00, &c. 

(c) When there are figures before the 
decimal point, let the characteristic be 
one less than the number of places of 
those figures. Thus the logarithm of 
26861 '5 has the characteristic 4; so 
also has that of 26861 (or 26861'). 

The decimal places of the logarithm 
of 21925 are '3409396 ; hence 


Leg. 

21925000 

S 

7-3409396 

I-og. 

2192500 

= 

6-3409396 

Log. 

219250 

= 

5-3409396 

Log. 

21925 

= 

4-3409396 

I'Og. 

2192-5 

=: 

3 '3409396 

Log. 

219-25 


2-3409396 

Log. 

21 '925 

= 

1-3409396 

Log. 

2-1925 

= 

0-3409396 


Log. '000324 = 4-510545 

Log. '0000324 = 5-510545 


The decimal places in the logarithm 
of 1 being 000, &c., we have the follow- 


ing logarithms, w 
of characteristics : 
Log. 1000 
Log. 100 
Log. 10 
Log. 1 
Log. ' 1 
Log. .01 
Log. '001 


ich consist entirely 

= 3 0000... 

= 2 - 0000 .. 

= I'OOOO 
= O'OOOO 
= I'OOOO 
= 2-0000 
= 3-0000 &C. 


and these are the only numbers to 
which logarithms can t>e exactly found ; 
the decimal places of all others being 
approximations only. 

“Tables of logarithms (generally) con- 
tain the decimal part of the loga- 
rithm, which is evidently all that is 
necessary, as the characteristic can be 
found by the preceding rule. Being 
approximations, they are more or less 
correct according to the greater or 
smaller number of places which they 
give. Modern tables never have fewer 
than four, or more than severe decimal 
places. The following is the rule by 
which the power of a table of loga- 
rithms is to tie judged. 

The number of places of figures 
which may be obtained in a result de- 
rived from any table of logarithms, is 
the same as the number of decimals to 
which the logarithms are carried. But 
towards the end of the table, the last 
place thus obtained cannot always be 
depended upon within a unit. 

We shall proceed to the description 
of the arrangements of several tables, 
such as are most likely to fall in the 
reader’s way. 
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I. The tables which run to seven one form, of which the following is a 
places of decimals are all arranged in specimen. 


10 

19 

S9 

38 

48 

57. 

67 

76 

86 


The first column contains the first all serving to remind that the first three 
four places of the number, and over the places must be looked for immediately 
head of the p^e is the fifth place of Mow, instead of more or less above, 
the number. The first three places of the line of the last four, 
the logarithm (which througnout the The column marked Diff. (for differ- 
speoimen arc cither 658 or 659,) are not ence) shows how to find the logarithm 
repeated with every logarithm, but only of a number of six or seven places of 
inserted at (or as near as may be to) figures. For instance, what is the lo- 
the place where a change of the third garithra of 4551132? Take out the 
figure takes place. But the best way decimal part of log. 4551 1 ; tothisadif 
to explain this table will be to destroy what comes opposite to the sixth place 
arrangement and abbreviation, and be- in the column Difif. ; (the sixth place is 
gin to write it down at full length. The 3, and 29 is opposite to .3 in column 
student must account for every figure Diff.); ad</ the nearest number of tens 
of the following out of the specimen, in the number opposite to the seventh 
The characteristic need not be inserted, place (the seventh place is 2 ; opposite 
as what we here take out is merely the to 2 in col. Diff. is 19. nearest number 
decimal part of the logarithm. of tens, 2 tens) and the result is the 

Log. 45500 *6580114 decimal part of the logarithm required ; 

Log. 45501 *6580209 thus— 

Log. 45502 *6580305 Log. 45511.. *6581164 

I.og. 45503 *6580400 3. 29 

2 2 


No, 0 123456789 



Log. 45509 *6580973 
Log. 45510 *6581068 
Log. 45511 *6581164 


Log. 45602 *6589839 

Log. 45603 *6589934 

Log. 45604 *6590029 | 

Log. 45605 *6590125 

It would break the page to .show that 
658 becomes 659 in the middle of it ; 
and various methods are used to remind 
the computer th.at the change has 
taken place. In different works, the 
line 4560, after the change, is varied 
thus : — 

o029 I ol25 I &c. 
or 0029 I 0125 I &c. 

or 0029 I C125 I &c. 


Log. 4551132 *6581195 

I/)g. 455*2008 = 2*6582031 
Log. 45603*97 =: 4*6590027* 
Log. *4560444 z= 1*6590071 
In the earlier part of the tables, 
where columns of differences occur 
more thickly, several for the same line 
of logarithms, it is almost immaterial 
which is used ; but for safety, take that 
column of differences which is headed 
by the difference between the logarithm 
taken out and the next following it. 

To find the number corresponding to 
a given logarithm, look in the table for 
the decimal places, which are nearest 
below those of the given logarithm ; 
take out this logarithm, and the Jive 
places of the number, subtract the lo- 
garithm taken out from the given loga- 
rithm. Look in the second column of the 


* The change in the third figure takea placo iu the proceH. 
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differences for the number next below 
the result of subtraction just found, 
opposite to it will be found the sixth 
place of the number. Subtract the 
number used in the second column of 
the differences from the result of sub- 
traction above-mentioned, annex a ci- 
pher, and repeat the ])rocess with the 
column of differences, taking the near- 
est this time, whether above or below ; 
the result is the seventh place of the 
number. For instance, what is the 
number to the logarithm I • 6582534 ? 

■6582554 

Nearest log. below 

No. 45525 6582500 


AND ALGEBRA. 

Subt. and annex 0 60 

f)pp. to 6 is 57, the nearest. 

The first five places are 45525, the 
sixth is 5, and the seventh is 6, so that 
4552556 is the number required ; and 
because 1 is the characteristic, there 
must be two places before the deci- 
mal point; that is, 45 '52536 is the 
answer. 

The following useful numbers arc 
mostly taken from the list at the end of 
Mr. Babbage's logarithms. They will 
serve as exercises, cither in taking the 
logarithm to a number, or the con- 
verse. 


54 

Opposite to 5 is 48 


Circumference of circle (diam. being 1) . 

No. 

3’141593 

W- 

■4971499 

Area of circle (do. 

do.) . 

•7853982 

7 •8950899* 

Content of sphere (do. 

do.) . 

•5235988 

7 •7189986 

No. of seconds in 360° . . . 


1296000 

6-1126050 

No. of arcs of 1" in the radius 


206264-8 

5-3144231 

No. of arcs of l' in the radius 


3437-747 

3-5362739 

No. of arcs of 1° in the radius 


57-29578 

1-7581226 

Base of Naperian logarithms . 


2-718282 

•4342945 

Modulus of common logarithms 


•4342945 

7-6377843 

Metres in a toise .... 


1-94904 

•2898-200 

Yards in a toise 


2-131531 

•3286916 

Feet in a toise 


6-394593 

•8058129 

Yards in a metre .... 


1-093633 

•0.388716 

Feet in a metre 


3-280899 

•5159929 

Inches in a metre .... 


39-37079 

1-5951741 

Feet in a French foot . . 


1 -063765 

•0276616 

Acres in an are (French) . 


•02471143 

2-3928979 

Lbs. troy in a gramme . 


•00268098 

3*4282928 

Lbs. avoir, in a gramme 


•00220606 

3-3436173 

Cwts. in a kilogramme . 


•0196969 

2-2943993 

Gallons in a litre .... 


■2200969 

7-3426139 

Seconds in 24 hours 


86400 

4-9365137 

Diurnal acceleration of stars in 
seconds 

mean solar 

235-9093 

2-3727451 

Common tropica] year in mean solar days 

365-2422 

2-5625810 

Grains in a cubic inch of water (barom. 30 
inch, therm. 62. Fahr.) 

252 '458 

2-4021891 

Inches in the pendulum, which vibrates 
seconds in a vacuum in the latitude of 

39-1393 

1-5926130 

London 

. . . .J 




II. The second set of tables, which difference to find a fillh. We have not 
it will be worth while to describe, has described logarithms of six places, 
five places of figures in the logarithms, partly because they are arranged much 
and four places in the number, with a in the manner of those which have 
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seven places, and partly because tables 
of six places are of comparatively little 
use. For most practical purposes out 
of astronomy, and for very many of the 
details of calculation connected with 
the latter science, five places are amply 
sufficient : and where five are not suf- 
ficient, seven are much more frequently 
wanted than six ; besides which, the 
arrangement of most tables of six 
places which we have seen is so de- 
fective, that those of seven are, in our 
opinion, more easily used. 

The best tables of five places (though 
with a very singular and awkward de- 
fect, presently to be noticed), are those 
of Lalande'^. The following is a spe- 
cimen : — 


Nomb. 

0. 21* 30" 
Logarlt. 

! 

D. 

1290 

3-11059 

34 

1291 

3-11093 

33 

1292 

3*11120 

31 

1293 

3-11160 

33 

1294 

3-11193 

34 

1295 

3-11227 

34 

129fi 

3-11261 

1297 

3-11294 

33 

1298 

3-11327 


The defect alluded to is the charac- 
teristic, which is inserted as if the lo- 
garithms of whole numbers of four 
places were always required, to the 
exclusion of all others. Thus, though 
the characteristic above given is cor- 
rect for the logarithm of 1292, it is 
not so for those of 129 '2, 12 ’92, &c. 
The best way for the student who 
uses this work, is never to think of the 
characteristic as anything but an addi- 
tion to the boundary line ; that is, to 
look upon the numbers as separated 
from the decimal part of their loga- 
rithms by a fanciful boundary, like 

P . .1 

3 instead of simply 


To find the logarithm of any four 
places, simply look in the table and 
choose the right characteristic. Thus : 
Log. M295 = T- 11227 
To find t he logarithm of • 1 2950, take 
the difference which comes next under 
11227, namely 34; multiply it by the 
new figure 6, but instead of writing 
down tlie first place, carry the nearest 
number of tens to the next place. 
Say, 6 times 4 is 24, carry 2 ; 6 times 
3 is 18 and 2 is 20. So that 


Log. -1295- = T- 11227 

0 20 

Log. -12956 = T- 11247 

Log. -1295- = T-11227 

7 ^ 

Log. -12957 = T-11251 


To find the number to a given loga- 
rithm, fake out of the table the decimal 
part next below the given decimal part, 
and the four places opposite to it. An- 
nex a cipher to the difference, and 
divide by the number in the column of 
differences, taking the nearest quotient 
of one figure. That one figure is the 
fifth figure of the number. For in- 
stance^what is the number to the loga- 
rithm 2-11178 ? 

2-11178 
1293 -11100 

33) 180 (5 
Arts. -012935 

Given Log. 8-11153 

1292 11126 

34) 270(8 

Ans. 129280000 nearly. 

W e cannot fill up the remaining 
places out of this table, and must place 
ciphers instead. The real number to 
the log. 8 - 11 153 is 

129279000-09 rery nearly. 

The numbers given in page 39 may 
be made exercises; but the nearest five 
significant figures of the number must 
be taken, and the nearest five decimal 
figures of the logarithm will be found. 
Example. What is Log. 3-1416 
I>Og. 3-141- 0-49707 

6 8 

Log. 3-1416 0-49715 Ans. 


■ *7’'' ‘I'-'’ " folio**:-" Tohk, dtt iMarMmrs pour In iiomWi rt In 

n»w. Aver In e^ticiUwns.&p. ftc. fic. ESilion Slercolypr amveefiindu" et imprimn Mr FiKiftM^lfTwrr 
A ac, 1805. (lira,, Sc 1831).- Th. l„l four *o,dV.h«ld bi p»nkSli7fy !«k, JYt. 


— t7^iTi2fKm7<',oogIe 
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III. There are logarithms of four 
places on the table given in the Trea- 
tise on Arithmetic and Algebra, which 
are sufficient for many purposes. 
These fables are arranged somewhat 
after the manner of those of seven 

Log. 16’8 = 1-2253 

4 n 

Log. 16-84 1-2264 


places, with the exception of the co- 
lumn of differences being placed hori- 
zontally, with a common heading. A 
few examples of the method of taking 
out logarithms will suffice : 

Log. 1-69 •• = 0-2279 

1 3 

Log. 1-691 = 0-2282 


The number to n logarithm might be 
found by the reverse process. Thus : 

Given Log. r-2687 
185 •• 2672 

6 or 7 15 

Ann. - 1856 or - 1857 

But these tables arc accompanied by 
an anti-logarithmic table, in which the 
numbers and logarithms change places; 
so that a number is found from its loga- 
rithm by the same process as that 
which finds the logarithm from the 
number. For instance, in the preceding 
example, 

268 •• 1854 

7 3 

1-2687 isLog.of -1857 

The fable of anti-logarithms is more 
trustworthy than the inverse process 
with the table of logarithms. 

Given No. 16-3 
Log. 16 •• = 1-204 D 26 

3 8 

Log. 16-3 = 1-212 

Given Log. 2-308 
30 •• 200 D 4 

8 3 

2-308 -0203 


IV. We subjoin a table of logarithms 
and anti-logarithms to three places 
only ; partly because there is considera- 
ble power in such a table, and partly be- 
cause it will be a guide to the beginner 
in consulting larger tables, as he may 
thus (while new to the subject) find out 
to what part of the larger table to 
turn, in either of the o^rations of 
taking out logarithms or numbers. 

In the following table the differences 
between successive logarithms are 
placed in smaller figures in the inter- 
mediate space. As these tables are 
only an abbreviation of those already 
described, the first gives the log. of two 
places to three places ; the second pves 
the proportional parts of the differ- 
ences ; the third gives the number of 
a log. of two places to three places. 
When the difference is 12 or under, the 
proportional part can be found at once 
by the process described in speaking of 
tables of five places ; 

Given No. 109 
Log. 10 •• = 1-000 D 41 

9 ^7 

r037 

Given Log. 1-496 
49 .. 309 D 7 

6 4 

1-496 31-3 


V. Finally, we recommend the student to commit to memory the following 
table of logarithms to two places : 


No, 

Ltie. 

No. 

Log. 

No. 

1 

00 

4 

60 

7 

2 

30 

5 

70 

8 

3 

48 

6 

78 

9 
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GO 

3.T 

32 

30 

28 

2fi 

25 

24 

22 

21 

20 

19 

18 

n 

16 

15 

14 

13 


1 

4 

4 

4 

3 

3 

3 

3 

3 

2 

2 
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2 

2 

2 

2, 

o 

O 
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1 

1 

2 

8 

8 

7 

6 

6 

6 

5 

5 

5 

4 

4 

4 

4 

4 

3 

3 

3 

3 

3 

2 

3 

12 

11 

11 

10 

9 

8 

8 

8 

7 

7 

6 

6 

6 

5 

5 

5 

5 

4 

4 

3 

4 

16 

13 

14 

13 

12 

11 

10 

10 

10 

9 

8 

8 

8 

7 

7 

6 

n 

6 

5 

4 

5 

21 

19 

18 

16 

15 

14 

13 

13 

12 

11 

11 

10 

10 

9 

9 

8 

8 

7 

7 

5 

6 

25 

23 

21 

19 

18 

17 

16 

15 

14 

13 

13 

12 

11 

II 

10 

10 

!) 

8 

8 

6 

7 

29 

27 

25 

22 

21 

20 

18 

18 

17 

15 

13 

14 

13 

13 

12 

n 

11 

10 

9 

7 

8 

33 

30 

28 

26 

24 

22 

21 

20 

19 

18 

17 

16 

15 

14 

14 

13 

12 

11 

10 

8 

9 

37 

34 

32 

29 

27 

25 

23 

23 

22 

20 

19 

18 

17 

16 

15 

14 

14 

13 

12 

9 


41 

38 

35 

32 30 28 

26 

25 

24 

22 

21 

20 

19 

18 

n 

16 

15 

14 

13 



ANTI-LOGARITHMS. 
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SiCTiON 7. — Application of Logarithm! worked at Length. 


In most of the following 'examples, 
we shall use the tables of seven places ; 
those who employ smaller tables can 
pro<liicc the same result, as far as their 
tables go. The following is an instance 
of the way in which the same question 
must be treated, according to different 
tables: 

What is '1234567 x 268I3-92? 

1 . With tables of seven places ; 


Log. •12345.. = 1-0914911 

6 212 
7 25 


Log. -1234567 = 

Log. 26813.. = 

9 

2 

1-0915148 

4-4283454 

146 

3 

Log. 26813-92 = 

4-4283603 

Add 

1-0915148 

3-5198751 

33103.. • 

51986 74 

5 

77 

66 

8 

110 

Ans. 3310-358. 

2. With five places 

.- or what is 

12346 X 26814? 
Log. -1234. 

r-09132 

6 

21 

Ix)g. -12346 = 

7-09153 

Jjog. 2681. 

4-42830 

4 

6 

Log. 26814 

4-42836 


1-09153 

3-51989 


3310- 51983 

i3T60(5 

Ans. 3310-5. 

3. With four places ; -1235 X 26810: 
Ixig. -123 T-0899 

5 17 

Log. -1235 T-0916 

Log. 26800 4-4281 
1 2 

Log. 26810 4-4283 
I 0916 
3-5199 


-519- 3304 

9 7 

•5199 3311 Ans. 

4. With three places : -123 x 26800: 
Log. • 12- T-079 D 35 
3 11 

Log. -123 1-090 

Ixig. 26000 4-415 

8 U 

Log. 26800 4-428 
1-090 
3.518 


51 •• 324 

J ^5 

3-518 3300 Ans. 

In future we shall give the logarithms 

to seven places, but without going 
through the detail of using the table of 
differences to find the sixth and seventh 
places, either of a number to a loga- 
rithm or of a logarithm to a number, 
except in a few particular cases. 

Question \. Find 

Log. 1 = 0-0000000 
Log. 1084-9 = 3-0353897 

•000921744 ll-9646103 


Question 2. Find s/'\ and V97. 65625. 
Log. -1 2) 1-0000000 

1-5000000 
31622 4999H93 

i07 

7 96 

_8 110 

or Vl = -3162278 


Log. 97-65625 
2-5 Ans. 


5 ) 1-98970 00 
•3979400 
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In the last result, the exact coinci- 
dence (to seven places) of the answer 
with 2*S may induce asupposition that 
97 "65625 is the exact filth power of 
2 "5, which is really the case ; but no- 
thing can be inferred from the tables, 
except that the fifth root of 97 "65625 
lies between 2 "4999995 and 2 "5000005. 
It might be 

2"499999576 

or 2"500000214 

and the answer of the tables would still 
be 2"5. 

Question 3, V(32 "92416 X 10"2725»* 
t084"9 

Log. 32"92416 l"5175147 

Log. 10"27251 1*0116766 

2"529I913 

6 

5) 15"1751478 
3 "0350296 
Log. 1084 "9 3"0353897 

Ans. "9991712 I"9996399 

Question 4. Find a fourth propor- 
tional to 1234, 2345, and 3456 ; or find 
2345 X 3456 -f- 1234 ; 

I-og. 2345 3"3701428 

Log. 3456 3 "5385737 

6"9087I65 
Log. 1234 3"09I3I52 

.4ns. 6567"518 3"8174013 

We shall hereafter give a more expe- 
ditious way of solving this question. 

Question 5. What is the thousandth 
power of 2 ? 

Log. 2 = "3010300 

1000 

Multiply 301" 0300000 

Now, this is the logarithm, as nearly 
as our tables will fell, of 

107151900000 

the number of ciphers being 294 ; that 
is, apparently, the thousandth power 
of 2 is a number of 302 places of figures, 
the first seven of which are 1071519. 
But it must be recollected that a thou- 
sand times "3010300 is 301 "0300, and 
that we only annex four more ciphers 
because we do not know with what 
figures to fill up the vacant places. 
We cannot, therefore, depend upon 
more than four places of the result, and 
should say that 2‘“* is a number of 
302 figures, of which the first four are 
1071. If we would have the first seven 


places' correct, we must gp to a table 
of ten places at least. This gives 
Log. 2 = "3010,299957 

Log. 2'«* = 301 "0299957 

1071508 0299922 

35 

so that the first seven figures are 
1071508. 

Let us here observe, that by mere 
inspection of a logarithm, we answer 
questions which would take years of 
calculation. For instance, from the 
above logarithm of 2, we see that the 
tenth power of 2 has 4 figures (3-t-l) ; 
the hundredth power has 31 figures 
(30-hl); the millionth power has 
301,030 figures, and so on. Hence the 
sirnplest method in theory, of calcu- 
lating a logarithm to seven places, is 
by the following formula: — 

( No. of fig. in ten- 1 _ , 

_ tmillionth power of a"l 

Log. X 

ten million 

but this, of course, would be practi- 
cally impossible to use. 

Question 6. What whole number is 
that which has 256 places of figures in 
its 70th power. The logarithm of that 
70th power must be between 

255-000 and 255 "999 

that is, the logarithm of the number 
itself must lie between 

255-000 , 255-999 

and 

70 70 

or 3-6428571 and 3" 6571428 

Answer: All whole numbers between 
4394 and 4540, both inclusive. 

Question 7. What is the value of 

Log. 138 .3)2-1398791 

-7132930 

Ix)g. 5 -6989700 

Log. 5''^l38 1-4122630 

Log. -01 5)2-0000000 

T" 6000000 

I "4122630 
2)1 "8122630 
4ns. 8-056224 "9061315 

Operations with logarithms may be 
divided into — 1. Those in which a num- 
ber need never be found to a logarithm 
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until the end of the process ; 2. Those 
in which numbers must be found to 
logarithms as a subordinate part of the 
process. All the instances hitherto 
given, and all which involve only mul- 
tiplication, division, raising of powers, 
and extraction of roots, fall under the 
first case ; while all which contain ad- 
dition or subtraction fall under the 
second. For instance, to find 


we must first find then then 
make the addition indicated, and find 
the square root of the sum. 


laOg. 4 . 

Luf. 5. 

3)’6020600 

3)- 6989700 

-2006867 

-23299U0 

1-587401 

1-709976 

1-709976 

3-297377. 

2)-5151686 

Ans. 1-809607 

-2575843 

Question 8. 

y(-oi7(-oi’i^^i))? 

Log. -01 

10)2-0000000 


1-8000000 


2-0000000 

10) 3-8000000 

1- 7800000 

2 - 0000000 
10) 3-7800000 

Ans. -5997911 1-7780000 

Repeat the process until the tenth 
root has been extracted seven times, 
and show that the result will then be 
very nearly equal to the ninth root 
of -01. 

Question 9. Supposing the earth to 
l>e 7916, and the moon 2160 miles in 
diameter, how many times does the 
bulk of the former contain the latter? 
[Spheres are to one another as the 
cubes of their diameters ; that is, if 
one diameter contain another sr times, 
the sphere on the first contains that on 
the second a: 3- a; times.] The question 
is, what is (7916 -j- 2160)" ? 

Log. 7916 3-8985058 

Ia>g. 2160 3-3344538 

0-5640520 
3 

Ans. 49-22163 1-6921560 

.,4nsu>e)-— About 49i times. 


Question 10. What is the number of 
cubic miles in the earth and moon, the 
diameters being as in the last question ? 
[To find the cubic miles in a sphere, 
multiply the cube of the diameter by 
the cubical content of a sphere of one 
mile in diameter, page 39.] 


Log. 7916 
3-8985058 
3 


Log. 2160 
3-3344538 
3 

11-6955174 


10-0033614 

T-7189986 


T- 7189986 

11-4145160 

f/tnSKXTS) 
1 nearly ) 

9-7223600 

259726400000 

5276671000 


Question 11. To how much will 
15f. 7s. 3id. amount in fifty years, at 
3 per cent, compound interest ; or 
what is 

£15 7 3i X (l-03)»“ 

The sum mentioned is £15-364. 


Log. 1-03 

Log. 15-364 
67-354 
Answer — £67 7 


-0128372 

^0 

-6418600 
1-1865043 
1-8283643 
1 — very nearly. 


Question 12. How many feet are 
there in 867-41 metres [page 39, log. 
No. of feet in metre = -5159929.] 
Log. 867-41 2-9382244 

Log. (feet in metre) -51 59929 
3-4542173 
Answer — 2845- 885 


Question 13. Taking it for granted, 
as is proved in a higher branch of ma- 
thematics, that when x is a large num- 
ber, the product 

1X2X3X4 X (x-l) X X 


is very nearly equal to 

'^6-2831854 X ^ X 

what is (nearly) the product of the first 
thousand numbers ? is it greater or less 
than would be obtained by substituting 
the average for every one of the num- 
bers, and how many times does the 
greater contain the less? Also how 
many figures are in each product ? 

[The average of 1, 2, 3 1000 is 

500' 5, and the products to be com- 
pared are therefore 

1X2X3X X1000&(500-5)'«“] 
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Los;. 6-283183 
Log. 1000 


Log. 1000 

Log. 2-718282 


•7981799 

3-0000000 

2)3-7981799 

1- 8990899* 

3-0000000 

•4342945 

2- 5657055 

1000 


2565-7055 

1 -8991* 

2507-6046 

Hence the product of the first thousand 
numbers contains 2568 figures, of which 
the first four are 4023 ; and the best 
approximation we can make is — 
4023000. ., .(2564 ciphers). 


Log. 500-5 = 2-6994041 
1000 
2699-4041 
2567^046 
131-7^ 

It appears that the second product 
has 2700 figures, the first four of which 
are 2535; it is incomparably the greater 
of the two, and contains the first a 
number of times, having 132 figuies, 
the first four of which arc 6302. As 
some further examples of the preceding 
formula, let [x] signify the product of 
all the numbers up to x inclusive; 
then — 


Log. 

lOlO' 

Log. 

‘1020 

I,og. 

4 030 

Log. 

4040' 

Log. 

1050' 

Log. 

lino] 

Log. 

;ii5o1 

Log. 

1200] 


2597-6284 
2627-6952 
2657-8046 
268 7-9561 
2718-1493 
2869-7278 
3022-2933 
3175-8028 


Question 14. What whole power of 2 
is nearerthan any other to 100,000,000? 
That is, how many times does the lo- 


garithm of 100,000,000 contain the lo- 
garithm of 2 ? 


Log. 2 Log. 100,000,000 

-30103) 8-00000 (26-57 

Ans . — The 27th power. 

To get examples by which the student 
may ascertain whether he has acquired 
the highest degree of accuracy in 
taking out logarithms, &c., the veri- 
fication of cases such as those in page 
27 (nile 2) will be useful. For in- 
stance : — 


Question 15. Verify to seven places 


of figures, (if the logarithms to seven 
places will serve) the equation 


'v'lB + '*'11 = 


7 

'*'18- *'lT 


Lob. 18 - 

‘2)1-2552725 


I.og. 1 1. 

2)1-0413927 


-6276363 •5206964 

4-242641 3-316625 

3-3166'25 

7-559266 Sura j its log. -8784795 
0-926016 Diff. I its log. 1-9606 185 
0-8450980 

which is correctly the logarithm of 7. 

At the beginning of the tables 
(1000. . .) an alteration of a unit in the 
seventh figure of the number makes an 
alteration of 4 units in the seventh 
figure of the logarithm ; so that two 
logarithms, which differ only in the 
seventh decimal, by less than 4, 
are for every practical purpose the 
same. But in the last half of the 
tables, a unit of difference in the 
seventh figure of the number causes 
less than a unit of difference in the 
seventh place of the logarithm, which 
renders the tables not so safe in the 
latter part as in the former. To illus- 
trate this, we form the following 
table from the extreme end of the 
table to seven places, repeating only 
the figures which change. 


No. l)ec. Part of Log. 

9999900 -9999957 

1 57 

2 58 

3 58 

4 59 

5 59 

6 60 

7 60 

8 60 

9 61 


From this it appears that -9999960 
may belong to 999990, followed either 
by 6, 7, or 8, so that the number can- 
not be found within two units in the 
seventh place. But this is the extreme 
point ; and, generally speaking, the re- 
sults may be depended upon within one 
unit in the seventh place, which is 
always more than sufficient for pr.ac- 
tical purposes. 

Question 16. What is the value of x 
in the equation ? 

( 20 )^ = 100 


* It is uaolosa to rvUiu moie thao four placet of thU. 
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This is the same as asking, what is the 
logarithmof lOOtothe base 20? Taking 
the logarithms of both sides, we have 

Log. 20 '*' or r X Log. 20 = Log. 100 
Log. 100 2 

^ “ Log. 20 “ 1-30103 
= 1-337244 

Question 17. At what rate of com- 
pound interest will money double itself 

No. 

10025 
10050 
10075 
10100 
10125 
10150 
10175 
10200 
10-225 
1 0230 
10275 
10300 
103-25 
10350 
10375 
10400 
10425 
104.-<0 
10475 
10500 
10525 
10550 
10575 
10600 

Question 18. What is the amount of 
one farthing, for 500 years, at 3 per 
cent, compound interest ? 

One farthing is £.-001041667, and 
the quantify to be found is 

£. (1-03)“’ X •001041667 
Log. 1-03 ■0128372247 

500 

6-41861235 

Log. -001041667 3-0177286 

2731-121 3-43634fo 

Arts. £2731 2». 5i</. 

Question 10. Given the common 
logarithm to find the hyperbolic or 
Naperian logarithm. 


in ten years ? That what is the solu- 
tion of 

(1 + 4 -)'° = -2 

^ - 1 = •071773 

or 7-177 per cent.; that is £7 3 6i 
per cent. 

In working questions of compound 
interest for long periods of time*, it is 
sometimes necessary to have certain 
logarithms to more than seven places. 


following will be 

sufficient. 

Kale per cent. In 

Dec. part of Log. 

which tht« Log. 
U u»ed. 

00108 

43813 

i 

00-216 

60618 

i 

00324 

50548 

1 

00432 

13738 

1 

00539 

50319 

li 

00646 

60422 

U 

00733 

44179 


00860 

01718 

2 

00966 

33167 


01072 

38634 


01178 

18305 

2J 

01283 

7224 7 

3 

01389 

00603 

-■>i 

01494 

03498 

3i 

01598 

81054 

3t 

01703 

3.3393 

4 

01807 

60636 

•>i 

01.91 1 

62904 

-li 

02015 

40316 

-li 

02118 

92991 

5 

02222 

21045 

54 

02325 

24596 

4 

02428 

03 760 

51 

0-2530 

58653 

6 


This may be done by the following 
table : 

1 0-23 0'25 851 

2 046 051 702 

3 069 077 553 

4 092 103 404 

5 115 129 255 

6 1.38 155 106 

7 161 180 937 

8 184 206 807 

9 207 232 658 

This table is intended to abbre- 
viate the operation of multiplying by 
2-3025831, and its use will he evident 
IVom the following examples. What is, 
first, the Naperian logarithm of 56 ? 


* Such, for ex«Di|ilr, uii Dr. Fric«-t cclobratoil prublem about a rttlbius put out to compound interest at 
the begimtiog of the world. 
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EXAMPLES OF THE PROCESSES 


Common Log. S6. 

In table. we 

flndoppo- 1- 7 4 8 1 8 8 0 

•ite to 

1 02302S851 

7 


in <he table with all its places, attend- 
ing to page 35. 

What is Nap. Log. -008 ? 

Common Log. -008. 


1 G 1 1 8 0 9 6 


3-9030900 


4 


0 9 2 1 0 3 4 


8 


8 4 2 0 7 


1 


0 2 3 0 3 


8 


18 4 2 


20723266 

069078 

2072 

20794416 

069077353 


8 


1 8 4 


51716863 


4 0 2 5 3 5 1 7 

Make seven decimal places, and the 
answer is 4-0253517, the Naperian 
logarithm of 56. 

What is Nap. Log. 9828 ? 

Common Log. 9828. 

3- 9924651 

0 69077553 
20723266 
2 0 7 2 3 2 7 

0 4 6 0 5 2 

0 9 2 1 0 

13 8 2 

1 1 5 

0_2 

9 1 9 2 9 9 0 7 
Ans. 9-19-29907. 

Examples for practice : 

Number. Nap. I.op. 

3-141593 1-1447299 

2349 7-7617450 

156-3 5-0517778 

When there is no characteristic, use 
one place less, and make seven places. 
When there is a negative character- 
istic, neglect it, and proceed as in last 
sentence ; but subtract at the end the 
number opposite to the characteristic 


Ant. 5-1716863 

[N. B. As a cheek upon this rule, 
remember that the Naperian logarithm 
must be something more than twice the 
common logarithm.] 

Quettion 20. To reduce the N aperian 
logarithm to the common logarithm, 
use the following table in the same 
manner : 

1 0434 2945 

2 0868 5890 

3 1302 8834 

4 1737 1779 

5 2171 4724 

6 2605 7669 

7 3040 0614 

8 3474 3559 

9 3908 6503 

The Naperian logarithm being 
9-1929907, what is the common loga- 
rithm? 

9-19 29907 

39086503 

0434295 

390865 

08686 

3909 

391 

3 

39924652 
Ant. 3-9924652 


Section 8. — Examplet of the Apphcaiion of Logarithms for Practice. 


Before proceeding to give any exam- 
ples, we shall explain why we have 
deviated from the usual practice, and 
in a manner which some of our readers 
will consider rather singular. In work- 
ing rules by examples, which are pre- 
sumed to be quite correctly answered 
in the book, the student is apt to work 
by the answer — that is, to look at the 
answer from time to time, and judge, or 
at least guess, whether he is proceeding 
correctly. Very few have the resolu- 
tion to shut the book, and not look at 
the answer until they have produced 


their own. The consequence is. that 
no confidence is gained, and the student 
has to learn how to be independent 
atter he has left his elementary trea- 
tise, and has to solve questions which 
occur in practice. To give no answers 
at all, would be depriving him of an 
assistance which, to a certain extent, 
is useful, and even necessary. We have 
therefore made some figure or figures, 
or positions of the decimal point (per- 
haps many or all, but the student must 
find this out), intentionally incorrect ; 
so that while there will be enough to 
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assist the student who is^ disposed to the answer are found to differ from 
learn how to shift for himself, there those here given, let the process be 
will be enough to perplex the one who thoroughly re-examined, until the stu- 
has no assurance of being correct, ex- dent is satisfied that he has obtained 
cept what he derives from the printed the correct answer.* 
answer. tVhen a figure or figures of 


441-5059 
89-7-2584 " 

1 

-1486105 

0-7-29 

13052-62 

— = 13169-25 

•9914149 

1 

-019275.35 

51*88 

1 

6115*27 
791-22-35 = 

-00.3444066 

291-2 

7-466382 

— •iioo'iafl 

1 


66-52304 * 

-1239 

8-071025 

-9.326134 , „ 

1 - (-4663077). = 



Vlou 4- (8-09784). = 12-86759 



V(G29-32U3). +■ (777- 144). = 999-9998 



V-00001215 = -003485G85 


V.«27 = -1633168 s/-27 = -5190162 

V4-335 = 1-033137 V 4 I 6 = 7-582787 


(13-22869)? = 48-11445 

•in 8594 X nz'r. 


‘“VG = 1-0181 


= -000002337 


7634-3 X 794 

Vi = 1-3839 V3^524G = 1-371179 

V1722 = 1-904169 A. / -~ = 1-140156 
r643V“ 


‘V 3348 
V 569 

(;)" - (S' 

(f)“- er - 


31-69104 


(52072)'” X V'C 000734)” 
(255608)“ 


= 9930-834 


/4-2GG6\'” / 765 

x/G«) 


1-215695 


V(-2G Vl) = -596544 
(3425 7,/I3g 


” //3425 7,/I3g\ 

VC -00I34 ) = 

“ 2016-014 

n/ 


1 .32 (7-356)” 
V(3-25^ 


= 144-5972 


• Many of ihe ctamplcti nre (aken. mutittis mulandit,from Meier II<Hr«ch’» SammUng rO» Beupitlen, For- 
moln, ftc., Ueilin, 1816 j otiters fron trigotMMneirical Utolea* &c« 

c 
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EXAMPLES OF THE PROCESSES 


(466871)? X (3576)'.' 


= I 780845 


(996003) X COO’D? 

V(21 + Vl9) = 1 •470075 
V5'03 + V‘2) = !• 792929 
V(9’921 - 3V5'02) = 1-26)866 


1 + V3 
2 V2 
1 V3 
8^2 
V3 - 1 
8^2 


= -9659258 


■^<L+ y^> = -9310565 
2 V-2 


(V5 + I) - — -V(5 - V5) = -6293204 


(Vs 


■ 1)+ yi) .. + * V(5 + V5) = -9980295 


/ / X a > 

V I vTr ) 

V-oi V(-02 V-03) = -464066 


What is the diameter of the sphere 
which shall have the same content as 
a cube of 21 • 16 yards in length ? Ans. 
26-23 yards. 

Find the number of cubic feel in a 
cube of 15 inchee long. Ann, 1 -9.53. 

M'hat is the diameter of a circle 
whose circumference is 25000 miles? 
Ans. 7958 miles nearly. 

tVhat is the circumference of a circle 
whose diameter is 7958 miles? A?is. 
25000J miles. 

What is the area of a circle whose 
circumference is 22 feet? Ans. 38-317 
square feet. 

What is the area of a circle whose 
diameteris 15-25 inches? ..(«*. 20-2949 
square inches. 

The surface of a sphere being four 
times the area of its largest circle, 
what is the surface of a sphere of 4-5 
feet in diameter? Ans. 63-61 74 square 
feet. 


A sphere of six feet in diameter is 
painted at the rate of a halfpenny per 
square inch, what is the cost? A/is. 
X33 18*. 7d. 

The diameter of a sphere being 7 feet, 
what is the side of the cube of equal 
solidity? /In*. 5-64-228. 

If a sphere be 3 feet in diameter, 
how long is the side of a square of the 
same surface? Ans. 5-31736 feet. 

The squares of the times of revolu- 
tion of different planets being as the 
cubes of their mean distances from the 
sun, and the mean distances of Saturn 
and Jupiter being in the proportion of 
9538786 to 5-202776, and the time of 
revolution of Jupiter 4332-585 days, 
what is that of S.aturn ? Ans. 10759-22. 

The diameter of a sovereign Ireing 
•87 of an inch, how many miles would 
600,000,000 sovereigns extend, if 
placed side by side ? dn*. 8238-04. 


Section ^.—Arithmetical Complement. THgniwmetrical Tables: their Use in 
common Calculations. 


The arithmetical complement of a 
number is the number by which it falls 
short of the unit of the next higher 
denomination. It is abbreviated into 
Ar. cu. Thus : 

Ar. CO. 6 =10 — 6 =4 

Ar. CO. 893 = 1000 — 893 = 107 

Ar. CO. -669 = 1 — -669 = -331 

The lowest denomination considered 
is the unit. Thus ; 

Ar. CO. -0094 = 1 — -0094 
not -01 - -0094 
The most expeditious way of finding 
the arithmetical complement is as fol- 


lows : — Begin from the left, subtract 
every figure from 9, up to the lotcest 
significant figure, which subtract from 
10. Repeat the ciphers at the end, if 
any. 

No. 156-142 -0013734 

Ar. CO. 843-858 -9986246 

No. 1798000 4009000 

Ar. CO. 8202000 5991000 

When there is a negative character- 
istic, add it to 9, instead of subtracting 
it from 9. 

No. "i-439 2-33 3-108 

Ar. CO. 10-561 11-67 12-892 
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The student should now practise 
taking out from the tables, not the loga- 
rithms there written, but their arith- 
metical complements, without first 
taking out the logarithms themselves. 
The operation above described can be 
correctly performed in the head, with a 
little practice. For instance, looking 
in the table, and seeing •6123180, he 
should say — 6 and 3 make 9, put down 
3 ; 1 and 8 make 9, put down 8, &c., 
up to 8 and 2 make ten, which will give 
•3876820. 

To subtract a number, add its arith- 
metical complement ; the result will be 
too great by a unit of the kind which 
teas usedtn making the arithmetical 
complement. Thus, 9-3 may be thus 
found ; 

9 -h Ar. CO. 4 — 10 


and subtractions may be reduced to the 
subtractions of single units from the 
results of an addition. In the following 
examples, the first is the common me- 
thod, the second the one just described. 


From 9-06813 9-66813 

Take 3-44210 6-55790 


6.22603 

16-22603- 10 

From 2-30746 

2-30746 

Take 3-42815 

12-57185 

4^7931 

14-87931-10 

From 1-21769 

T-2I7G9 

Take 2-30999 

11-69001 

0-90770 

io-ooTto-io 


The better way will he always to 
write, after an arithmetical comple- 
ment, the unit which must be sub- 
tracted, after addition has been substi- 
tuted for subtraction by means of that 
complement. 

What is 1835 + 968 - 1030, and 
21048-9703- 144? 


18.35 

968 

_8964 - 10,000 
11767 
10000 
1767 


21648 

237- 10,000 

8 56- 1000 

22741 

11000 

llfTl 


Required a fourth proportional to 
117-1097, 17-36482,9510-565: 

Log. 9510-565 3-9782063 
Ia>g. 17-36482 1--2396702 

Ar.CO.Log. 117-1097 7-9 314071 - 10 

13 - 1492836- 10 
Ans. 1410-209. 

The student may now try any of the 


preceding examples, with addition of 
arithmetical complements instead of 
subtraction. But we recommend liim 
rather to avoid this method, which is 
very subject to error, except in the 
hands of a practised computer.* 

The trigonometrical tables have al- 
ready been described (for trigonome- 
trical purposes) in the treatise on that 
.science (page 51). The logarithms 
there given are generally made too 
great by ten ; that is, instead of the 
subtractive characteristic 1, we have 
the characteristic 9, &c. ; or, instead of 
subtracting 1, we add 9, which makes 
the result too great by 10. Intrigonome- 
trical operations this is convenient ; but 
principally because the extraction of 
roots very seldom occurs. Ifwe had, for 
example, to extract the square root of 
the sine of 46°, which we find in the 
tables to be -7193398, and the tabular 
logarithm of which is 9-8569341 (but, 
in reality, T -8569341), the following 
process will be wrong in the charac- 
teristic : 

2) 9-8569341 
4-9284'67i 

for the dividend being 10 too much, the 
quotient will be 5 too much; or, rather, 
the addition of the dividend being in- 
tended to be followed by a subtraction 
of 10, the addition of the quotient must 
be followed by a subtraction of 5. In 
extracting the cube root, the following 
process gives characteristic and decimal 
part both wrong : 

3) 9-85 09341 
3-2836447 

for, the dividend being too great by 10, 
the quotient is loo great by 3|, or 
3-3333333, and must beset light by 
subtracting this. But, to reduce the 
result to the tabular logarithm, the 
logarithm should be made 20, 30, 40, 
&c., too great before dividing by 2, 3, 
4, &c., as in those eases the results will 
severally be 10 too great. But, per- 
haps, the better way is to restore the 
proper negative characteristic, and pro- 
ceed in the way already described 
(page 37). 

W hat we have here to do with the 
tiigoiioraetrical tables is toobserve that 
they may be considered as registers of 
the value of certain expressions, which, 
being already calculated, may be re- 
ferred to, and thus the trouble of fresh 
calculation saved. W^e shall proceed 
to explain the following table : 

E 2 
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EXAMPLES OF THE PROCESSES 


Sine. 

Cosine. 

Tangent. 

Cotangent. 

Sccsnl. 

Cosecant. 



a 

'v'l-a* 

1 


a 

v'iT'n'* 

^ 1 - a’ 

u 

■s'l-a* 

a 

/ 



a 

1 

1 

V| 

a 

a 


a 

'v'rTui 

a 

'v'r+u* 

1 

a 

1 

a 

'v'r+a* 

v'r+^i* 

a 

1 

a 

1 


v'iTu* 




+ a» 

a 

o 

a 


- 1 

1 


1 


a 

a 

a 

V(jf _ 1 

V'u*-! 

a 


1 

'v'ie’rr 

1 


a 

a 

a 

a 

V a*— 1 

Vu* - 1 



By this we mean, that ifa be the sine 
of an angle, or if we can find a in the 
table of sines, we find '^l — a* in the 
corresponding line of the table of co- 
sines, = in that of the table of 

VI _ni 

tangents : if a be found in the table of 
tangents, we have opposite to it 
a , , t 

— - in that of sines, ana 

in that of cosines. If the tables only 
give logarithms* of sines, &c., we must 
look for the logarithm of a, and we 
find the logarithms of the above quan- 
tities. 

To use this method with great accu- 
racy would give very nearly if not 
quite as much trouble as the common 
logarithmic process, but by mere in- 
spection a few places of any result may 
be obtained ; so that when very con- 
siderable accuracy is not required, cal- 
culation is altogether saved. For in- 
stance — a 

a being '0346, what is Vr+i? 

if the first be a tangent, the second is 
the corresponding sine : we look in the 
table of tangents (Hutton's), and find 
as follows, under 32° 24', that the 
tangent being ■6346193, the sine is 
•5358268, so that '5358 will be very 
near the answer. To get a nearer 
answer, we must use the method which 
we proceed to describe. 


D/Jinilion. IVhen a number is to be 
found in a table opposite to another 
number, the second, by means of which 
we know where to go in the table, is 
called the argumetit. Thus, in finding 
the logarithm of 56, we enter the 
column of numbers with the argument 
56. In the last example, we enter the 
table of tangents with the argument 
•6346. The result obtained we shall 
call the resultant f. 

Let a be the given argument not 
exactly to be found in the tables. Let 
M and «i (M being the greater) be the 
arguments in the tables, between which 
a IS found to lie. Let R and r be the 
corresponding resultants to M and m. 
Thus, 

Column of arguments. Column of reiultant^. 

M K 
a f 
m r 


or the following — 


m 


a 

M 


r 

f 

R 


according as the arguments decrease 
or increase .the resultant of the argu- 
ment a is 


(fl-m)(U-r) 
M - m 


when arguments and resultants Ixith 
increase or both decrease together; and 
(a-m) (r-K) 

^ M - m 


* Hutton’n tables, which give lines, he., as well as (heir loearlthmii. are decidedly the beat of which 
we know for the engineer or mechanic. There arc more iiaeful tables for the astronomer, to which we 
need not here nilude. For logarithms of numbers only, we believe those of Mr. Babbage to be beat fur 
general use, of all those which contain aeven places. 

t There la no correlative to argument In common use. The reader may take his choice of retnltiiJU, 
inference, eMtract,f*nctuin, he. > either of which would be better than no word at all. 
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when one of the two increases and the 
other decreases. This process is called 
interpolation. 

In the alxive example, we are to find 
the sine to the tanstent •6346000 (the 
argument). Looking in the tables, we 
find as follows — 

.Arguments. RfsiilUnta. 

Tan^pnli. Sinr». 

m = C342113 5355812 = r 

a = 6.346000 y 

M = 0316193 5358208 = K 

Arguments and resultants increase to- 
gether. 

M-m= 1080 a-m=.3887 R-r=2456 

3887X2456 , , . 

— = 2340 (nearest whole No.) 

4080 

5355812 

2340 


•5358152 Answer. 

This is wilhin a unit, in the last place, 
ol the truth. 

An unlimited number of examples 
of the preceding process may be ob- 
tained by taking an argument and re- 
sultant from the tables themselves, and 
finding the latter by means of those 
which come before and after. Sup- 
pose, for instance, that the cotangent 
of 19° 31' had been erased or blotted so 
as not to be visible, and that it were 
required to fill it up by using the table 
of tangents, the process would be as 
follows ; — 

Artnimratf. R««u1tanif. 

Tangent*. Cotangent*. 

m = 3541J86 28239129 = r 

a = 3544460 9 

M = 3547734 28187003 = R 

Arguments increase and resultants de- 
crease. 

M - m = 6548a -m = 3274r-R = 52126 


■3274 X 52126 
6548 


26063 


2-8239129 


26063 


2-8213066 Ans. 


which is incorrect by a unit in the 
sixth decimal place. 

This process may be applied to tables 
of logarithms ; or, in fact, to any tables. 
It is substantially what is done in find- 
ing the logarithm of a number inter- 
mediate to two numbers in the tables, 
or vice versa, and also in finding the 
logarithmic sine, &e. of an angle inter- 
mediate to two .angles in the table, as 
the following examples will prove, if 
the student compare them with the 
usual process. 


Required log. 6416958. We shall 
only consider the decimal part. 

ArtrutneTilf. RtiultanU. 

Numlirr*. LogarUhini*. 

VI = 6416900 8073253 = r 

f/ = 6416958 9 

M = 6417000 8073320 = 11 

Arguments and resultants increase to- 
gether. 

M-ot = 100 a-m = S8 R— r=67 
58 X 67 

— — = 39 (nearest whole No.) 

8 0732 53 -1- 39 = 8 0 73292 
Answer •8073292 

Required the logarithm of the sine of 
30° 18' 47"-0. 

Argumenl*. Resultants. 

Angles. leog. sines. 

m = 36° 18' 0 " 9-7723314 = r 

a = 36° 18' 4 7"- 6 f 
]\I = 36° 19' 0" 9-7725033 = R 

Arguments and resultants increase to- 
gether. 

M— m = 60" a-m = 47"-6 R— r=l719 
4 7-6 X 1719 

= 1364 (nearest wh. No.) 

60 

9-7723314 

1.364 

9-7724078 Answer, 

What is the angle whose logarith- 
mic sine is 9-9475008? 

Arsumrntf. Hfsiiltanti. 

L»fr. vinca. Angle. 

m = 9-9474674 62° 23' 0" = r 
0 = 9-9475008 T 
M = 9-9475335 62° 24' O" = R 

Arguments and resultants increase to- 
gether. 

M - ni = 661 a —m = 334 R— r=60 
334 5^ 60 

—rr, = 30"- 3 (nearest tenth) 

661 

Anstcer 62° 23' 30" "3 

What is the logarithm of the cosine 
of 57° 5' 9" '8? 

Argumeoti. Reialtants. 

Angles. Log cotinei. 

m = 5-°5'0" 9-7351345 = r 

a = 57°5'9''-8 ? 

M = 57° 6' 0" 9-7349.393 = R 

Arguments increase and resultants de- 
crease, 

M— ffi = 60" a— ffj = 9'^'8 r— R = 1952 

- ^ =319 (nearest wh. No.) 

60 

9-7351345 
3^ 

9-7351026 Answer. 
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What is the angle whose logarithmic 
cosine is 8 '8852331 ? 


Arguments. 
Log. cusincs. 

m = 8*8849031 
o 8-8852331 
M = 8-88G5418 


Result nnts. 
Angleis. 

85° 36^0" = )• 

? 

85° 33' 0" = R 


Arguments increase and resultants de- 
crease. 


M-»i= 16387 a—m 3300 r-H=60" 


3300 X 60 
16387 


12"' 1 (nearest tenth) 


85° 36' - 12"'l = 85°35'47"'9 

The accuracy of the preceding method 
depends upon the tabular differences 
continuing the same, or nearly the 
same, for the resultants of several suc- 
cessive arguments. This is the case for 
the most part throughout the tables ; 
but where it is not so, a small error is 
committed. For instance, in the last 
example, if we look at the table, we 
find — 


Log. cos. 85° 34' — log. cos. 85° 35' = '0016325 

Log, cos. 8.5° 35' — log. cos. 85° 36' = '0016387 

Ix)g. cos. 85° 36' — log. co.s. 85° 37' = '0016450 


An error of some tenths of a second 
in the answer is the consequence. In 
the tables of sines and tangents of 
angles under 2°, or of cosines of angles 
above 88°, the disparity of the differ- 
ences is so great, that it is useless to 
apply the above process ; and it is 
usual, therefore, to give a separate 
table of sines and tangents for the first 
two degrees, in which the angles in- 
crease by seconds. 

In all other applications of the trigo- 
nometrical tables to calculation of com- 
mon algebraical formulae, no very great 
advantage is gained, where much ac- 
curacy is required, by any tables which 
give the logarithms to minutes only. 
The reason is the length of the pro- 
cesses of interpolation. Where ex- 
treme accuracy is not required, the 
common tables, which go to minutes, 
are oflen advantageous, as in the fol- 
lowing instance : — 

To find Va« + h', ( = - then 


+ If = 


a 

cosA 


Example. What is 

'5'(92'736)'« -1- (64-018)* ? 
Ix)g. 64-018 - 1' 80023-13 
Log. 92-736 = 1-9672484 
Ix)g. tan. 34°37' 9~ 8389859 * 


1 '9672484 

Log. cos. 34° 37' 1-9153846 -4 

Ans. 112-68 2-0518638 


The more exact process, beginning 


from the third line of the above, is the 
following : — 

Ix)g. tan. 34° 36' 51"'8 9'83S9859 

1-9672484 

Log. cos. 34° 36' 51"'8 7-9153965 

Am. 112-6813 2-0518579 


The following method of verifying 
any term in a table may be useful when 
an error is suspected, and no other 
table is at hand for comparison. 

Let c be the suspected term, and let 
A, U, C, &c., be those which precede, 
and a, ft, r, &c. those which follow ; so 
that the table proceeds thus : 

' ' "D, C, B, A, z, (I, b,r,d'"' 
When the tabular differences ajrpear 
uniform in the neighbourhood of the 
term z, use the first of the formula} 
at the head of next page ; but where this 
is not the case, count the number of 
places of the differences which alter at 
each step, and use the formula opposite 
to that number in the ne.xt page. 

For instance, suppose we wish to 
verify the logarithm of the sine of 

iO io/ I ... 

B = 8-3087941 
6 = 8-3329243 
16-6417184 

6 

99-8503104 


A = 8-31495.36 
a = 8-3270163 
76-6Ti9699 

15 

249-6295485 

10-0412989 


'266-2708474 
99-8503104 
20 ) 166-42 05370 
8-32102685 
8-3210269 in 


C = 8-3025460 
C = 8-3387529 
16-64129^ 

the tables. 


toe great 6, 10, a. „l Ihc logMllhm. in the Ublo of 
U Is more coaveiiient here to rcktorc the real characteristic. 
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0. z = i (A + a) 

1,2 I = i {4 (A. +0) - (B + A)l 

3,4 2 = 4j{ 15 (A + a) - r. IB + 6) + C + c} 

5, 6 r = ,’,{50 (A + a) - 28 (B + 5) + 8 (C + f) - (D + </)} 


The trigonometrical tables may Ire 
made to furnish a solution of equa- 
tions of the second degree*, in cases 
where the coefficients are too com- 
plicated to admit of easy multipli- 
cation and division. The rules are as 
follows : — 


1 («• -t- Ax -f c = Oi^ 

2 ax* — Ax -i- c = 



3a* - 8x 
Log. n 
Ia)g. c 
Log. lie 

Log. ac 
Log. 2 
Ar. Co. log. A 
Log. sin 60° 0' 0"'0 


-1-4 = 0 
0‘4"7I213 
0-6020600 
2)FoyoT«i3 

•5395907 
•3010300 
9 0969100 - 10 
9^9375307 — 10 


3 ox* -1- Ax - c = Oi, , 2''<tc 

4 ax* -Ax -c=o)I'';ttan^ = -^- 

Then the two numerical values of x 
will be 


at; I . t 

tan - and — cot - 

a 2 a 2 

and the signs will be as follows : — 

1. Both negative. 

2. Both positive. 

3. Greater numerical root negative. 

4. Lesser numerical root negative. 
The instance on the opposite side will 

admit of easy verification in the com- 
mon way. 

The process which we have put 
in brackets is one of those little 
artifices of calculation, which occur in 
hundreds, but which it is impos- 
sible to reduce to rule, and which 
nothing but practice can teach. We 
have got the first root by means of the 


< = 60° O' 0" •O 


J ^ = 30° 0' 0" •O 


Log. tan = 9-7014394 - 10 
Log. -v^ac z= •SSOOOO? 

Ar. CO. log. a = 9‘5228787 - 10 


■6666667 
2 Log. tan i i 
2 


19- 8-239088 - -201- 
19-5228788 - 20 
0-3010300 


] 


formula tan and which is 

a 

•6666067, as far as seven places of 
decimals. [In fact, the real root is |.] 
It remains to find the second root from 

the formula cot i#,so that, in like 

a 

manner as we found the first root from 
the calculation of 


Log. tan. 4 2 -b log. ^ ac + Ar. co. log. « — 10 
yve should proceed to find the second from 

Log. cot. 4< -(- log. + Ar. co. log. a — 10 
But since the tangent and cotangent we have 
of the same angle are reciprocals, or log. cot. 4 < = - log. tan. J t 

cot. 4< = consequently the second formula is the 

tan. 4 i same as 

log. ac + Ar. co. log. a - 10 - log. tan 4 4 
which, calling P the result of the done by the usual method. But the 
first, is following is a case in which much 

P - 2 log. tan. 4^ trouble will be saved by the trigono- 

and it is thus that we have proceeded, metrical method. 

The preceding c.vample, given merely a b e 

for the sake of illustrating the rule, is ^ + g-4347x - 2-4566 = 0 

one whidi miglit have been more easily 


* In (hit procevit tre ■uppott the etadeot to understand algebra, as far as the solution of equations of 
the eecoud degree. 


1 19— 'SO giree the characteristic i. 
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I^g. a 

Ix)g. c 

Ixig. ac 

Log. ^ac 
Log. 2 

Ar. CO. log. b 
Log. tan. 26° 3' 56" 
4 ■■ 

i • ■■ 

Log. tan. 4- 4 
Log. ^oc 
Ar. CO. log. a 
•3613193 

6 ■7436 75 


0- 00.3546 7 
0-3 903344 
2)0-3938811 
0-1969406 
0-3010300 
9-1914717-10 
• 9-'^44M-10 

= 26° 3' 56" • I 
! 13°l'58"‘l 
9-3644973-10 
0-1969406 
9-9964533-10 
19-5578912-20 
18-7289946-20 
0-8288966 


The numerical roots being therefore 
•3613193 and 6-743675, wefind, by the 
rule of signs before given, that the real 
roots are 

■3613193 and -6 - 74 3675. 

To form examples of this method, let 


the student proceed as follows : choose 
any two numoers for roots ; for instance, 
t -308 and — -486, and any value of o, 
for instance, 2-709. Take the alge- 
braieal sum and product of the roots ; 
that is 

1-308 - -406 = -902 

1-308 X --486 = - •635683 
Multiply these by 2-709, the chosen 
value of a, giving 2-443518 and 
- !• 722079. Change the sign of the 
first ; then the roots of 
2-709 X* - 2-443518X-1-722079 
should be 1-308 and — -486. 

The only way to obtain any security 
in the use of logarithms is to work many 
examples, beginning with simple cases. 
Repeated failures will take place at 
first ; but the student will finally ac- 
quire that sort of habit which suggests 
the right method independently of rules. 

We shall now proceed to examples 
of algebraical operations. 


Section 10. Divifion of Algebraical Operations. Algebraical Seduction, Ad- 
dition, and Subtraction of Integral Quantities. 


The operations of algebra may be di- 
vided into two classes: — 1. Those which 
present no forms distinct from the re- 
sults of ordinary arithmetic. 2. Those 
which require the use of the negative 
or other symbol in the manner peculiar 
to algebra. 

The operations of algebra may be 
svrbdivided again as follows : — 1. Those 
which are usually left to the student in 
the higher parts of the subject. 2. 
Those which are usually inserted at 


length. Among the infinite number of 
classes of examples which might be 
chosen, we shall confine ourselves to 
those which it is most necessary the 
student should be able to perform, in 
order to read any work on the higher 
parts of algebra, or on the differential 
calculus. We suppose the student to 
ain the demonstrations of the rules 
ere exemplified from some other 
source. 


I. Questions illustrative of the meaning of the fundamental symbols -I- and - , 
to be answered without rules. 


1 . By how much' does a -)- ft exceed 
a ? By how much does a -f- ft exceed 
a - 1 ? By how much does a -t- ft 
exceed a - m, a - b, and o — 2 ft ? 

2. On what does it depend whether 
a -4- A or a -I- c is the greater ? When 
a -f A is greater than a -f c, by how 
much does the first exceed the second? 
By how much does a -)- 2 ft exceed 
a -f- ft ? 

3. On what does it depend whether 
a -4- 6 - c is greater than, equal to, or 
less than a? By how much does a -4- ft 
— c fall short of a -h ft -4- 1 , and of a -f- 
ft -4- c ? 


4. On what does it depend whether 
a — ft is greater than, equal to, or less 
than a - cl 

5. If o lie between ft and c, c being 
the greater, what must a be in order 
that c — a and ft -|- a may be equal? 

6. If a be greater than 'ft, and x less 
than y, which of the following must be 
true, which must be false, and which 
may be either true or false ? 

0 -(- X is greater than A -f y 
a -4- y . . . , ft-f X 

<1 — X . . . . ft — y 

a -h X is less than ft -4- y 
a + y . . , A -i-x 
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Distinguish between the meanings of — 


II.— 0/J the Use nf Brackets. 

a + (A e) and n + A + n 

u — (A + e) and « — A + c 

a — (h — c) and a — b — e 

(a — b) — c and a — (A — c), 

2 (a + A) and 2 a + A. 

III. — Simple Reductions. 
tcrwards 5 a be added to it ? 
pressed — 

P + 8a + 5a = P+I3a 
Establish the following, and express 
the question asked, in words, as above. 
P + a + a = P + 2u 

P -p a — o = P 

P - a + a = P 

P + 2a — a = P + a 
P — .3a + 4o = P + n 

P — If) a - 3 a = P - 13 a 

P + IG a - 20 a = P - 4 a 

P - 21 a + a = P - 20 a 

Give all the ways of expressing P + 

3 a derived from the preceding. 

IV . — General e.Tpressions 

P + ma + na = P + (*n + «)a 

P 4- n - n a = P + (TO — «) a 

or = P - (a — m) a 


-a - {A _(o - rf) } 

I a — b — c — d. 
la — (A — c) — (i and 
la — (A — c — d). 


P+a + a + a P— a+4a 
P+2a+a P-2 a +5 a 
P + a + 2a P— 3a + 6a &c. 
P + 4 a — a 4a + (P — a) 

P + 5 a - 2 a 5 a + (P - 2 a) 
P+Ga-3u 6a + (P-3a) 
&c. &c. 

4 a — ( a - P) 5 a - (2 a - P) &c. 

In the last two sets of the pre- 
ceding, point out the cases in which 
they are possible, or impossible, and 
why. Repeat the whole process with 
P — a, P + 0 a, &c. 

derived from the preceding. 

P-ma + na =P — (m — n)a 
or = P + (» — TO) a 


How is an expression altered if 8 a, and after- 
Answer, 13 a is added to it, which is thus ex- 


Y.— Simple Reductions including Fractions. 


i+i+l=H 

2 3 4 12 

1,1,1 13 

-a +-a + -a = - a or 

a a a _ 13a 
2 3 4 “ ~T2 


a- + 6a: x+2a: = 8ix 

2 

3 aA — oA + j aA = 

X* + 2x*+ 3x* — ix* = Y^* 


ITx 


xy z 


\xyz 


+ 


- xy z 
3 ^ 


5 

6 


xyz 


Y\.— Reductions in cases tchere the arrangement of the terms makes the opera- 
tions appear impossible. 


a — 2 a is impossible, but a — 2 a + 
3 a is to be considered as a misplace- 
ment of a + 3 a — 2 a, which is 2 a. 
Ga — 10a + 4a = 0 
2a-9a-3a+16a = 6a 


xy - Axy + lOxy = 1 xy 
a'c - 3 a'c + 100 a’c = 98 a’c 
TO + 4 to — llin» + 12TO=.yOT 
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VII . — Generalization of the two preceding Articles. 


m a + na = (m + n)a .. mx-i-nw — px=(m + n~p)x 
m a — n a = Un — n) a tnx p x r x ,V 

ma + na + pa = (m + n + p) a n q q s / 

VIII . — Additions in which subsequent Reduction is impossible. 

Add together a + l>, c — d, e — f /, c/ + 6 d, and p + </*. Answer, a — 
and a b — c f. Answer, o+A + c— A + c + ac— l+/+cy+0d + 
dA-e~f+ab — of. p+g*. 

Add together a — A + c, ac - 1-f- 

IX . — Additions in which subsequent Reduction is possible. 


Add a — b, a — c, c — ", and c-|- 6. 
Answer, a— b + a— c + c— 7 + 
c + 6, or 2a — A + c — I. 

Add a + A and a — A. Answer, a + 
A + a — A, or 2 a. 

Add 

oAc- a + o;y+I2 — p*— g* 
2abc — 4 p’ — xy - q‘ + 20 + a 
10p“ — lUO + 40 a — 14 .ry 
4 g’ — 4 p* + a A c 

4abc + 40a — 14xy — 68 + p' + 2 q‘ 

X.—Rule of Addition. 

Let the first term of each expres- 
sion be considered as liaving the 
sign -t- 

Annex all the expressions with their 
signs. 

Make such reductions as are prac- 
ticable. 

XI. — Subtractions in which 

From a take b - c. Ans. a — b +c. 
From 2 a — c take 4 b — d. Ans. 
2a+d — c -4b. 

XII. Subtractions in whic 


Add 

13 -(- 20 .r» - 45 X + ^ 

i x« - X* -1- 50 X -I- 3i 
30 X* - 5 x« + 15 X - 8 
2 X — .c* + x> — 10 

ai x» + 48 x’ + 22 X — 14i 

Further examples are deferred for 
the present. 


Rule of Subtration. 

Let the first terms of both expres- 
sions have the sign + 

Change the signs in the expression 
which is to be subtracted. 

Annex the expressions, and make 
reductions. 


Reduction is impracticable. 

From p — q + r - s take z - p q. 
Ans. p — q + r — s — z+pq. 

4 Reduction is practicable. 


From a take a — c. Ans. a - a + 
e, or c. 

From a + A take o - A. Ans. a + 
A — a + A, or 2 A. 

From p — a take q — a. Ans.p - 
a — q + a, or p — q. 

From aA + 3a-4A+lG - z 
Take 6oA - 12a— 5A-1- 12^-8 

Ans. 15 a - 5 a A-t-A+24 — 13 x 

From 6 a’ A - 12 a + i — 3 z — 22 a b 
Take a* A + 100 — 40 a A -(- a - 3 2 

Ans.b a?b~ 13 a - 994 -I- 18 a A 

F rom 3x*— 18x* + Gx— 150 
Take 12 x“ - 40 x» + 5 x + 40 

Ans. 22x* - 9 X* + x — 190 


From o — A + c — d-He — /+ g — h 
Take a-2A-f-3c+4(f-5e+y+^-8A 

Ans. A — 2 c-5d -t-6e— 2/+ 7A 
(4a + A) - (a + 4 A) = 4A— Ja 
(4 a - A) - (a — A) + c= c — 4 a 
(2 a + A) - (a - 3 A) = a + 4 A 
Let there be any series of quantities, 
a, b, c, d, e,f. See., and let another se- 
ries be obtained by taking the first from 
the second, the second from the third, 
the third from the fourth, and so on. 
Let this process be repeated with the 
second series, giving a third, with the 
third series, giving a fourth, and so on. 
What will be the several series ? 
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1st Serifi. 3»d Series. 3rd Series. 


a 

6 — a 

c — 2 A + a 

A 

c ’■’b 

— 2 c + ^ 

c 

d — d 

— 2 </ + r 

d 

c --d 

f ~ 2 e -r d 

e 

/ —e 

+ e 

f 

^ ~f 

/. _ 2 g -f-/ 

kc. 

&c. 

See. 


*»th .Series. 

e - 4r/+Gc — 4A + (i 
/— 4e?-f0^/ — 4r + /> 
ff — 4y* + 6 e — 4</+ c 
h — 4^ + 6^' — Ac + (i 
&c. 


4tii Series. 

<1 — 3c + 3b — a 
e — 3 d + 3c — b 
f-3e+3d-c 
ir -3/+ 3e-d 
&c. 


l«t term of 
the Series. 
G 
7 

&c. 


/ - 5c + 10 d — 10 c + 5 b — It 
^ - 6/ + 10 e - 20.(/ + 13 c- 6 A + a 
&c. 


One way to form results which shall 
(five examples of addition and subtrac- 
tion combined, is as follows ; — Take any 
number of quantities at pleasure, sub- 
tract each one from that which follows, 
add all the differences and the Jirsl of 
the quantities together; the result 
should be the last o/ the quantities. 

For instance, let the quantities be 
a — A, 2 a -h A — c, 3 a -t- 2 A — 4 c, 
and 7 a -h G A. From the second take 
the first, which gives a + 2 A — c ; from 
the third take the second which gives 
a + b — 3 c\ from the fourth take the 


third, which gives 4 « +4 A -f 4 c. 
Add together the following — 

a - b 
a + i b — c 
a + b - 3c 
4a-t-4A-(-4c 


which gives 7 a -t- G A, the last of the 
quantities first mentioned. 

As questions of mere addition and 
subtraction are of little use by them- 
selves, we shall now proceed to another 
point. 


Section 1 1. lixerciscs in the use of the Algebraical symbols -f- and — as distin- 
guished /rum Arithmetical' symbols. 

In whatever way the symlxils + a -|- (-f- a) is -t- « -M- <0 is — n 

and - a maybe explained, the method - (— a) is -f- a — (+ a) is — a 

of using them is as follows or, lihe signs produce -f-, unlike signs—. 

a -t- (— b) = a - b = — A -f- (-)- a) 

a-(-b) = a+ b- b - ( - a) 

+ { + {+ “}}=+“ -{-{-a}}=-a 

a - h = — ill - a) = — b - ( — a) 

l-2 = — 1 2 — 3= — 1 a - i a = — a 

G-15=-9 4_7-8 = -11 

X — (X -i- y) = X - X - y = - y 

(2 a -h 36) - (4 a + 76) = - (2 a -h 401 

a — b + 3 c — d ■= — {b + d — a - 3 c) 

— a — 4a — 7a — 12 a = -24 a 

3a — 7 A — 4a-t-5A= — a — 2 b 
-\-aX+b-+ab -1-aX-b^ — all 

— ax — b=+ab -ax+b-— a b 

+ aX -HAx — c X + d = -abed 

— ax - Ax — c X +<f= —abed 


* The stiwkat may omit this loction unlii ho has rend %a cxplaaatioa of Ibo negative sign. 
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— 3 X — 

4 = + 12 


- 

3 X + 4 = 

a ft X — c 

= a c X • 

- ft 


= ft c X — a 

a ax — 

1 — a 

If 


il 

’ll 

t>~ b y. - 

1 “ - A’ 


p - q 

- (p - 7) 


7 

- p 

X - y 

- (X - y) 


y 

— X 

= + 

a — 

a 


a 

+ ft 

0 -f 

ft 


ft 


a + 

ft 



6 - 

ft 


ft 

P-7 

- (7 - p) 



7 - P 

X- y 

■ X - y 



X - y 

1 

•Q 

1 

P - 7 



P - 7 


- 12 


- y -iy - T) y - x: 

a— A + c = n — (ft — c)=a + (c — A) 

= — (ft - a — c) = — (ft — a) + c = — (ft _ 

= — (— « + ft — c) = u + (— ft) + c 


c) + a 


Wliat suppositions will maV.e the following expressions identically the same? 


a 

X* + 

ftxy + cy* 

+ y + « 

1 a X — 

fty + cr 

3 

a* - 

4 y — 2 y* 

+ 7 y — 6 1 

3 X + 

y+ ‘ 

ylns. a 

= 3 

J _ 

6 = — 4 

c = - 2 1 

H = 3 

A = — 1 c = 1 


d = 7 e = - 6; 
and the following — 


p t' + q X + r 
i x' — 3- 4- 1 

Alls. p = i q - — I r=l 


If X = 

- y 

a-* =5 


Xi - 

— X’ 

X* = 

y’ 

ar* =s 

- yS 

if = 

•/ 

X* = 

- y^ 

= 

y* 

a’S = 

- y" 


■Which of the follow ing pairs are the same, and which differ in sign ? 

— X* and (— x)» — x“ and (- x)” 

X* and (— X)® x’ and (— x)' 

X* X (- y)« X (- 2 )* and (- x)’ x (- y)« x 

Change the sign of x in the following expression, that is, write - x instead 
of + X, and + x instead of — x. 


a + 6x + cx* + cix'’— - 

X 

it becomes a + 6 (— x) + c (— x)* + d (— x)’ — — L_ 

— X 

or, o — ftx + cx’ — dx* + i 

X 

Of the following expressions, the se- let the student find out which letter 
cond in each set arising from changing it is, and account for every change 
the sign only of some letter in the first, 

1. a + ft X + 1 — X* (1 + x’) 

1 + X 

a - ftx + Lt-f - (1 _ jJ) 

1 — X 

2. ax (X - a®) + ftx*(x* - x") + ~~ ~ ~ 

ft + a» 
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a T (j — ^) + 6 X* (i:* + or') — ? . 

0 + X* 

3. (2 a X + 6)* + 4 ac — i' + ° f |x + ayl 

I + ir I ) 

(2 a X — 4)’ - A ac - 4* + |x - a y| 

4. a — 4x + cx* — rfx^ + i 

X X* ar 


a + 4x + cx- + dx' 


1 1^ 

X X* 


x» 


When the siijns of two or more let- 
ters are changed, the general rule is, 
every term changes sign in which an 
odd number of factors changes sign. 
Thus, in 

o' Arab t — atfb — tf‘c' 
if 4 and c both change sign, that is, if 
— 4 be written for 4, and — c for c, 
&c., the term which changes sign is — 


oc*4, or, o c c 4, (in which’ an odd 
number of factors, c, c, b, cliange their 
signs) and the expression becomes 
a’ 4-a4c + ac*4 — fc’ 

In the following examples one nr 
more letters have their signs changed 
in the second and succeeding ones of 
each. The student must ascertain 
which letters they arc. 

axy 


b — a 
a + b 


a + a'‘ , ,, , 

^^+a4*c+axy 


„ II — 4-t-c 11+4 — c II — 4 + c 

■■ o«~ 4> + c« ’ o* - 4« + c* ’ a’ - c* 

Observe, that no even power of a expression become the third by changes 
(a' a* (ifi &e.) changes sign when a of sign only? 
changes sign ; how then can the first 

3. (p + q) iq + r) (r + p) , (p + q) (q — r) (r - p) 

— (p + q) (q + r) (r + p) , (p - q) (q + r) (p - r) 

4. (4* — 4 a e) (a — 4) (4 — e) , — (4* + 4 ac) (a + 4) (4 — c) 

(4* + 4 oc) (a + 4) (a — b) , — (4* — 4 ac) (a + 4) (4 -f- c) 


Section 12. Multiplication and Division of Single terms. 

^_^^_a4c _ 0*4 _ o4* _ n*4* 
c a b a b 

abxac = a*bc Sab X6ac= 18 a' be 
p* (f X q' = ly’® a X a X a* = a* 

a> X o’ = o'* o'"X o" = o'" + " 

2 (11 + 4) = 20 + 24 3(0 - 4) = 30-34 

2a(o + 4-t-c — d) = 2o* + 2o4+2oc — 2ad 

3 0 4 (4 o— o4+x) = 12 0*4 — 3a*4* + 3o4x 

l/'l ' » 2/3 1 A 1 2 . 

—I - a — 241= - 0 — 4 - 1-0 a b )= - a oo 

2\2 J 4 3\4 b J 2 15 

4o4c^2o4 + 24 c-6oc^ z=8a*lfc -+ Go4*c'' -24o*4c* 


Digitized by Coogle 



G2 


EXAMPLES OF THE PROCESSES 


3 a* 2 (r' y - a’ s + s - 1) = 3 a* 2 * y - 3 a' 2 * + 3 a> 2 » - 3a’ s 


X /a , c , e\ X a , X 

7j{l+d+ /)= l+y 

_aar c x ex 

"by dx ^ fy 

2m/„ 6 a bm 2 

I 3 a 6 + — ) = + : 

n \ n J n n 




X e 

y r 


3 a’ 


= 3a 


14a»i 

-7a 

2a b 


210 a“ i” 


3 a> b" 


2ab 

b X y y X’ 

Zac 

c z 

Z Z X z 

4 a* b 

b 

12 a _ 3 a 

3 a’ c 

2 ac 

3 b 2 b 

G a b c 

_ 2c 

X y’ 2* v’ _ 

9 a’ b’ 

3ab 

x^y^ z^V‘ 

f? t 

I 

1 


2 m’ V t 


•Zm’ 


■T y (a: + y)’ 
x’ (a: + yY 


3p’q" 

_y 

x(x + y) 



(p - y'>* - 

fx(p — q)’ 


ma + Ha m a , n a , 

= + = TO + n 

a 


a 

TO a’ 

a 


a a a 

G a Y' + 3 a v’ — 12 o’ V 
3a V 

1 2 X" — 9 I* + 3 — 3 a x' 


— m a — n 


3 x“ 


2 » + f’ — 4 a* 

4x’ — 3x + l— a 


2 TO >i’ H- 8 a TO n — r> a’ m’n’ — 2 in n 
2 m n 


= n+ 4a — 3(i*TOB — 1 


2 a + 2 _a + I 3x» — Cx_x — 2 3 1 

4 2 3 ax ~ ,a 3 + 3 u ~ 1 + a 

p’ + 2 p X _ p + 2 X a’ b — a h’ _ a — b 

p’ + 2 p y p+2y a'b’+ab ai-Tl 

y’ — y + 3 ay y _ y — 1 + 3 a »> x* _ x 

y — V y + 2 amy 1 — v + 2 am x y + x ~ y + \ 

g r* y» - g» . 1 ^ y« + a’x’ y _ x’ y’ - a x’ y + a’ x 

2 ax^ yi + 3 a’x' i/ -2 a’ x" If Zx’y’+Saf' y* - 2 u’~x^ 
ja + lb + _ fia + 46 

2 a - 1 6 (2 g - i i) 12 “ 24 a -3* 

a+* 

2 _ ia _ 2a + b 8a 

I, ^ Z ~ -ibi^ ~ 5T 
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C3 


« + i 

c 

b ^ 

a 

c 


ae + h 
ac — b 


2 a X + i 4a'* + a 
2 X — a 


X _ 1 
a~ 2 


1 + X ^ _ I — X — x‘ 
t + X — X 


= 1 — X — x’ 


1 - 


1 + X 


Section 13. Separation of Factors. 

When any expression A is to be put in a form of which m shall be a factor, 


then — must be the other factor 
m 

: for 



A 

A 

= m X — 
m 



i» - 4u c = i* 

= 4(5--«c) 

c i* 
c\ a 

- 4 c*^ 

x' — 2 .f y = X — 2 y ^ 

= ^ y - 2 y' 

)=?(■ 

'■-'I’) 

G"0=^X-*‘“ 

T)-e- 



a X + 6 = a ^x + -^ = x 

+ 

n11^ 

II 

h^') 


x* + xy4-y* = x’^l + ^ 


X 

+ - + i 
y 

) 


— 3 a* y + 3 a 1 1 — 3- + 3^ ~ ^ } 

(a + 4)» - c = (a + i) + 6 — — ^ ^ = (« + i)* ^ 1 

yf- + l) - + 1 — + X 

+ V ^ \y ) _ y y_ ^ y _y 

-y 

oi + 4c+ca = a^6+ c + 


(a + by 
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EXA!\IPLES OF THE PROCESSES 


P + 9 = P- -(l + = P +» ( 1 - 

= pr.[i+ = P + 9- - 0 

a* + 2 o 6 =a« + 6* ^1 + “ ** + 

a« + 2 a i + 4' = a’ + o 6 + a i + 4* = (o + i) (u + 6) 

a* - 2 a 4 + 4» = a’ - a 4 - (o 4 - 4*) = (a - 4) (a - 4) 

a'‘ — b' = a’ - a 4 + a 4 — 4’ = (a — 4) (a + 4) 

a> + 4> = o’ + a’ 4 — a’ 4 — a4’ + o 4’ + 4’ 

= (I + 4 (o* — o 4 + 4’) 

o’ — 4* = o’ — o' 4 + o’ 4 — a 4* + a 4* — 4’ 

= a — 4 (o' + a 4 + 4') 

Sectiox 14. Examples of Multiplication, 

X + 1 X - 1 X — 1 

X - 3 X — 3 X + 3 

x*'+ X x“ — X X* - X 

-3x-3 -3x+3 + 3 X - 3 

X* - 2 X - 3 x'-4x + 3 x* + 2x-3 

— 2 o X + 3 o' 

+ 3 4 X — 2 4* 

— 2 o + 3 o’ X* 

+ 34x‘— Ga4x’ + 9o*4x 

— 2 4' x* + 4 a 4* X — 6 o' 4’ 

X* — (2 o — 3 4) x“ + (3 o” — 6 o 4 — 2 4') .r' + o 4 (9 o + 4 4) X — 6 o' 4* 

0 + 4 0 — 4 0 + 4 

0 + 4 o - 4_ 0 — 4 

o’ + o A of - ab a' + a6 

+ 04 + 4“ — a b + 6’ ~ a b - b' 

o' + 2o4 + 4‘ o’ - 2 o4+ A' o’,- A” 

(o + 4 + c)' = o' + 4* + c* + 2a4 + 2 4(; + 2co 
(0 + 4-C)' — o' +A' + c' + 2o4-24c-2co 
( o - 4 - c)' = o' + 4’ + c' - 2 o 4 + 2 4 c - 2 c o 
(7 o X + 12 4 J^)' =r 49 o' x' + 1C8 o 4 X* + 144 A' X* 

(o+i)‘ = o' + i+2 ^o-^=o'+L_2 

(o + 4 + c) (o + 4 — c) = o' + A' — c' + 2 o 4 

IfP = 4’ — 4df', Q = 4d-2oe, R = rf' — 4 a/ 

/cd’‘ + ae^-bde,\ 

Q'_PR = 4o(4'- 4oc)(^ 

and (4 X + d)' — 4 o (c x' + e X + /) = P x’ + 2 Q x + R 
(2 o X + 4)’ + 4 o c - 4' = 4 0 (o x' + 4 X + c) 
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(m* — n’)* + 4 m' n“ = (rn' + n*)* 

(ac - r/’) (ad — r') - (gr - a p)‘ , 

! — — = a be + 1 par —ap‘ — bq' — cr 

a 

If A = 6 c — pM |P = jr — ap 

B = c a — <j'> and <Q = rp — 

C = a 6 — r’J iR = pq — cr 

then the following six quantities are equal : show this by multiplication. 

BC - P» CA - Q» AB - R« Q R - A P RP -BQ P Q -CR 
a b c p q r 

We give the formation of one of them at length. 

Q = rp — b q A = b c — p' 

R = pq — cr V = q T — a p 

QR = ji‘ qr —pb q' —rpr'‘ beqr AP = beqr —p'qr — abcp+ap‘ 
AP = beqr —p' qr — abep + ap^ 

Q R —AV = abep + 2p‘ qr — ap‘ — bp q' — cpr* 

Q R -AP , , „ , ^ . 

— = abe + 2pqr — a p' — bq' — cr^ 

(a' + 6* + c*) (p* + 9* + r*) — (np + A 9 + c r)* 

= (o 9 — 6 p)> + (b r — e qy + (cp — a 

(ap + bq+cr) (as + bt + ev) — (a* + b* + e*) (p s + gt + rr) 

= (eq — b r) (bv — c 0 + (ar — cp) (c s — av) + (bp — a q) (a t — bs) 
IfP = a + 6 + c Q = a + A — c 

R = i+ c — a S = c + a — A 

PQRS = 2o*A’‘ + 2A*c« + 2c*o«-o*-A<-f« 

QR + RS + SQ=2Ac + 2ca + 2aA-a«-A*-c* 

P* + Q> + R* + S* = 4 a* + 4 A* + 4 c* 

Q R* + RS» + SQ*= a» + 6aAc-5aA« + 3Aa* 

+ A* -5Ac’+3cA“ 

+ (? — 5ca’ + 3ac* 

(a* + a A + A’) (a — A) = a’ — A* 

(a’ + a* A + a A* + A’) (a — A) = a* — A* 

(a‘ + a’ A + n* A' + n A* + A') (a — A) = a* — A’ 

(o* — a A + A’) (a + A) = q’ + A’ 

(o’ — a’ A + u A' — A’) (a + A) = a‘ — A* 

(a* — o’ A + a* A* — a A’ + A*) (a + A) = o’ + A* 

(,r — o) (X — A) = x’ — (o + A) X + o A 

(X + o) (X + A) = x’ + (o + A) X + o A 

Examples of Division, when the divisor has more than one term, are of little 
or no use in the elementary part of algebra. 


Section 1 3. Operations on Fractions. 


The leading rules of arithmetic, which relate to simple fractions, are embodied 
in the following formulae : — 

F 


Digitized by Google 



66 


EXAMPLES OF THE PROCESSES 


a 

b 

b 

c 


m a 
M b* 



a 


b a c •¥ h 
c c * 

a ^ b _ a b 
XX X * 



a c — 6 


c 



a b 


X * 


a,c a d + b c a e ad ^ be n ax 

6 d lTd~' I ~ d bd~' I ^ ^ ^ ~b' 




a d 
e b' 


The reduction of fractions which minators. Is exemplified in the follow- 
have fractional numerators and deno- ing formulae : — 


a 

3 

X 

y 


ay 

b X 


d (a d — b c) c 


a , b (a c + b d) b 
d~^ c 


P 


r 

t 


pq $ + a t 
. q r g — b q 


m X a ng 

n y _ m b qy — bnq x _ am qy 

p a bnpy — a n q y p x ~ b np x 

q b 9 y 

a , m , p X _ anqy + bmqy + bnpy — bnqx 

T "t* "■ "t" “ ~ “ JL 


X + - = 
X 


y 

x' + 1 


X 

X 


bnqy 
a:* - 1 1 

X 


a X _ a c + bx X 
q b cq beg a 


a 

X 


X 
— a' 


i _ y ~ ^ 

y xy 


I -X* 


i -X 1 + a: 

X x" 3* 


11 1 _ _ X* + X - 1 y + ^ ^ _ x' y + xy' - 

X X* X? X* XX*X* x^ 


7~^ + - 

1 — X X 
a + 6 a — b _ 
a — b a + b 


X — X* 

2 a* + 2 4* 
«• - 6* 


P + 9 + P = P* + 9* 


n - 1 

= 

n - 1 


n + I 


n' — n n — 1 

2~ ”■ r* 

n — 2 n — 3 


3 

n + 1 
'■ 2 
2 n + 1 


P - 9 9 

3 X _ 2 
X — 1 X 

w — 2 _ 
3 


pq ■ 

_ 3 x» - 2 X + 2 
X* — X 

«• - 3 n* + 2 n 


+ n + 1 = n + 1 


n*-6n» + Iln'-6w 
24 

n + 2 


• + n + I = n + 1 


n + 2 2 fi + 3 


x + a x+c_ (a+e — c — 4)x + oe — 4c 
x + 4 x-l-« as+(4 + e)x+c4 

X + g X — g _ 2 (a + 4) X 

X— 4 x + 4 X* — 4* 
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1 1 1 _3l^ + 2 (a + b + c)x + ab + hc + ca 

a: + o x + b x + c xf‘ + (a + b + c)x^ + iab + be + ea)x + abc 

a X — b x + 1 _ (o + 4)»“ — 2aa: — (0 — 4) 
a — bx X — I (a + b)x — a — bx^ 


.JL- + — * — 

1 — X 1 + X 


3 X + 1 
2 X — 2 


We shall find further examples of these operations in the next section. 

SacTioif 16. Solution of Equations of the first degree, or Simple Equation!. 

Rule 1. Both sides of an equation may be removed from one side of the 
may be increased, diminished, multi- equation to the other, if the sign be 
plied, or divided by the same quantity, changed from -I- to — , or from — 
Rule 2. Any term of an equation to +. 

Let X — 2 = 7 — X What is the value of X? 

X -I- X = 7 ■+■ 2 
2x = 9 
9 

x = - = 4i 

Verification 4^ — 2 = 2J- 7 — 4J = 2i 

Let X — a = h — X 
2 X «= o -t- i 
X = i (a -t- 6) 

Verification J (a + 4) — o = ^ (4 — o) 
b — i (a + b) = ^ lb — a) 

Let 3 X - 4'= 12 X — 9 
9_4 = 12x — 8x 
5 = 9 X 


Verification 


o 6 ^ 2* 

9 9 

„ 21 

12 X 9= 

9 9 


Before reading the theory of the ne- this negative result ns showing that 
gative sign, the student must consider the equation should have been written 

4 — 3x=9-12x 

which gives * = ^ *^nd can be verified arithmetically. 


Let ax — b = ex — d 
ax — cx = b — d 
(a — c) X = b — d 
b - d 
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EXAMPLES OF THE PROCESSES 


6 — rf . ab— ad — ab^hc 

Verification a — 6 

'' a — c a — c 

b c — a d 


a — c 

b — d , be — ad 

c a = 

o — c 0 — c 


T * ^ ^ ^ 

^‘2 + 3 


a? 

^-4 


’^2 + 


12- = 48 - 12 j 
3 4 


6 a: + 43 ; = 48— 3x 
61 + 4x + 3x=4S 

9 48 

13^ = 48 ^=3-or - 
rerijication | + | = ^= 4- ^ 


Let 



Veri/icaiion 


abd- + abd^ = abed— abd- 

at ^ 

bdx + ad X = abed — abx 
bdx + ad X + a b x = abed 
(bd + ad + a'b) x = abed 
abed 


bd-^ad’^ab 

X bed £ 

a b d ad a b b 


acd 

bd + ad + fl 6 


X X b ed a c d _ ^ 

a b 6rf+arf + o6 


Let 


X — 1 X — i 


-I 


X 

d 


Multiply by 30, the least common multiple of 3, 5, and 6. 

10 a; - 10 - (G T - 24) = 30 - 5 .T 
10 a; — 10-6a: + 24 = 30 — 5a: 

16 

9a: = 16x= — 

. T-l 1 a--4_ 4 a: _ ^ l_ (_4 

Venfieahon ^ j. ' u “ 27' 27 ~ V 9, 

- i. + 1 = H. 

~ 7 9 27 ' 


The negative sign in the verification shows that the equation should have 
been written 

a- - 1 4 - a- _ , _ f 

~3~ s e 

which gives the same value of a". 


Let 
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6 ) 


Multiply both sides by b df, 

df X — a df — bf(x — c) = bedf— bdx 
df X — ad f — bfx + bfc = b e df — bdx 
df X — b f X + bdx = be df + adf—bfc 


i'erijicaiion 


Let 


X — a 

~~b~ 


• - b 


_ hsdf+adf— bcf 
^ df — bf+bd 
X — a _ e df — cf + a f — ad 
~b df-bf + Td 

X — c_bef+af— ef — b'c 
J~ df~b f + bd 

X — c _ e d f —b ef— ad + be 
d 


= « — 
b X — a 


df - bf+ bd 
b cd ad ~ b e 
Uf-bf + bJ 


X 

= I + - 
a 


Multiply both sides by a b. 

abx — b' — abx-^ = 


b X ^ a* — b* — a b 


x = ^-b-a 


a T — d _ _ * 

b a 


a 

fc X — a 
6 

a X — 6 


_ _ 6 _ a - - 


bx — a 


, + f = 

a b a 


Let 


s? — X — b ^ X — a b ^ ^ 


b ' o' a b 

ax — d'-]rbx — b* + x— ab = a b 
a' + 2 a b + b' 

^ " "T+X+ 1 


0 + 6 — 7 
1 6 

0 + 6+1 
X — a b X 


X — b 

a 


0 + 6 

a 

0 + 6+1 


a b 

X — a X — b 

~r~ ~~iT 


o 6 

X — a b 
a b 


- 1 


o 6 

1 + 2 + - 

6 a 

■oTT+T 
2 0 + 26 + 2 
o -TT+ 1 


- I 

-1 = 1 


In the succeedinf; examples, we give assumes when the value of a: U sub- 
only the solution, or value of x, and the stituted, 
value which each side of the equation 
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EXAMPLES OF THE PROCESSES 


Let X + 


C + ,T _ ^ X — i 


b a b 

The value of x will be found to be 

a' + abd + be+c 


which will give 


a b + a +b — 1 

X — a ah d - cfb — ab + a + be+c 
J ~ b (a b + a + b— \) 

c + I _ a* + abd + abc + ac+bc + be 

X — e 
a 


ab(ab + a + b— y) 
cf + abd — abe — ae-y- c+e 


a(a6 + a + i— I) 
and the common value of the first and second sides of the equation is 
o* (A rf + d — I) + g (& e + <» — rf) — (e + e) 
o (a A + a + A - 1) 


X + a 


2x — a 


Let 


ax — cfl 
b c 


the value of x, and the value of each side of the equation, are as follows : — 
^ g + c + 1 a* a + A + c— 1 
be 


2 - A 


2 - A 


Let (a + X) (A + aj) = (c + x) d + x) 

This a;ppears at first sight to be an equation of the second degree, but it is not 
so, owing to the occurrence of x* on both sides of the equation. 

ab — e d 

* c+d-a— A 


(a + X) (A + X) = (c + x) (d + X) =- 


a. c — b. a — d. b - d 
c + d - a — b 


In verifying equations, and in alge- 
braical operations generally, remember 
that addition and subtraction seldom 
or never take place in denominators, 
so long as they remain denominators, 
and only occur when, by the rules 
for fractional operations, denominators 
have been incorporated with nume- 
rators. Also remember that, except 
for the purpose of incorporating two ex- 
pressions, the indication of the multi- 
plication is simpler than the actual 
result. For instance, we form a better 
idea of a -|- A taken a -|- A times, which 
involves one multiplication, and two 
additions of the most simple character, 
than of its equal a* -)- 2 a A -f- A* in- 
volving two additions and three mul- 
tiplications. Hence, the most conve- 
nient plan will be, to let the indications 


of multiplication remain in denomi- 
nators, without performing the opera- 
tions, until, in the course of the process, 
those denominators become numerators 
or factors of numerators. Thus, 

(a -h It) (c -f d ) 

(e + /) (g -t- A) 
should be written 

ac+ad-ybe-hbd 

(e+/T(f+ 

When a denominator occurs which 
will be written several times in the 
course of a process, the belter way will 
be to substitute a single letter for it, 
restoring the original denominator only 
when the chosen lettercomes to appear 
in a numerator. The following exam- 
ple is worked at full length in every 
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respect, containing everything which the student would find it necessary to 
write 

X - b _ X - a _ (a + i)i 

u b ab 

bx - 6* - a (X - a) = a (a +b) x 
b X - 4* — ax + 0*= ab X — ax - bx 
o' — 4* = ab X — 2b X 
a* — b' 

X = — Uiab - 2b = P 

ab - 2b 

_ I — b* ^ o’ — f — a 6’ + 2 4* a’ + 4t-o4* 

X - b = — p 4 = p p 

cf — If o’— 4* — o’4+2o4 

X -a = — a- Y 

X — h X — a a’ + 4*-o4’ <^ — 4* — a*4+2o4 

a 4 a 1* 4 P 

a*4 + 4’-a4* o’ — o4*— f^4 + 2a*4 

o 4 P o 4 P 

_ a' b + If — a b' — a*+o4* + a*4 — 2o*4 
= - 

If - a If — 0 * + o 4* + o>4 — a* 4 . , 

= JP 5 (1st side) 

a 4 P 


, (o+4)x / o + 4\ ab - a — b 

Again. = = 


b* ab — a — b cfb — atf — a* + o4*-a’4 + 4* 


(2nd side) 


Multiplications should always, unless rator of a result is the product of cer- 
where they are more than one and tain factors, that result should be 
complicated, be performed as in the written both with the multiplications 
last line of the above, without arrang- indicated and developed. As in the 
ing the multiplier and multiplicand following exam|ile — 
under each other. , 

(f X 

j ^ — ca = bx-ac 
When it is evident that the nuroe- ~ 

c (b — c) Id - a) cbd — (^d— abc + ac‘ 


b‘ + be 


o* - 4* + 4 c 


the sides of the equation become 
If cd — b (f d — of c 
o* — 4* + 4 c 

In the following examples we shall 
discuss the cases in which are presented 
what have been called the critical 
values of the solutions, namely, 

A 0 

the forms 0, - , and -, which are 

treated in all algebraical works, and 
which are here considered only as con- 
nected with the following theorems, 
which tlie student is to verify, each 
as it occurs, upon the examples given. 


1. X 3 0 indicates an equation of the 
form o X + 4 = c .T + 4, in which a 
and c are not equal : or an equation 
which may be reduced to that form. 

A 

2. X = — , indicates an equation which 

either has or may be reduced to, the 
form ax + 4 = ax + c in which 4 
and c are not equal ; and which cannot 
be tiue fur any value of x. 

3. X = -, indicates an equation which 

either has or may be reduced to, the 
form ax + 4 = ax + 4, which is true 
for ail values of x. 
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a) — c 


EXAMPLES OP THE PROCESSES 
9 


X — b _ p X ^ 
c c a 


which is in the foim given in the first 
theorem. 


c q + c' — a b 
~ c — a — a p 

The sides of the equation become 
a c' p — a* b p c* q — ae q 


If at the same time c - a - up=0, 
a - c _ j c 
a ~ a’ 


P = 


then - = i 


which call A. 
a 


a c (c — a — ap) 

If c 9 + c* — a * = 0, that is, if „ 

ab -d‘ Thcequation IS Ai + B = Aa: + B, 

q = , the solution becomes which has the form given in the third 

theorem. 


X = 0, unless it happen that we have 
also c — a — ap = o, in which case 


If the latter only be true, the solu- 


it takes the form 


0 a‘ 1 a» .. c (/• + C* — (Kb 

Let us suppose lorm , and 


thefirstonly and not the second. The the equation itself corresponding to 
equation Itself IS the same as »>-: r . 


\a cj * c a 


But if 5 = 
then 


a b 


^x + ^- 
c a 

a b 

c 


~ c : 


c 

q _ b c 

a c a 

which call B. Then the equation is 


e - 0 


x+B^-x+B 

c 


this case is (A meaning as before) 

A.X + - — - =Ax + - 
c a a 

which has the form given in the second 
theorem. 

The student should now go through 
the various examples which have been 
given, and should show that the same 
suppositions which reduce the value 
of X to either of the forms 


X = 0 


^ • 0 
IT = - X = — 

0 0 


will, when applied to the equation itself, reduce it to the form 

Aa: + B = Ca; + B Ax+B = Aa- + D Aar + B = Ax + B 

Equations should also be solved, de- s b t, ^ 

ferring all reductions until the result or - - - + ^ ° '' _ ^ 

has been obtained in the form of a “ ® a + c a + c 

complex fraction, as follows. The 

or 5 

a ' aa ' <t + c 


equation 

X }. (/, _ a e - X 

a c \ a / ~ a + c 

gives + — 1 — 

\o a c a + c J 


a c b 

a + e c 


a c b 

a + e c 


n c , A 

q- _ 

n + e c 


i + i 

a a c 


+ - 


1 


a + c 


I.et 


a X — b 


P - 


This .should now be reduced by mul- 
tiplying txilh the numerator and deno- 
minator by a c (a -|- c), which gives 
^ _ «* c* o' A -|- o A c 
+ p) (a + c) 4- a ~ 

a - bx 


a A 


a X b n 

or 4- — a_ 

c c a + b 


a-f- b 
1 


= 1 - 


A - . 


A (a + A) o (o + A) 


1 -* + a 

fl a 
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1 _ * + * ^ + L_ 

a c a + b b (a + b) 

“ + —} i 

c a (a + A) a 


a b c (a + b) — b* c (<i + b) + a h* (a + b) — a b cp + a c 
a' b (a + b) + b c — b c (a + by 


One of the things which the student 
must observe is, that an equation may 
be, in particular cases, intelligible in 
some forms and not in others, though 
the intelligible forms are direct deduc- 
tions from the unintelligible. For in- 
stance suppose 


X — a . , 1 — X 

1- A X 

c e 


0 ) 


ex — ae-t-Acex=c — cx (2) 


X 


e + a e 

b c e + e + c 


(3) 


If we suppose e = 0, the equation 
assumes the unintelligible form 


T — a 


0 


-t- A X = 



while (2) assumes the form 

ex — (i« = 0, orx=a 

which is also the result of the solution 
(3) in the case where c *= 0. We have 
here nothing to do except with the 


following circumstance, that the rules 
for the solution of an equation give 
solutions to unintelligible as well as 
intelligible cases, which the student 
must connect together by means of the 
usual explanation of the former cases. 
At present, let all the examples be 
looked at, and let the following theo- 
rem be vci'itied in each case. 

When such suppositions are made 
as to the values of the letters repre- 
senting known quantities as will make 
one denominator only equal to nothing, 
then the same suppositions applied to 
the solution will give such a value of 
the unknown ouantity as makes the 
numerator of that denominator equal 
to nothing. 

It is usual to accustom the student 
to the solution of various problems 
producing equations of the first degree : 
these are ot no use whatever in them- 
selves, but may be made to furnish 
illustrations of the several algebraical 
peculiarities of the results. To these 
we shall therefore proceed. 


Section 17. — Interpretation of the cates of a Problem producing Equations of 
the first degree. 


We shall solve one problem in ge- 
neral terms, that is, by expressing the 
known quantities by letters whose va- 
lues are supposed to be given ; and shall 
then proeeed to inquire what particular 
values of the known quantities will give 
critical or other peculiar solutions, and 
what is the meaning of the problem in 
the cases thus formed. 

It is supposed that the student is 
already acquainted with the usual me- 
thod of treating the negative sign, and 
the following examples are for exercise, 
not for primanf instruction. 

Problem. There are two pieces of 
stutf, of I and 1' yards in length; of 
these the owner sells the same number 


of yards at p and p! shillings a yard, 
and afterwards selling the remainders 
at q and q’ shillings a yard, finds the 
same receipts from noth pieces. What 
was the number of yards first sold of 
each ? 

Let X be that number of yards. Then 
p X + q(l — X) 

is received from the first piece, and 
p' X + q' O' — sr) 

from the second. The equation of 
these expressions requires that xshoidd 
be 

q I — q' I' 

(pf - q') -ip-q) 


p X -h 9 (f - X) = - p' ^ + 9' 

It is usual to write algebraical ex- arc negative. The rules for the nega- 
pressions in some form which shows tive sign render such cases as manage- 
symmetry, even where cases may occur able as any others, 
in which combinations thus introduced 
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Let us first suppose that ft — q' ~ 
p — q,OT that tlie first and second prices 
of each stuff exceed each other by the 
same sum. The solution then takes 
the form 

q I — if V 
0 

and the equation becomes A = pf — 
<f = P -1 

A X + q I = Ax + q’ I' 

which is never true when q I differs 
from q‘ I'. Nevertheless, it may be 
made to approach as near as we please 
to the truth by taking x sufficiently 
great. For it must be remembered, 
that X + a and x + b, for instance, are 
nearly to equality the greater x is 
taken. Thus, 1000 + I and 1000 + 2 
are more nearly equal * than 4 1 and 

4+2. But at first it cannot be sup- 
posed that X is greater than the least 
of I and f. Consequently, keeping the 
literal meaning of the problem, it is 
here impossible. But we will now 
slate another problem, of which the 
one just given is a particular case, and 
which leads to the same equation. 

Problem. A man has two pieces of 
stuff, of / and T yards in length; he 
engages to furnish the same number 
of yards of each at p and pf shillings a 
ard, and having made this bargain, 
e finds the prices in the market to be 
q and (/ shillings a yard^ He makes 
such new bargains as enable him to ful- 
fil the first, and leave him without any 
stuff of either sort. He then finds his 
receipts (or deficits if he have lost) to 
be the same from both. What number 
of yards of each did he first engage to 
supply ? 

This is the problem in its most ge- 
neral terms. It meets the case that he 
may first have engaged to supply more 
than he has got of one or both; and 
also that in making up the stipulated 
quantities, he may be obliged to buy at 
such a price, that on the whole he will 
lose instead of gain. 

Let us first take the case that he has 
engaged to supply more than he has 
of either (x yards). Then he has to go 
out and buy x - I and x — t yards of 
the two sorts at q and q' shillings a 
yard. This costs him q (x — 1 ) and 
(/ (a; — /') shilling, and he then sells 
his X yards of both sorts for p x and 


* For • complete explanation of this point the 
•t(t<lcDt mavrvrtrr to the Rrst chapter of the Treatise 
on the UifTerential Calculus, which cooiauu DoUung 
more thnu a itttUvat might here read. 


p' X shillings respectively. If the se- 
cond be greater than the first he re- 
ceives 

p X — q (x — 1) and pf x — q' (x — i') 

shillings for the two, and 

px— g(x — l)=pfx — q'lx — f) 

hy the problem : but if the second be 
less than the first, he loses 

q (.X — 1) — p X and q' {x — V) — pf x 
shillings by the two, and 
q(x — 1) — p X = q' lx — V) — pf X 

by the problem. Both these last equa- 
tions give 

q l- q'V 

^'pf-if-ip-q) 

the same as in the first case. 

Let I > P, and suppose he can fur- 
nish the stipulated quantity of the first 
stock, but not of the second, that is, 
X is less than /, and greater than /'. He 
has then by the problem to dispose of 
his remainder I — x and to make up 
the deficiency a; - at 7 and 7' shil- 
lings a yard. Consequently, he re- 
ceives from the first p x + 7 (/ — x), 
and from the second he receives p' x 
and has to pay 7' (x - /') which leaves 
him pf X — If (X — /'). The first must 
be greater than the second, for by the 
problem he has the same (receipts or 
deficits) from both, and from the first 
he clearly receives; therefore he does 
so from the second. And the equation 
is 

p X + 7 (/ — X) = p' X - 7' (X - /') 
giving tlie same value of x as before. 

Let us take another possible variety 
of tbe same question. He does not 
engage to furnish, but to lake, the 
same number of yards of both, at p 
and p' shillings a yard. He then con- 
cludes such a bargain as rids him of 
his whole stock at 7 and 7' shillings a 
yard, and finds his receipts or deficits 
the same from both. It is plain that 
he then first buys x yards of both for 
p X and pf X shillings, and sells his 
/ + X yards of the first, and <' + x 

f iards of the second at 7 and 7' shil- 
ings a yard. If he gain by this, the 
equation is 

7 (/ + x) - p X = 7' (/' + x) — p' X ; 
if he lose, it is 

p X - 7 (/ + x) = p' X - 7* (/' + x) 
and both give 
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f/ 1' — g I not as g f — g' f 
}/-(/ — (p -[g) l>efore p» _ _ (p _ ^) 


but these latter only differ in the sign 
of the numerator, that is, only differ in 
sign. 

We shall now return to the general 
problem, and the case where p' - 9 ' = 
/ = 20 I' = 40 p = 10 


p — 9 . Say that the lengths of the 
two pieces are 20 and 40 yards, the 
first and second prices of the first 10 
and 8 shillings, those of the seconds 
and 4 shillings, or 
p '=8 9 = C 9 ' = 4 


p'-gf=p-g = 

If we suppose x yards (more than 
either 20 or 40) to be first bought, the 
equation is 

lOx - 6 (a: - 20) = 8 X - 4 (r - 40) 


or, 4 X + 120 = 4 X + ISO 
which cannot be, for the second side 
always exceeds the first by 40 (shil- 
lings). But this excess of 40 may evi- 
dently be made as small a part of the 
transaction as we please, by supposing 
X sufficiently great, and if two quan- 
tities be called nearly equal which have 
a very small difference when compared 
with their own magnitude, (which is 
the usual meaning of nearly equal,) 
then (Study of ^Iathematics, p. 41) 
this problem is said to be solved when 
X is infinite ; that is, may be as nearly 


I. 

II. 

III. 

IV. 


/ 

50 
20 
70 
6 1 


20 

8 

36 


P 

6 

9 

8 

9 


4 


solved as we please by faking x suf- 
ficiently great. 

If in the general problem we sup- 
pose 9 f = 9' I', and also p' — 9' = 


p — 9 , the value ofx takes the form -, 


and the equation becomes of the form 
Ax-i-B = Ax-fB. Ant/ value may 
be given to x. If in the preceding in- 
stance we suppose f to be 30 instead 
of 40, all the rest remaining the same, 
the equation becomes 


4x -t- 120 = 4x -I- 120 


which is true of all values of x, or any 
quantity cut off or added to the stocks 
mentioned in the problem, satisfies the 
equation. The following are other 
cases of this problem ; — 


9 9 ' .X Receipts 

8 9 - 175 750 

10 6 8 144 

10 5 66 238 

9 16 0 576 


The student must remember that the 
answers to this problem will not al- 
ways be whole numbers, but that these 
cases have been so contrived, in order 
to avoid fractions, and render the point 
we are now considering the only diffi- 
culty. 

1. The negative sign of the answer 
shows a diametrically opposite mean- 
ing to that which was supposed in the 
equation. We supposed that the owner 
began by engaging to furnish a quan- 
tity of each ; the answer shows that 
the problem cannot be solved in that 
way, but must be solved by supposing 
him engaged to buy 175 yards of each, 
both at 6 shillings ; or, if it seems more 
clear, the problem proposed is not pos- 
sible, but the corresponding problem 
which supposes him to begin by buy- 
ing is possible, and the quantity so 
bought must be 175 yards; this is 
an outlay of 175 x 6 , or 1050 for each; 
but the slocks of 175 -1- 30 and 175 + 
25, or 225 and 200 then in hand, sold 
at 8 and 9 shillings give 1800 and 1800 


shillings, so that the receipts for each 
are 750 shillings. 

II. Is altogether within the limits 
of the first supposition. 

III. Shows that he will have to buy 
58 yards of the second to make up the 
66 yards which the answer to the pro- 
blem shows he is engaged to furnish. 
This costs 58 X 5, or 290 shillings, 
and the whole 66 at 8 shillings yields 
528, giving, as the balance of receipt, 
238. Of the first stock he sells 66 yards 
at 3 shillings, yielding 198 shillings, 
and the remaining 4 at 10 shillings, 
yielding 233 shillings in all. 

IV. Shows that he must not cut off 
any of either piece in the first bargain, 
for selling the remainders (which in 
this case are the wholes) at 9 and 16 
shillings, he just gets the same from 
both. 

Let the student reconsider this ques- 
tion again and again, taking additional 
examples, and explaining them in the 
preceding manner. In every subse- 
quent question (particularly in geo- 
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metry) he must always be on the watch 
to explain the three forms, namely, ne- 
A , 0 

galire quantity, — , and 

1. When the value of an unknown 
quantity appears to be negative, look 
back at the problem, and consider the 
negative quantity as unmeaning and 
unexplained, until it has been shown 
that the problem requires the unknown 
quantity to be of Uie kind diametrically 
opposite to that which it was at first 
supposed to be. 

2. Consider the form — as unmean- 

0 


ing until it is shown that the greater 
the value given to the unknown quan- 
tity, the more nearly is a solution pro- 
duced to the problem ; then, and not 
before, use the abbreviated form of 
speech that the unknown quantity is 
infinite. 

0 

3. When - t> the result of an equa- 
tion of the first degree, let it be clearly 
ascertained that any value of the un- 
known quantity is a solution of the 
prolilem. What it means as to an 
equation of the second degree, we shall 
afterwards explain. 


Section 18. On Etniations tchich are required to be solved in whole Number*. 


This subject, though of very little 
practical use, will tend to impress on 
the mind of the student some consi- 
derations connected with whole num- 
bers which will make him more expert 
in common arithmetic. 

The following theorems and defi- 
nitions are necessary ; — 

1. A prime number is one which ad- 
mits of no divisors, except 1 and itself: 
such as 7, 29, 31. 

2. All italic letters in this section 
signify whole numbers, and Greek let- 
ters whole numbers or fractions. 

3. All numbers divisible by a are 
contained in the formula a b. Thus, 
all numbers divisible by 6 are con- 
tained in the set 6 X I, 6 X 2, 6 X 3, 
6X4, &c. 

All numbers which divided by a leave 
a remainder c, arc contained in a 6 -I- c. 
Thus, all the numbers which divided 
by 13 leave a remainder 4, arc con- 
tained in the set 13 X 1 4, 13 X 2 -p 

4, 13x3-1- 4, &c. 

5. All numbers are either prime 
numbers, or are made by multiplying 
prime numbers together. 20 is 2.2.5 
64 is 2. 2. 2. 2. 2. 2, 2420 is2. 2 . 5. 1 1 . 1 1, 
2310 is 2.3.5.7.11, and so on. That 
is. every whole number may be repre- 
sented by 

o” X 6“ X c9 X 

where a, b, c, . are prime numbers, 
and m, n, q, &c. are whole numbeis, 
prime or not. 

6. No number can be resolved into 
prime factors (the process of the last) 
in two different ways. Thus, if a 5 c 
= d ef it is impossible that all the six, 
a b, &c., can be prime. 

7. If a divide b, the prime factors of 
a arc all among the prime factors of b. 
Thus, 360 is 2*. 3’, 5, and all the divi- 


sors of 360 are represented by a case 
of one or other of the sets 

2". 3". 5, 2'". 5, 3". 5, 2"'. 3", 2™, 3", 5 
where >n is not > 3 n is not > 2. 

8. If a number represented by its prime 
factors, be a” 6" cp, the number of di- 
visors docs not at all depend upon a, b, 
and c, Imt entirely upon m, «, and p. 
Thus, 600 being 2*. 5*. 3' has the same 
number of divisois as 360, or 2*. 3*5'. 
The number of divisors (unity and the 
number itself included) is (m -t- 1) 
(n-P 1) (p-l- 1). Thus, 360 and 600 
both have (3 -P I) (2 -P 1) (1 -P 1) or 
24 divisors. We exhibit those of 360. 

1, 3, 3*, 2, 2.3, 2.3>, 2*, 2’. 3, 2'.3*. 
2>, 2\3, 5, 5.3, 5.3’, 5.2, 5.2.3, 

5.2.3’, 5.2’, 5. 2*. 3, 5. 2’. 3’, 5.2’, 
5. 2*. 3, 5.2>.3’. 

Give the reason why the number of 
divisors is here (3 -P I ) (2 -P 1 ) ( 1 -P 1 ), 
and try to give a general demonstration 
of the theorem. 

It is required to solve the equation 
1 1 X -p 7 y = 108 in whole numbers, 
or to find all the values of x and y? 
Or it is required to divide 108 into two 
numbers, one a multiple of 1 1, the other 
of 7, in as many different ways as pos- 
sible. The process is as follows: — 
Since y is a whole number, or J (1 08 — 
It X), or 15 — X -p p (3 — 4 X), of 
which 15 — xis a whole number; it 
follows that f (3 - 4 x) is a whole 
number. Let it lx: / ; then 3 - 4 x = 
7 (, or X = - ( -p i (3 - 3 /). This 
algebraic fraction is to be a whole num- 
ber, let it be t', then 3 — 3 / = 4 or 
t = \ — I' — i t', .so that J t' must be 
a whole number. Let t" be this whole 
number; thenf'=3('' < = 1 - 3f"- 
/" = 1 _ 4 ; X = - 1 -P 4 /" -P i 
(3 - 3 -P 12 /") •= 7 - 1 
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y = 15 — 7 J" + 1 + f (3 - 28 <" 

+ 4) = 17 - II /" 

11 r + 7y = 771" - 11 + 119 - 
77 t" = 103 

Tills result bein» independent of i", it 
would seem that we have thus an in- 
finite number of answers. And so we 
have if we consider algebraical answers, 
that is, positive or negative whole num- 
bers ; but if we restrict ourselves to 
arithmetical whole numbers, that is, to 
positive algebraical answers, we must 
so assume t" that 7 t" is greater than 1, 
and 1 1 I" less than 17. The only value 
of t" which satisfies both conditions is 
1 , which gives x = 6,y = 6, or 11.6-t- 
7.6 = 108, which is the only arith- 
metical answer. 

As these questions are entirely for 
exercise in numbers, we shall give no 
rule, but only a method. It is required 
to find a set of numbers, which being 
divided by 4, 5, and 6, give remainders 
1, 2, and 3. Let us consider the two 
first conditions: let x and ybe the 
quotients (rejecting remainders) of this 
number when divided by 4 and 5 ; 
hence, since the remainders arc to be 
1 and 2, we must have 4x-4- 1, and 
5 y 2, both equal to the required 
number. Consequently 
4a:-|-l = 5y-b2, or4ai-5y = l 
must be solved in whole numbers. We 
might find this as follows : we want to 
find a multiple of four which exceeds a 
multiple of five by I. A case is evi- 
dently found where x = 4, y = 3 ; add 
to these any multiples of 5 and 4, such 
as S ( and 4 (, and we have 

X = 4 + it y = 3 + 4 I 
4 (4 -t- 5 0 - 5 (3 -f- 4 0 = 1- 

But the preceding, though it shows 
that these forms satisfy the conditions, 
does not show that they are the only 
forms which do so. To show this, pro- 
ceed as before : we have x = y + I 
(y + 1), therefore y -4- 1 must be of 
the form 4 1 or y of the form 41-1. 
The preceding gave 4 /-(-3, which does 
not appear at first to be the same; 
but it is so in reality ; for though 
4 1 - 1 is not the same as 4 1 3, for 

any one value of 1, yet it is plain that 
1 less than one multiple of 4 is the 
same as 3 more than another. And 
the value of 1 may be any whole num- 
ber. Taking y - 4 t + 3, then the 
number 5 y -1- 2 is 20 i + 17, which 
formula contains all such numbers as, 
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being divided by 4 and 5, will leave 
remainders 1 and 2. But this divided 
by 6 is to leave a remainder 3, by the 
last clause of the problem. Divide 
by 6 algebraically, giving 3 1 -(- 2 -f- 
i(2 1 5), but 3 1 + 2 is a whole num- 

ber, therefore the remainder 3 must 
come from 2 1-1-3, which must there- 
fore be of the form 6 F -1- 3. But 21-t- 
5 = 6 1' -f 3 gives 1 = 31'— 1, and 
20 1 -(- 17 = 60 1' - 3, which is the 
form required. For example, let l'= I, 
then 57 satisfies the conditions ; let 
l' = 2, then 1 1 7 also satisfies them ; and 
so on. The student may make abun- 
dance of examples for himself, the test 
of correctness being obvious. 

Theorem. Show that a x by = c 
cannot be solved in whole numbers if 
either two of the three, a, h, and c, 
have a common measure which the 
third has not. 

We shall now suppose it required to 
solve the equation 

X* -1- y* = a* 
in whole numbers. 

Always in such a case endeavour to 
write the equation so that both sides 
may be reducible to a pair of factors. 
In the present instance write 
X* = c* - y’, 

or x.x = (z - y)(z + y) 

1. Suppose neither of the three to be 
given. Assume 

■Jp 

z + y = V X, then z — y=.~ 

*' = I ( ^ +9 F = I ( " - J) 

Assume* any even number for x, and 
let 2 i> be any divisor of x. Or assume 
X any odd number, and v any divisor 
of it. For example, let x = 9, » = 3, 
then z = 15, y = 12, and 9* + 12* - 
81 -I- 144 = 225 = 13*. This also con- 
tains the case where x is given, for it 
must then be assumed as given. 

2. If 2 be given, the preceding equa- 
tions give 

2 V z n* — I 

X = y = 2. 

e* -1- 1 * r* -f 1 

Write — for u, which gives (m > n) 
n 

_ 2m n z _ m* — n’ 

^ m* -I- n* ^ m* -4- n* 


* Any proof that maybe wantitii^ ia left fur the 
ftudcol. 
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Prove 1. that if m and n be whole 
numbers with n common measure, the 
preceding can be reduced, and other 
numbers, which liave no common mea- 
sure, substituted for them without al- 
tering X or y. 2. That in the latter 
case m n and m’ -h n* cannot have a 
common measure. 

Hence, prove that when x and y are 
whole numbers, the problem is impos- 
sible except when z or one of its fac- 
tors is the sum of two unequal squares. 
Thus, when * = 3 or 4 -I- 1, let m* = 4 
n* = 1, and a; = 4 y = 3. But when 
z = 11, the problem is impossible. 
When z = 10, or 9-1-1, then m = 3 
n = 1 gives a; = 6 y =!8. But 5, a fac- 
tor of 10, is 4 -1- 1, and m = 2 n = 1 
gives X = 8 y = 6, which is only a 
reversal of the former. 

Show the following, I. If m be greater 
than n, and both be integers, then 

X = m* — n' y = 2m n z = m* + n* 

satisfies the preceding problem. II. The 
square of an even number is divisible 
by four, and that of an odd number 
must leave a remainder one. III. A 
prime number divided by 6, must have 
2 m n -I- n* 

y = — —X z 

m' — n' 

And from a preceding part show that 
the following are solutions, x = m* — n', 
= 2 m n -t- n* z = m* -t- m n -t- n*. 
or instance, let m = 3, n = 2, then 


a remainder 1 or 5. IV. One more 
than a square may be a prime number, 
but one more than a cube cannot. 

Problem. To find two numbers, of 
which the.sum of the squares added lo 
the product gives a square, or to solve 
x* -I- X y -t- y’ = z’ 
show that, if x, y, and z, satisfy this 
equation, any of the same multiples of 
the three also satisfy it ; and hence 
prove that any real fractional solution 
gives a solution in whole numbers. 

Show that, in this problem, either of 
the following equations is a conse- 
quence of the other. 

2 -|-y=«(x-t-y) z-y=^ 
From these deduce 


r'— 1 X »• — f -I- 1 X 



Show that V must be greater than 1, 


and less than 2, or that if » = ’ 

m 

n must be less than m. Substitute 
this value of r, and thus obtain the 
results 

_ m* -)- m n -t- n* _ 

X = 5, y= 16, z = 19. Verify this, 
and find other instances. 

Show that if n be greater than m, 
then 


x = n*-m* y = 2OTfi + n* z = m* + »nn-|-n* 
satisfy x* — x y -t- y* = z* 

1. By the theory of the negative 2. Bv an independent process simi- 
sign applied to the preceding. lar to the above. 

Apply a similar process to 

a x‘‘ b X y y* = z', a x* ± 6 x y -t- cy* = c z’ 


a, b, and c, being given whole numbers. 
And, finally, apply the same process to 

a X* -j- 6 X y -)- c' y* = e’ z* 

Problem. Rc<iuired two numbers, of 
whicli the sum of the squares shall be 
a given number of times the sum. 

Let m be the given number of times, 
so that 

X* -b y’ = m (x -1- y) 

Assume x = - y, which gives by 
9 

substitution 

_ X - '”PiP + 9) 

If possible, take p and q so that 


m = p* -|- q*, or m = c (c* -|- q*), where 
c is a whole number. Then 

y = cq(p-\-q) x = cp(p-j-q) 
for instance, if m = 25 = 5 (4 -I- 1) 
X = 15, y = 30. 

Problem. Required triangular num- 
bers which are also squares. A tri- 
angular number is any number which 
results from making x a whole number 
in 4 X (x -t- 1). show that this must 
give a whole number. 

We have ^ x (x -|- 1) = y* 

Assume X = — y then X + 1 = 2 -y 
n m 

m n 2 11 * 

^ m’ - 2 h* m* - 2 «• 
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If we can now get m and n two 
whole numbers such that m* — 2n* = 1, 
we liave a solution in y = m n, x = 2/i*. 
Lot one set of values of m' — 2 /j’ = 1 
he found, say p and q, we shall show 
how by this one to find another. 

Assume m + 1 = ~ 


whence m - I = 2 - n 


2 p 9 

g.v.ng„= — 


p* + 2 9* 


p* - 2 9* 

let p and 9 be the instances which 


satisfy the preceding ; hence it follows 
that p* - 29 *= I, and n = 2 p 9 , 
m = p'+ 2 9 ’, which give m* - 2 n*= 
p* — 2 p* 9 ' + 49 * = (p’ — 2 9 ’)’ = 1 : 
and X = 8 p’ 9* y = 2 p 9 (p* + 2 9 ’) 

For instance, if p = 3 9 = 2, and 
p* — 2 9 * = 1, which gives from the 
first method x = 8 y = G, and we have 
4.8.9 =6 X 6: and from the second 
X = 288 y = 204, and 4 288.289 = 
204.204. 

Observe, that we are not sure of thus 
getting all solutions ; for it is not ne- 
cessary that m* - 2 n* should be I, it 
is sufficient that it divide m n and 2 n*. 


Section 19, Permulations and Combinations. 


Let [n,p] be the abbreviation of the 
product of all numbers between n and 
p, both inclusive. Thus 

[4,9] means 4 x5X6x7x8x9 
Let r n stand for the product of all 
numbers from 1 up to n exclusive ; 
thus 

r 8 means 7X6X5X4X3X2X1 


Now show the following : 

. , - r(n -t- m I) 

[”.«+>"]= i-n 


[n + m,n] T (n -I- m -t- 1) 

[m + 1,1] ~ rn X r (m + 2) 

Show that Ijg j 

[n,n -I- 9] 

whole number, if p be greater than 9, 
and m -I- p greater than » + 9. Take 
instances, and show this proposition : 
for example, 

6.7.8.9.10.11 

2 . 3 . 4 . 5. 6 

and from the instances endeavour to 
collect a general proof. 

If there be n counters marked C, C, 

C, C4 .... C., and if p be less than n. 


the number of different ways in which 
p counters can be drawn, one after the 
other, counting every two orders, how- 
ever slightly they differ, as different, is 
[n , n - p -t 1 ]. These are permu- 
tations of p out of n. But the number 
of different ways in which p can be 
taken out ofn at once, is [n,n — p-(-l] 
divided by [1 , n]. These are combina- 
tions or selections ofp out of n. 

Question. How many different 
hands can be held at the game of 
whist, or how many combinations are 
there of 13 out of 52 ? 


or 635,013,559,600 


Answer. 

[52 , 40] 

[1,13] 

How many different choices of 5 may 
be made out of twelve persons ? 
Aruaer. 


12.11.10.9.8 1.11.1.9.8 

or 

1. 2. 3.4.5 1. 1.1. 1.1 


or 792 


this method of abbreviation must be 
learned by practice: the 3.4 in the 
denominator is equivalent to the 12 in 
the numerator, and the 2.5 in the de- 
nominator to the 10 in the numerator. 

In how many orders may four be 
drawn out of 20 ? 

Ans. 20.19.18.17, or I162S0. 

Question. There are four boxes, con- 
taining a, b, c, and d balls. In how 
many ways may 4 balls be drawn, one 
from each ? 

Ans. From every ball in the first 
arises b methods of drawing from the 
first two ; there are c times as many 
ways of drawing from the first three ; 
for every way of drawing from the first 
two may be follo.ved by any of the c 
ways of drawing from.the third. There- 
fore a b c is the number of possible 
drawings from the first three ; amt by 
similar reasoning, abed is the num- 
ber of drawings from all four. 

In the preceding question, how many 
ways are there of drawing three from 
three of the four boxes ? 

Ans. The first thing to be done is the 
selection of the three boxes to be drawn 
from: this may be done in (4.3.2)-f- 
( 1 . 2 . 3) or four different ways (an abbre- 
viation of this sort might be used : in 
so many ways as three can be taken, 
in so many ways can one be left; that 
is, the number required must be four.) 
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Calling ABC ami D the four boxes, 
the selections may be 

A B C, A B D, A C D. or B C D, 

and the drawings from each set may 
be done \n a b c, a b d, a c d, or b cd 
ways ; whence the total number is 

a b c + ab d a c d b c d. 
There are 3 boxes, with four, five, 

DalU ore tnkeo out of 

A (4) B (5> C (G) 
0 2 2 

2 0 2 

2 2 0 

1 1 2 


1 2 1 

2 I 1 


If there be n counters, all of a differ- 
ent mark, the total number of different 
orders in which they can be arranged 
is [n, 1], What case is this of a 
preceding theorem ? If there be n, 
counters marked C, , n, marked C„ and 


and six counters. In how many ways 
may 4 balls be drawn, not taking more 
than 2 from either? Firstly, consider 
how many ways 4 can be composed out 
of three numbers not greater than 2 (0 
being included) ; this gives only 0 -f- 
2 -1- 2 and 1 -I- 1 + 2. 

This gives as follows, since there are 
three different ways of varying the 
cases : — 

Number of of takiug them. 


5.4 

6.6 


X 


or 150 

2 

2 


4.3 

6.5 


X 


or 90 

2 

2 


4.3 

5.4 


X 

2 

2 

or 60 


6.5 


X 5 X 

2 

or 300 

5.4 



X 5 

»> 

< 6 

or 240 


4.3 

— X 5 X C or 180 


2 

In all 11)20 

n, marked C,, then the total number 
of different arrangements is 
[n, + w, -p . 1 ] 

[n, ,1] [n,,l] [n,, l]‘ 

Deduce this from what precedes. 


Skctiox 20. On Expression of the first and second Degrees. 


The following points contain the 
summary of the theory of expressions 
of the first and second degrees, which 
is one of the most important parts of 
algebra, and without which the mere 
solution of equations is of little use. 

First degree. Let m x + n be the 
expression of the first degree with re- 
spect to X. Let R be its root, or the 
value of X which makes m iT -f n = 0 ; 
then 

1. R the root is - — . 

m 

2. OT r -p n = m far - R) for all 
values of X. 

3. When x is greater than R, m x-\- 
n and m have the same signs ; when 
X is less than R, m a: + n and m have 
different signs. 


Example, To verify these rules in 
3 1 

the case of 2 a" — 7 and — - x . 

2 5 

7 

In 2a'— 7 R=:-, m = 2n =— 7 

2 X - 7 = 2 = 2 (.r - R) 

Let X be greater than ^ say = 5 ; 
then 2 X — 7 =: 3 and is of the same 

7 

sign as 2. Let x be less than say • 

— 1 : then 2x — 7 = — 9, and is of 
a dijfercnt sign from 2. Again, let x 

be positive, but less than -, say = 3, 

then 2.x - 7 = — 1, and differs in 
sign from 2. 


• Sltitly of MaUicmatic*, page <9. 
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In - 


1 P 2 3 

R =r m = — - 

5 15 2 




Let X be greater than — 


15 



1. Let .r = 

2. Let X : 

3. Let X - 
Let X be less than — 

1. Let X = 

2. Let X = 


1 

15’ 

0 




1 

5 

U 

lu 




20 


Verify these assertions iiiion other 
expressions, such as ar + 1, Jr — 3, 
&c. 

Show that the root of m a: + n + 
m' X + n' must lie between the roots 
of m X + n and m'x + n', by several 
instances, and by algel>raical reasoning. 
Show also that the root of the first is 
greater than, equal to, or less than, the 
average of the roots of the second and 
third, according as n m'* + n' m* is 
greater than, equal to, or less than m m' 
(n + n') if m m' (m + m') be positive : 
or according as n m' • + n' is less 
than, equal to, or greater than, mm' 
(n + n'), if mrn' (m + m'} be negative. 

m + n + ri 

— n .1* - n X - r I 
m .7* - n X + r\ 

— mx^-\-nx — t] 
Geni>ral properties. I. If A* — 4 a c 

be positive, there are twodifTerent roots: 
if 6* - 4 a c = 0, these two roots are 
both the same : if A* — 4 a c be nega- 


_ — A+VA* — 4nc 

K 1 = — — 

2 a 

either of these substituted for x raabes 


Second degree. Let a x* + b x + c. 
be the given expression of the second 
degree, where <i. A, and c may tie seve- 
rally positive, negative, or nothing ; and 
let m n and r be the absolute numbers 
in a A and c, without signs ; so that if 
a and A be positive, and c negative, we 
mean that a is -I- m, A is -I- n, and c is 
- r. 

In making a summary of the pro- 
perties of the expression above given 
which are most useful, we distinguish 
1, those which are common to all 
cases; 2, those which distinguish the 
eight following cases from each other : 

m ,j* -(- « X — ri 
- m x' - fJX-hrf 
TO X* - n X — rj 
-mx*-l-n x-|-rj 
tive, there are no possible roots what- 
soever. 

2. The roots of the expression a.r* -I- 
A X + c, when they exist (call them Ri 
and K,) are 

— A— VA*— 4«c 


o.r*-|-Ax-l-c = 0. 

3. Between the roots and the co-efficients the following equations exist : — 

R, -(- Rj = - - R, R, = 1 
a a 


4. The following equation is true for every value of x (when there are roots). 


a ,r* -h A X -I- C = a (X — Ri) (x - Rj). 


G 
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5. When the two roots are equal, that is, when i* — 4 a e = 0 ; then 
b 

‘2a ■ 

and a X* + b X + c \% then a perfect square with respect to x, giving 


a .r* + 4 X + c = a (x - Ri)* 


^nx’‘ + 4x + c = ± “^a ^x + 


6. The following equation is always true, and shows (see 1, preceding), that 
(a .i* + 4 X + c) a is the sura of two positive quantities when 4* — 4ac is 
negative. 

, (2ax + 4)*44ac — 4* 

o.t* + 4x + c= : 

4 a 

7. a j* + 4 X + e and a never differ in sign, except when the two roots of the 
former are poesible and different, and X is taken so as to lie between them. 

8. When there are no roots, the least numerical value ofax*+4x+c 
happens when 

2ox + 4=0, orx = — 


and is c — 


4« 

4(1 " 


2a 


The preceding properties occur so bra, and particularly in geometry, that 
continually in all applications of alge- the student should know them perfectly. 
Example 1. What are the properties of 

- 2x*-t 4x+3 

a= — 2 4= + 4 c= + 3 

1. 4’ — 4 a c = 40 ; there are two different roots. 

2. These roots are 


R. = 


R. = 


— i-i— — = 1 - 5 ''10 (neg.) 
~ 4 * 

_ 4 _ 1 f — 

— = l,+ - 'To (pos.) 


Ri ■4" Rs ^ 


R. R, = — - 


4. - 2 .r’ + 4 X + 3 = — 2 (x — Ri) (x — R,) 

= _ 2 (X - 1 + 4 v/iF ) (X - 1 - 4 v'l 0) 

5. Does not apply to this case. 

( - 4x + 4 )* - 40 
- 8 


6 . 


-2x« + 4x + 3 = - 


= - 2 (X - D* + 5. 

7. -2x* + 4x+3is negative for every value of x, except those which lie 

between 

1 -4^70 or —1-581 1389 nearly 
1 + 4 ■^io or 2-5811389 „ 

in which cases it is positive. Show that it is positive when x = 1, 1'5, 
or 2-5. 


8. Does not apply. 

Example 2. 3 x* — 12 X + 12. 

a = 3 4 = - 12 c= 12. 

1. 4’ - 4 a c = 0 ; there are two 
equal roots. 

2. These roots are both = 2. 


5 3 .X* - 12 X + 12 = 3 (X — 2)« 

7. The expression is always positive, 
except only when x = 2 (0 is neither 
+ nor -). 

Example 3. 2 x* + x + 1 
at=2 4 = 1 c=l 
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1. i*— 4ae = — 7; there are no 
roots. 


C. 2:t* + j;+l 


(4x t- 1)»+ 7 
8 


7. This expression is always positive. 


8. Its least value is-, which iswhcn 
8 


X = 


1 

T 


When the co-efficients are fractional, 
reduce the whole to a common deno- 
minator ; for instance, reduce 


1 

2 


+ - X 

3 


3 8 .r — 9 

4 ' 12 


then from the properties of the nume- 
rator, those of the fraction may be ob- 
tained. 

Particular properties. The pairs 
bracketted together in page 81, present 
no distinction whatever except differ- 
ence of sign. Each one is the other 
of its pair with all the signs changed. 

1. When a and c have the same 
sign, the roots may be impossible, and 
we have 

A* — 4 a c is less than 6* 

— 4 a c „ „ „ A, numerically. 

2. When a and chave different signs, 
the roots cannot be impossible, and we 
have 

A* - 4 a c is greater than A’ 

^ A« — 4 a c „ „ A, numeri- 

cally. 

3. In-fm3:*-(-nx-|-n'l + -|- -f-1 
and — mx‘-nx-rf — - - j 

the particular distinction is. that the 
roots, i/ any, are both negative. 


4. In + nix' - nar -t- rl -h f-l 

and - r| h - ) 

the roots, i/ any, are both positive. 

5. In -h m.'C* -1- n a; — rl -(- -t- — 1 

and - m x' - n X + r) — — 4- J 

There must be two roots of different 
signs, the numerically greater root 
being negative. 

6. In + mx' — nx — rl -t- 1 

and — mx' + nx + r]- -t- -t-j 

There must be two roots of different 
signs, the numerically greater being 
positive. 

These may all be contained in one 
rule, as follows : — there may be as 
manypositiveroots as there arc changes 
of sign from term to term of the ex- 
pression, and as many negative roots 
as there are continuations of sign ; and 
according as the first term and the 
second present change or continuation, 
the greater root, numerically, is posi- 
tive or negative. 


, — 4 a c 

Show that ''A'‘-4oc — A = . .. . 

‘V A* — 4 a c -h A 


and from hence that 

R. = 7 ^ ^ - 

b + S' h' - 4 a c 
and also that if a be supposed to vary, 
becoming smailer and smaller, 

Ri continually approaches to - ^ 

Rj increases without limit. 


A — ^A* — 4 a c 

Why cannot this be 'made clear in 
both cases, when the first forms are 
used ? Also show from the preceding 
that when a is very small, 

— 4ac = A — nearly. 


If the roots of a x» -1- A a: 4- c be Ri 
those of c 4- A X 4- a are 

Ki 

Show this by actually forming the roots. 

Show that a change of sign in A 
changes only the sign of the roots, and 
not their numerical magnitude. 

Pixample. A number 2 p is divided 
into two parts, whose product is cf. 


and Rj, 


What are those parts ? 

Ans. The roots of the expression 
x« - 2 p X -t- rj”, or the solutions of the 
equation 

X* — 2px-l-q“ = 0 
G 2 
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namely, p + Vps — 
Prove from this that it is impossible 
the product of the two parts into which 
any number is divided should exceed 
the square of the half: for instance, 
that no two numbers or fractions which 
added together make 10, can have a 
product exceeding 25. 


and p — '^p' — q* 

Example. What are the solutions of 
(x — a) (a; — 6) = c ? 

Am. ” + ^ db '^t g — *)* + 4 c 

' 2 " 

What are \\\e r.nnditiom of possibiliti/ 
of this equation? Of the two follow- 
ing, which is possible ? 


(X - 4) (X - I) = 12 (X - 1) (X - 2) = - 100. 


What do the roots become when c = Example. AVhen is the following ex- 
0? How does this appear from the pressiou possible ? 
equation itself? 

Vffts — 4 ac) x*+(2 6rf-4ue)x + (f‘ — 4 a/ .... (1) 

The roots of the expression where square root is shown are 

2 n e — 6 rf vQ g { (c (f 4- g e* — & rf e) + (ft* — 4 g e)f\ 
b‘ - 4 g c ’ 


For what values of x will the following equation allow of being solved by pos- 
lible values of y ? * 


gy'+ixy + cx' 

Show by solving the equation on the 
supposition that y is tone found, that 
this question reduces itself to the pre- 
ceding. 

Show that the roots of ax* + 2 6x+ 
c = 0 are 

What are the roots of 


+ dy + e X + /= 0 
- 

g 

As this form often occurs it should be 
remembered. Compare it with that 
for the roots of gx* + 6x + e = 0, and 
explain the ditference. 


(1 + g)x* - 2(1 + 2 g)x + 1 + 3g? 


.4ns. 1 and 


1 + .3 g 
1 + g ■ 


For what values of a is the second 
root negative? Find this out from the 
expression, without looking at the root ; 
and from the root without looking at 
the expression. 


Am. When a lies between — - and 
3 

- 1 . 


Question. If the difference of the two 
roots of g X* + A X + c = 0 be D, what 
are the roots, and what equation must 
exist between g, b, c, and D ? 

Ans. 

„ — A+nD _ — A— oD 


A’ — o* D* = 4 a c. 

Prove this in two different ways. 

Question. There are two numbers 
svhose sum is p, and the sura of their 
squares is q : what are the numbers ? 


Ans. 


■ *^2 1/ — p ‘ 


and 

1 


I - ^^2 q - 


Show that a: + - 

X 

than 2, or that 


cannot he less 


X + 


1 


12 g (g < 1) 


has no jrossible roots. 

If the sum of two numbers be p. and 
the sum of their cuties q, then those 
two numbers are the roots of the ex- 
pression 

X* — p X + ^ ~ . 

3p 

If the roots of g .r’ + Ax + c be Ri 
and Rj. what is the expression whose 
roots are Ri + A and R.^ + A ? 

Ans. aX* + (A- 2aAjx + aA*- 
A A + e. 


Digitized by Google 



OF ARITHMF.T1C AND ALGEBRA. 85 


What is the expression where roots 
are m Ki and m K.^? . 

Aut. a x’ + mb X + m* c. 

1 + V'l + 4 a 

V = 

2 


What number is that which exceeds 
its square root by a? Let v be the 
square root, and r* the number ; then 

1 - + 4<i 

or — 

2 


V = 




verify and explain both cases. Show number, which added to its square rout 
that 'e and r* are rational when u is a is equal to a, and show that the square 
niimlwr or fraction added to its square, root of f* which does not satisfy one 
and that only one square root of r* will question, satisfies the other, 
satisfy the condi'ion. Find also the 


What are the roots ofaar* + 6x* -t-c? 

An,. ± sj - b + >Jir=Trc ^ - ft - ^-~T ^ 

' 2 a ^ 2 a 

Point out the cases in which two Show that there cannot be one or 
roots only are possible, and in which all three possible, and the others or other 
are possible or none possible. impossible. 


are tne roois oi o -t- o a 

Ans. ^ 

^ 2 a 

which may be taken with cither sign if 
n be even. We do not here enter on 
the impossible roots. 

What two numbers are there whose 
sum is m times their difference, and 
whose product is n times their sum ? 

It X and y be the numbers, then we 
have the equations 

x-fy = OT(x-y) xy=n(x + y) 

From the first, y = *—7—7 x, 
m + 1 

which substituted in the second, gives 

2 m n , ,, 2 m rr 

X --- and thence y = — . 

«i - 1 m + 1 

What numbers are there, the sum of 

x' + y' = m {X + y) 


■ c t 

and A 

2a 

whose squares is m times their product, 
and the difference of whose squares is 
n times their product. Examine the 
equations and prove that these two con- 
ditions are contradictory unless m’ — 
n* = 4. Thence prove that they are 
never true when m is a whole number, 
unless m = 2 n = 0, and never true 
when n is a whole number. Show, as 
in page 77 , that when 

m = * + - fi = A , 

K A 

any values of x and y which satisfy the 
first of the equations also satisfy the 
second. 

Solve the equations 
X + p = n (X - y). 


From the second. 


n — 1 

y = — X, 


II + I 

which, substituted in the first, gives, after reduction, 

2 (a' -j- 1 ) X* = 2 m « (n -h I) X. 

An,. Either x = 0 y = 0 ; 


II 4- 1 n - 1 

ni n — - — y = m n -z . 

«• + 1 " n’ + 1 


Solve the equations 

X' - y' =3: m X y . 


.(A) 


T - y - n X y . 


First deduce .T -f y = — .... (C). 

n 


. (B). 
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Substitute y obtained from this in bolli of the first equations, and show that 
they produce diOerent results, namely, 

n' (2 + m) jn' + m n (2 — m) X - = 0 . . . . (D) 


n x' + (2 — m)nx— m — i) .... (E) 

the roots of either of these are values of x, which with y = — — x, solve the 

n 

equation; namely. 


(D) 

(E) 


— m (2 - m) ± m '^\2 + m' 

2 n (2 + m) 

— (2 — m) n± — m)‘+4mn_ 


The truth is, that by the artifice of 
division, which i)roduced,_the equation 
(C), we have obtained equations of the 
second degree ; whereas, had we simply 
substituted in (A) the value of y from 
(B), namely, 

X 

y = 

n X + 1 

we should, after reduction, have ob- 
tained an equalion of the/ourfA degree, 
which may have four possible roots. 

We must here remind the student 
that there is a degree of connexion be- 
tween algebraical equations, more than 
is actually and logically contained in 
the forms of speech by which they are 
connected. Let us take the following 
assertions : 

(A) All right angles are equal. 

(B) P and Q are right angles. 

(C) P and Q are equal angles. 

If (A) and(B) be both true, (C) must 
be true: but if (A) and (C) be both 
true, it does not necessarily follow that 
(B) must be true, as will easily be seen. 
But lake for (A) (B) and (C) three 
algebraical equations, of which (C) 
necessarily follows, or is true, when (A) 
and (B) are true ; for instance, 

(A) X + y = 1 

(B) X - y = i 

(C) X* - y» = 35, 

of which (C) must be true when (A) 
and (B) are true. It follows that when 
(A) and (C) arc true, either (B) is true, 
or (B) is one of Itco ccpiations in this 
case (it might be three, four, &c., in 
problems of a higher degree) one of 
which must be true. Assume equations 
(.A) and (C) or 

X + y = 7 x‘ - y' = 35. 

If we divide the second by the first, 
we have x — y = 5, which it apiiears 
at first must follow absolutely ; and this 
is true, finite numtiers only being con- 
sidered, But we have {Study of Ma- 


thematics, p. 41) to consider the possi- 
bility of an infinite solution, or of this 
problem being one particular case of a 
general problem, which admits of more 
solutions than one, in general, but of 
which solutions one or other increases 
without limit, as the general problem is 
made to approach to the particular case 
in question. We have .seen that a 
problem of the second degree must 
generally have two solutions, but this 
seems to have only one ; for since 
equals divided by equals must give 
equals, it follows that if x + y =.7, 
and X* — y' = 35, we must have x — 
y = 5, and x y = 7, together with 
X — y = 5, give X = 6 y = 1, and 
nothing else whatsoever. The question 
is, what is become of the second solu- 
tion which the general problem ax -p 
by ~ m p x^ — q y' =n will be found 
to have ? To solve this quesiion, we 
must first see whether we really have 
only one solution. Instead of dividing 
the second equation by the first, sub- 
stitute in the second the value of y 
from thc.first, which gives 

X" — (7 — X)' = 35, 
an equation of tlie second degree at 
first sight, and therefore with two roots 
or none. But on looking further, we 
sec that this equation is no more of the 
second degree, than x = 1 is of the 
liundredlh degree (being x x““ = 

I -t- x"’°), as the terms of the second 
degree destroy each other, ami leave 
14 X - 49 = 35 X = 6. 

But let us now alter the problem by 
proposing 

at + y = 7 (1 -t- A) x’ — y’ = 35. 

We here present a problem which 
may be made as near as we please to 
the former, by taking k sufficiently 
small, and which absolutely becomes 
the former, when A = 0. Now substi- 
tute as before, and we have 
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(1 + A) »• - (7 - X)' = 33, or 
A X* + 14 X = 84 

- 14 ± ^ 196 + 336 A 


- 7 + “^19 + 84 A — 7 - •»^49 4- 84 A 


(p. 83) “ . 

V49 + 84 A + 7 

If we now suppose A to diminish 
continually, the flrit root approaches 
continually to 


+ r ’ 

while the sreond is always negative, 
and has a denominator which dimi- 
nishes without limit ; that is, the root 
increases numerically without limit. 
When A is small, the first expression 
for the second root shows that it is 


- 7 - ■^49 


14 


or — nearly; 


so'that if A **** would 


be nearly - 14000. 

Let us suppose A to be very small, 
and let the great and negative value 
of X be taken. Then x -t- y = 7 shows 
that y or 7 — X is a little greater and 
positive. We now ask, what is the 
substitute for the equation x — y = 5, 
which is necessarily true in the first 
problem ? Is it nearly true in the se- 
cond problem? To investigate this, 
take the second equation in the form 
(X* - y*) + Ax* = 33, 
divide the, three terms by the equals 
X -t- y, 7, and 7, which gives 

P + Q = - J . (1) 


84 

or T =: 

V49 + 84 A - 7 

, Ax* 

X — y + — ^ = 8. 

This equation will be true, as might 
be proved by actual substitution: but 
it will not be true, because x - y = 3 
nearly, but because x — y is a negative 
quantity, and f A X* is a positive quan- 
tity greater by 3. And though A may 
be small, X is so large that A x* is con- 
siderable. With respect to x = 6, 
which will give y = 1 very nearly, 
which is one solution of tlie second 
problem when A is small, we may say 
that 

X— y-b— Ax* = 3 
7 

means x - y = 8 very nearly, be- 
cause the term rejected is only about 
36 sevenths of A, and is small : but we 
may not call the latter equation nearly 
true of the larger root. 

Question. If a x* -1- 8 x -b e, and 
o' X* -b 8' X -b o' have a root in com- 
mon, what equation must exist between 
a, 8, c, o', 8*, o' ? 

Let P be the common root, and let 
Q be the other root of the first, and Q' 
the other root of the second. Then we 
have 

P Q = - . . . (3) 
a 


P + Q' = 


o' 


. ( 2 ) 



. (4) 


From these equations deduce the following: 


Q' 

Q 


from which deduce 




8 o' — 8' o 
ad — a! c 


a d 
o' d 


Now, from (1) and (3) deduce 

oQ'+AQ-bc =0, 


and thence (from the preceding) 

c (h oi — V a)' h (b <d ~ Id a) (a d — 0 ! c) + a (ad — c)* = 0, 

which show to be the same as 

(ad ~ a' c)' = (cb' - d b) (bvl - V a) . . , . (5), 
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Now deduce the same as follows : — 
since P is a root of both, we have 

aP’+ 6 P+c =0 
a'P« + 6 'P + c' = 0 
Hence, deduce 

(a o' — a' c) P* - (c 6' — o' 6) P = 0 
and also 

(6 o' - y a) P — (a o' — a' c) = 0 , 
and from Ihe two last deduce (5). 

Quesliot). Given the values of o and 
c ; required the method of finding such 
values of b as will make the roots of 
ax^ + b X c rational. Show, from 
the method explained in page 77, that 
6 ' — 4 a c is a square when 

b = a m + — , 
m 

m being any number or fraction what- 
soever. Show that the roots in this 
case are 

— m and — 

a m 

' Question. In how many different 
ways can whole and positive rational 
roots be given to Ihe expression 
3x* -h Ax -1- 36? 

Show, from the preceding, that m 
must be either — 1 , - 2 , — 3 , — 4 , 


— 6, or - 1 2, and that the values of & 
are - 39, - 24, - 21, - 21, - 24 
and — 39. Explain the recurience of 
the values of A. 

Miscellaneous questions. Deduce 
from the general equation, the roots of 
a .x* c = 0, and of o x* -I- Ax = 0. 
On what does it depend whether the 
roots of the first are possible or not ? 
Show that when A is very small com- 
pared with a and c, Ihe roots (if any, 
on what does this depend?) are one 
positive and the other negative, but 
numerically very nearly equal. Show 
that when c is very small compared 
with a and A, that one of the roots must 
be very small, but not the other, neces- 
sarily. What are the necessary con- 
ditions that both the roots must he very 
small? If c and a be equal, what re- 
lation must exist Itetween the roots? 
Show that if the sum of the squares of 
the roots be unity, we must have A* — 

2 a c = a*. In what relation do the 
roofs of a x’ -t- m A x -|- m* e stand to 
those of ax’ -f A X -t- c. Show from 
the method already given, that if ax’-l- 
A X - 1 - o and o' x* A' x -t- have a 
common root, 

(a -f p a') X* -t- (A -f p A') X -t- c -t- p c' 
has the same for all values of p. 


SaCTtON 21. On Equations of the first degree, tcith more unknown quantities 

than one. 


As few cases of these will occur in 
the future reading of the student, which 
]>resent any very complicated opera- 
tions, we shall here only describe Ihe 
best method of proceeding when only 
one of the unknown quantities (three in 
number) is wanted. 

Suppose the equations to be 
2x + 3y-f42 = 20 
3x-2y-2i = 4 
4x— y + 2=12. 

Suppose Ihe value of z is required. 
Multiply the second equation by p, and 
the third by q, then add the three to- 
gether, and suppose p and q to be such 
that 

2-f3p + 4g = 0 
3 — 2 p — q = 0. 

Show that we must then have 

Z = ^*^ ~*~ ** 7 ? + 12 q 
4 — 2 p + q 


that from the preceding equations, 

„ 13 , 

/> = -r- ? = — r> whence 2 = 0 . 

5 5 

Again, suppose the value of x is 
wanted in 


as(: + by — cz - 1 
Ax-fcy -02 = 1 
cx-l-ay — A 2 = I. 
Show that if 


then 
and that 


A-bcp-(-nq = 0 

c-l-ap-i-Aq =0 

X = — L+.fJ ±'7 

a t- Ap + cq 


_ _ c* - ab 

«' — Ac ^ - rt’ ^HTc 
_ _ «*-l-A*-t-c* — aA — Ac — ca 
a“+be-^(S — 3abc 
Determine Ihe values of x and y by a 
similar method. 
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Section 22. On Exponents. 
Explain the following expression.^ : 


1 

1 . J * * 

X* , X - x‘ , 

X ‘ , X* , X *, X* 


( L IJ 

\ x'}*. 

\(x + D' I* 

x" X x" = x"'^". 

sn . — M IK — a 

X X X = X 

x" — x" = x" ■ 

«i • — n SSI X « 

X X = a? 

X~" X X* ' = x“ 

" ” ■ _ .j.” (’" + ■) 


X-- -1- a;"" = !’■"= 

(»"> =x"". (x--y = x--, (x-- )■"= x"" 


t a -4 ••9,-41 

T X X X :p - X XXX -r^ 

What is the value of p in the following equations ? 

x' X x“ = X* X x”', x"' X x'" = x“ . 


Reduce the following expressions to fractional exponents and find the results : 
»]x X Vx = Vx* Vx* X Vx“ = •^x"’+‘* 

\/ X six = \fx^ \/ X* 'sTx = Vx* 

Co* X (a’xa*)*) = o '* “s/ x's/x = ^x'*' 

The 9 lh root of the pth power of x the result being then multiplied by the 
having been taken, the reciprocal of the cube of x, the fourth loot of the wliole 
result is raised to the rlh power, and its is taken. What is the algebraical me- 
*th root is taken; this result having I hod of slating this process, and what 
been first multiplied by the pth root of power of x is the result?, 
the qth power of x, is equaled, and 



»P t * 4- - tp*r 

Result, 

X 

or. 

1 JL. 

X* X .T*' 

;■ ' 


( «• + i*") = a + 2 a' +b 

t L L\* 1. L L L 

V a* + i’ ) = a + 3 n* 6’ + 3 o’ 6’ + 6 

( / + (a* -!!-=■) = a-b 

( « «lt fm nsN fan 

a" + 6 ') = o' + 2o'i ' + 6 ' 
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a + 6 = o* ( a' + a * 4 ) = a* (o’ + 0 * 4 ) 

= a^(a“+a“4)=a4 (4 + a b ) = a 4 (a4 + 4 a) 

= o'=(o~^+ a~'b) = a“4" c' («-<"'« 4- c“' + a~" 4-'"-‘> C' ) 

L 1 L'V L / L . L L\ 

a' - b' = a \ a ^ — a b' J = o'* Vo* — a ‘ 4^/ 


a" : a" :: a' : a'+"-" a* : :: 

Multiply together the two series 

a + a' X + a" X* + a'" X* + a" X* + .... 




and 4 + 4' jj" ' + 4" X * + b'" x " + 4" x~ * + 
and give the terms of the product which involve 

X”, X- •, .c", and x ~ ". 


Answers. 

(.ba"' + 4'n" + 4" u» + ....)x> ( 4 a'"’ + 4'a'"'*'" + 

(a 4"' + a' 4" + a" 4» + ....) X > (a 4'"’ + a' 4'* + ” + 


...)x- 
..) X " 


a — b = 

(«^- 

»*)(.< 

+ 4 * 

) 


= 

U- 

»*) (•* 

+ ai 

4* + 40 


= 


»')(«> 

-I- a* 

4^ + 4* 

+ 4^. 

a a' 

« - 1 



m n 4 . 1 fH 

+ <l— 1 

4 ■ 

a 


a - 4 

• 

'oTb- 

4 

~ - i 

a " 

1 “ 
4" 

a" ti' 

+ 1 




tN f — I 



f 

4”*. 


Section 23. Miscellaneous Questions. 


How much time elapses between 
two consecutive conjunctions of the 
minute hand and hour hand of a watch ? 

Ans. 1 hour, 5 minutes, 27 seconds, 
and -jSj. of a second. 

If one hand revolved in a hours, and 
the other in 4 hour*, what time would 
elapse lietwcen two conjunctions ? 


.'Ins. If 4 be greater than a, 


ab 

b — a 


hours. 

In the last question, how long will 
it be before the quicker hand has gained 


^ of a whole revolution upon the other? 


Ans. - 


ab 


b — a 


hours. 


In 


a + 4x 


determine a and 4 so 


1 + J? 

that if in the expression the expression 
itself be substituted forx, the result will 
be = X. 

Ans. a may have any value, pro- 
vided b — — 1, or the expression must 


be 


a — X 

1 + x' 


Digitized by Google 



OF ARITHMETIC AND ALGEBRA. 


91’ 


Show (hat in the series 


1 + n X + n 



x’ + n 




X* + 


the same result is produced by writing ceding series when n-=l n=2 n=3 
n + 1 instead o( n, as would be pro- n = 4, and show that they are the same 
duced by multiplying the series by as 1 -t- x, (1 + x)*, (I + x)^ and 
1 + X. Write ihe values of the pre- (t + x)‘. 


Multiply together the two following series : 


^ 2 2.3 2.3.4 


&C. 
+ &C. 


and show that the product is the expression obtained by writing x + tj instead 
of X in the first. 

Multiply together the series 

a -t- o' X -t- o" x" + a'" x* + a'" x< + . . . . 
and 6 -f- 6' X + 6" x” -f- b'" x‘ + b" x* + .... 


What is the term of the product involving x" ? 
A ns. 


(a‘*> b + + + o'*'*-'' + a )x* 

In the preceding question, let the second series be 

l-t-x + x*-l-x' + x*+ 

or let 6=1 6" = 1 6" = 1 &c. 

Find from the result an easy method of multiplying any series by the last men- 
tioned, and make use of it to find the first five terms of the fifth power of 
l-hx-l-x’-t-x’-f- See. 

Ans. 1 -h i X -I- 15 x* -f 35 x* -b 70 x<. 


Show that in the product of the two series 

a -b o' X -f a" .t" -b o'" x” -t- o" X* -b . . . , 
a — a' X -b u" X* — o'" x” -b a" X* 
there can be no terms involving odd powers of x. 

Show that the following are all equal to each other and to ^ ^ 

1 -b — 1 + X -b , 1 -b X -b x' -b &c. 

1-x 1— X 1— X 

Three men. A, B and C, could complete a work as follows : A and B in c days, 
B and C in a days, A and ,C in 6 days. In what time could each complete it, 
and in what time could they all do it together? 

Ans. A B and C coidd severally do it in 

2a6c 2o6c i abc 

a b A- ac ~ be ab + bo — ae be ac — ah ^ ’ 

and all three together in . ^ days. 

u6 -b 6c -b co ■' 

Explain the case in which a = l, 6 = 4, and c = 6, and also that in which 
0=1, 6 = 2, c = 2. 

Every whole number is either one of the series of powers of 2 contained in 
1, 2, 4, 8, 16, See., or may be made by adding together (ermsof this series without 
repealing any term twice. And every whole number is either one of the series 
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of powers of 3 contained in I, 3, 9, 27, 81, &e., or may be made by addition and 
Eul)traction of terms of this series without using any one twice. 

Prove the following formulae : 


«(« + !) 


+ n + 1 


(n + 1) (n+ 2) 


n (n + 1) (2n + I) 


+ (n + !)• 


(n + 1) (n + 2) (2 n + 3) 


n* (n + 1)* 


+ (n + ip 


(f» + 1 P (n + 2 )’ 

4 ’ 


and having proved these, deduce from 
them the following theorems : 1. That 
the sum of all whole numbers up to n 

is i n (n + U. 2. That the sum of 


the squares of all whole numbers up to 

n‘ is i n (n + 1) (2 n + 1). 3. That 
6 

the sum of the cubes of all whole num- 
bers up to n*, is the square of the sum 
of all whole numbers up to n. 


From what immediately precedes, prove that the sum of n terms of the scries 

, , n — 1 , 

a, a + o 0 + 20 .... isno + n — o 

that the sum of n terms of 

o" (o + ip (o + 2ip . , . . is no’ + n (n — ))oi + i n(n— 1) (2» — I) i* 

0 


and that the sum of n terms of o*, (o + 
3 1 

n o’ + - » (7» — 1) o’ i + - n (n — 
^ 2 

What is the inverse operation to ad- 
ding one nth part of the whole, and 
subtracting one nth part of the whole ? 

Answers. The subtraction of the 
(n + l)th part, and the addition of the 
(n — l)th part. (The principal dif- 
ficulty is in the correct understanding 
of the words of the question.) 

There is a number to which I add its 
fourth part; from the sum I take 3, 
and to the difference 1 add its fifth 
part. The result is 10. What was 
the number? 


There is a number to which o is 
added, and the result is divided by A. 
To the quotient o' is added, and the 
result divided by 6'. To the quotient 
a" is added, and the result divided by 
6". The result of the last process is 
found to be A. What was the number? 


A)' &c., IS 

1) (2 n — 1) 0 A’ + i n’ (n — 1)’ A’ 

4 

Ans. hbf' b> b — a" b' b — a' b — a. 

In the preceding, let the addition be 
changed info a subtraction, and the 
division into multiplicalion. What is 
the number ? 

Ans. 

a' a" h , 

ir=a+- + rb'lP' 

Multiply the expression Vo + VA 
+ Vc by Vo + Jb — Vc, give the 
product the form P + VQ- ntiil- 
tiply by P — VQ. What is the result ? 

Ans. o’+A’ + c’ — 2oA — 2Ae — 

2 c a. 

How many different cases are there 
of ± o ± A, and what is the product of 
all? 

Ans. - A*)* • 

How many different cases are there 
of ± o ± A ±c, and what is the pro- 
duct of all ? 


Ans. (o‘ + lA + c* — 2o’ A* 
' Show that one of the three, o — A, 
A— c, c — a, must be negative, and one 
must be positive ; and that o’ + A*+ c’ 
always exceeds oA + Ac+co. 

If m be a given number, then X can 
always be taken so great that (.T + m)' 
shall exceed x’ as much as we please ; 


— 2 A« c’ - 2 c’ o')' . 

and at the same time by as small a 

fraction of x as we please. 

Show that the number of different 
ways (counting different orders as dif- 
ferent ways) in which p numbers, no 
one of which exceeds m, can be put 
together so as to make q, must be the 
co-efficient of X> in the development of 
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(t + I'* + + + x" ■ ‘ + x“ ) ^ . 

M'hat are the roots of the following equation 

a (/) X* + q f + r)* + 6 (p x’ + q X + r) + c = 0 ? 

A ns. The four cases of 

— ij ± (}' — iapr — 2 bp Ip ^6* — 4 u c. 

2 “^a. p 

2 fj 

Show that the sum of these four roots is - — 

V 

Prove the following formula by verification : 

^^2 “^a ± b Vc = + Vu* — b* c i a — s/a' — A' c. 

For what numbers or fractions is x' - c y* a square ? 

Ans. m, n, and p, being any whole numbers or fractions, let 
X = p (cm* + r.*) y = 2p m n. 

How must m, n. and p, be taken, so that c being a fraction, x’ — c y* may be 
a square whole number ? 

Assuming the following notation 

V„ = 1 , 2 Vi = X + - , 2 Vj = X* + ^ , 2V, = x’ + , &e. 

X 3r X 

show that V„^, + V, _ , = 2V. V,. 

Let p he a given whole number, and show that the following equation is 
satisfied by one value of n and m, and by one only ; 


2 ■ + ' + 2" — 1 = 2p + 1. 

Form a series of terms Ireginning with I, and such that eaeh term exceeds 
tlie jireceding by the cube of the units figure in the sum of all the preceding. 
Ans. 1. 2, 29, 37, 766, 891, &c. 

Show that the following equation, x" = a x + A is verified by 



n/I - 


27 


and show tluat the product of the two terms in the value of x just given is 

Find a value of P from the equations P = Q + x" P = 1 + Q x, and show 
how this may be applied to deduce the following equation ; 


^ — = l+x+x* + x’ + +x""' 

1 — X 


from which deduce the following : 


y" — X" 
y - X 


= y'-* + y’ 


X + y’ x« • • • • + *" ' ~ • 


Detect the mistake in the following 
process : 

Let a = A ; then o* = <i A, or o* — 
o A = 0, and o’ = A' or a* — A'* = 0, 
thence a* — a A = a’ — A*, or a (a—b) 
= (a -|- A) (a — A), or o = n + A. 
But b = a, then a = a -f- a = 2 a. 

If n and A be very nearly equal, then 


- VA 
a — b 


_1 

2 s/a 


very nearly. 


In the equations ar-{-by = ah' 
.x*-f- y* = c\ what relation must exist 
between a. A, and c, in order that the 


resulting values of x may be equal? 
ab 

Ans. c 

V^^+A' 


Two circles may cut each other in 
two points ; two straight lines in one 
point, and a straight line and circle in 
two points. How many ditferent points 
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of infcrsection may there be where 
there are 12 circles arid 10 straight 
lines ? 

Ans. 427. 

What is the answer to the preceding, 
when there are m circles, and rr straight 
lines ? 

Ti 1 

Ans. (m + n)’ — m — n — 

2 

Prove that the preceding expression 

Ans. 

-^om* + bn’ + rp* + 2 a' np + iV pm + 2 c' mn — am - bn —cp 

Verify the following equations ; 

1 = (a- + 1) — X 
1.2= (X + 2)> - 2 (X + D* + X* 

1.2.3 = (X + 3)« - 3 (x + 2)> + 3 (X+IP - .x> 

1.2.3.4 = (X + 4)« - 4 (X + 3)« + 6 (x+ 2)* -4(x+ 1)* + X* 
And also the following, 

0 = (X + 2) - 2 (X + 1) + X 
0 = (X + 3)’ - 3 (X + 2)' + 3 (X + D* - x’ 

0 = (X + 4)' - 4 (X + 3)’ + fi (X+ 2)* - 4 (X + !)• + ,r« 

0 = (X + 4)* - 4 (x+ 3)»+6 (X+ 2p -4 (X + !)•+ .r". 

And also the following: 

X — 1 

X + 2x 

2 


is always positive when m and n are 
not less than 1. 

There are three species of curves, 
marked A, B, and C. Two of the sort 
A may cut each other in a points, and 
two of the sorts B and C in 6 and c 
points. Again, A may cut B in s' 
points, B may cut C in a' points, and 
C may cut A in b' points. There are 
m, «, and p curves of the three soiis : 
how many points of intersection may 
there be in the figure ? 


, ,, *■ — 1., X — lx - 2 

= X + 6 X — - — + 6 X — 


X— l.r — 2x-3 

X* = X + 14 X + 36 X + 24 X • 

2 23 234 


If there be a series of terms a + o' x + a" 3^ + &c., of which the co- 
efficients a, a', a" &c. follow this law, namely, that each one, atlcr the second, is 
the sum of the two preceding, then if V represent the sum of the series ad 
infinitum, we must have 

V - « + («'— «) 

1 - X - T* ’ 

and if V. represent the sum of the series as far as a'"' a' inclusive, we must 
have 

a -i- (o' — a) X - o'* + '1 X^' — o<"' x* + • 

1 — X — X* 

Show that (I — i+c — e + .... must be less than o, and greater than 
a - 6. if a, h, c, &c., be a series of decreasing positive quantities. 

Reduce the binomial tlicorem 

(1 + X)’ = 1 -1- n X -1- n X* + n ^ ^ .v' + .... 

to the following form : 

I ^ 

(1 + a x)‘ = 1 + X + ^ (I - a) + — (1 - o) (1 - 2 a) + . . . . 
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What expressions are those, which, subsliluled insfead of x in the following, 

1 — X _ _ 

2. n X + .r* 3. — ; — ^ 4. a (X + m) - m 


1 + X 

will reduce them severally fo x. 
Ansicers. 


X — X* 


I. 


1 — X 
1 -f- X 


2- - ^ ± 


-x/t + ^ 


3. 


1 - X ± - 6 X + . 


4. - (X + m) — m. 


a + * X + cx* 


i + X 


AVhat expression must be substituted for x in 
it may become 5 + x ? 

X ± '^x’ + 4 6 c X — 4 c (a — A") 


in order that 


If the series a + a'x + a" x* + .... be reduced to the form o (I +px + 
p q X* + p 7 r X* + . ...), what are p. 7, r, &c. ? 

If the expression x* + xy + y’ change from 2 to 10 when x changes from 
1 to 2, what are the changes of y ? 

What is the least numlrer or fraction by which 7 more than a square number 
or fraction can exceed 5 times the number or fraction itself? 


An^. -. 
4 


I + a + a’ 


Find the sum of the squares of the roots of x* - (1 + a) x + 

without finding the roots. A ns. a. 

Verify the last by finding and scpiaring the roots. What is the expression 
which has for its roots the squ.ires of the roots ofax*+ 6x + c? 

Ant. a* X + (2ac — A*) X + c*. 

Divide the number a into two such parts, that the first shall be the square of 
the second. 

^ 2 a + I - ‘v'r+Ta , + 4 a - 1 

Ant. and . 

2 2 

Show that if a be a whole square number, the answer of the last must be 
iiTational, and also that the answer cannot be rational unless a be of the 
form A (A + 1) where A is rational. 

Divide the number a into two parts, the product of which shall be a square. 

, m® a , n® a 

Ant. —r -- — r and 


' m’ -f 


OT* + n® 


where m and n are any whole numbers. Show that these parts cannot be whole 
numbers unless a or one of its factors be the sum of two square numbers. 

Divide the number a into two such parts that the sum of their squares 
shall be a square. 

(a* — wi*) a 1m na 

Ant. ^ n - m® n® + 2 m n - m' 

where m and n are any numbers, n being the greater. Show that these parts 
may be made whole numbers when a is a whole number, itself or one of its fac- 
tors being the difference between one square number and the double of another. 
Solve the equations 



and explain the solution when a A = c. 
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There arc n numbers, the sum of all but the firsl is Oi, of all but the second, 
Oj, &c. &c., and of all but the last, a,. M'hat are the numbers ? 

Ans. The first is 

— — (ui + + . . . . ~ second is 

(ui + oj + «3 + .... + o.) — rij and so on. 

If there be three whole numbers, the prorluct of every two of which is a 
square, then the numbers themselves must be squares. 

Required the least number, which, divided by 4, 6, or 9, leaves a remainder 3, 
and by 15, a remainder 12. Atit. 147. 

Of the four numbers, x xy xy* xy’, in continued proportion, the sum 
of the first and last is 6, of the second and third a. Required x and y. 

, a + 6 d: + 2 a 6 - .3 u» 

Ant. ij = - „ 

0. ft 


4 fl* 


(a + 6 ± a/i* 4- 2 a 6 - 3 a') (s a + i ± + 2 a A — 3 a* 

The upper or lower sign being used throughout. Explain the two solutions, 
show that of the two values of y, each is unity divided by the other. Show that 
the preceding results are rational when, m and n being any whole numirers. 


b = 


3 n« + w " 
n (n — m) 


In X, .ry, xy-, xy“, let the sum of the first and third be p, and that of the 
second and fourth q. Required x and y. 


A ns. 


Let x= 


_ 2 

P 

P = 


c 


P + 9 
9 


5* 


e 

/+ r 


b-j-p 

Required the value of x, so that p, q, and r shall not appear in it. 
a idfh + d g + eh} a 


Ans. 


* + 17+ 4 


bdfh + bd g + beh + cfh + eg 


f + 


Explain this in theease where dfh-\- d g -)- eA = 0. 

Show that the following equations may all be satisfied by a value of x which 
is less than unity. 

(o + A)* = a’ + 2 (a + x).A 
(a + A)* = a’ + 3 (a + x)'.A 
(a +- A)* = a’ + 3 a“ A + 3 (a + .t) A* 

(a + h)* = a* + 3 (a 4- x)’.A 

/ r- ' ^ 

4- A = Va + 


^ a + X 

A)*+- 1 = 'v'l 




a 4" X 

oT XJ* + 1 


A. 


rriated liy Wjluah C-lowi* aad SoN«, Stamrord-slrcrt, 


Digitized by Google 



ARITHMETIC AND AEGEBRA. 


97 


4 ) 1 . 

12)1 1.25 
20 ) 5 . 93 ^ 

8.296875 

P = £73. lOi. = 73.75 
r = .05, 

Pr = 3.6875, 
3.6875)8.296875(2.25 
7 3750 
92187 
73750 
184375 
184375 

And the answer therefore is 2.25 years, 
or 2 years and a quarter. 

300. M beinc the amount of£P in « 
years, it is evident that P is the present 
value of £M due in n years. And 
equation (2) of last article pves us 


which is, under a different form, the 
rule ffiven in art. [298] for finding the 
present value. Similarly if D be the 
discount. 

D = M - P = M - - - 

1 + nr 

_ M II r 
■ I + n r’ 

It is unnecessary to give examples of 
these expressions, as they arc of the 
same nature as those of the last article. 

301. In almost all money tran.s- 
actions, it is usual, when a deduction is 
made by way of di.scount in consccpience 
of immediate iiayment, to calculaie the 
interest of the sum to be jiaid, instead 
of the discount as above given. This 
gives an advantage to the person so 
paying, inasmuch as he deducts the 
interest of the sum to be paid instead of 
the interest of its jiresent value. But the 
person receiving is willing to forfeit the 
ditfcrcnce for licing freed from all 
doubts and uncertainty. 

In the same way interest is substi- 
tuted for discount in the general method 
of calculating equations of payments. 

A owes B £P, due at the end of n, 
years, and £Ps, due at the end of iij 
years from the present time ; at what 
time must he pay B the sum of £P, and 
P«, that neither party may gain or lose? 

Let n be the number of years re- 
quired. Tlien (n —n,) years is the 


extra time during which A has the use 
of P,, and he is therefore benefited by 
the interest of £P, for that time, or by 
P, (n— n,)r. But he pays £P, 
(Hi — n) years before it is due, and is 
a loser, therefore, by the discount of 
Pa for that time, or by 

Pt(n, — n)r 
i + (ii, — n) r’ 

Now, in order that he may neither gain 
nor lose, he must be as much a loser by 
paying P, before it is due, as he is a 
gainer by paying P, after it is due. 
Equating therefore his gain and loss, and 
dividing by r we have 


Pi(n- n,) = 


^1 («, - n) 

I + (n, — «)/ 


which by rciluetion becomes a quadra- 
tic equation. But in the ordinary me- 
thod of treating this subject A is con- 
sidered a loser not by the discount, but 
by the interest on P, forfii, - n) years, 
or by P, (n, — n) r. I n that case, we 
have, proceeding as before. 


Pi (n -n,) = l\(n, — n) ; 
the solution of which gives 


n = P| »■ + Pt ». 

P. + P. ■ 

Similarly, if n be the equated time for 
the payment of any number of tlebts, 
Pi> P j, Pj, &c.,due at the several time.s 
» II i, 1 I 3 , &c., we should, liv the same 
process, arrive at the equation 

n = "•J' P. ”• 

Pi -f P, -I- ]-3 -t- &c. ■ ’ 

which expression is tantamount to the 
rule usually given: Add tn^ether the 
products of each debt mtdliplied by the 
time when it is due, and divide by the 
sum of the debts. Here, as before, the 
substitution of interest for discount is to 
the advantage of the debtor. The rule is 
so simple that it is unnecessary to illus- 
trate it by examples. 

302. As soon as a sum of money is 
payable, it matters little whether it be 
due under the name of principal or in- 
terest ; the use of it would he of equal 
value to its owner. It would, there- 
fore, appear to be equitable that it 
should be charged with interest in one 
case as well as the other; in other 
words, that a debt forborne should be 
charged with comi»und interest. It is, 
however, a singular fact that the laws of 

H 
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thi» country never consider it so cheraed. 
Thus, supposing a person to Iiave un- 
justly withheld for any number of years, 
the annual payment of a certain sum of 
money by way of interest ; he would 
be simply compelled to pay the annual 
sum multiplied by the number of years. 
ConsiderinK interest payable yearly, the 
followinit rule for finding the amount of 
H sum of money at compound interest 
requires no explanation. Multiply the 
principal sum hy the rate per cent., 
divide by a hutulred, and add the prin- 
cipal sum. This gives the amount due 
at the end of the first year. Multiply 
again by the rate per cent., divide by a 
hundred, and add the amount due at 
the end of the first year. The result is 
the amount due at the end of the second 
year. The same operation is to be per- 
formed as many times as the number of 
years for which the interest is to be cat- 
eulated. 

The difference between the amount so 
found and the original sum is the com- 
pound interest. When there is any 
fraction of a year, it is usual to add the 
simple interest for this portion of the 
amount due at the end of the preceding 
year. 

What is the amount of £/C. I5j. in 
2i years at 3 per cent compound in- 
terest ? We shall reduce the quantities 
to their respective decimals, and per- 
form the operation as recommended in 
art.[ 167], neglecting all decimals beyond 
the third. 

£. 

76.7b 

3 

100)230.23 

2.303 interest for the first year. 

76.75 

70.053 amount due at end of do. 

3 

100)237.159 

2.372 interest forthc second year. 

79.0.33 

81.425 amount due at end of do. 

We must find the simple interest of 
this for three quarters of a year. 

Multiplying by the rate per cent, we 
have 

244.275, and dividing by 100 
2.443 

This is the interest for a whole year. 
To find that for 3 quarters of a year, 
roultjply by {, or by .75. 


2.443 

.75 

1710 

122 

fiir 

adding 81.425 amount due at end) 

of second year. J 

83.257 which l>ecomes by 

reduction. 

JE. s. d. 

83 5 1} 

Deducting original sum 76 15 
Compound interest is 6 10 1^. 

303. The observations made in the 
beginning of art. [302] apply to the 
calculations of discount as well as those 
of interest. Correctly, then, the present 
value of a sum of money due in a given 
time, is such a sum as would at a given 
rate of compound interest amount to 
the given sum in that time. The same 
rule applies here as to the finding the 
present value at simple interest ; with 
this difference, that the amount of £100. 
must be calculated at compound in- 
terest. 

What is the discount on £173. 5*. 
due in 2 years at 5 per cent, compound 
interest ? 

£. s. 

Tlie amount of £ 1 00. in 1 year is 1 05 0 
2 years . 110 5 

or, reducing to the decimal of a pound, 
1 10.25. Reducing also £173. 5s. to the 
decimal of a pound, and proceeding as 
in art. [167], 

173.25 

100 

110.25)17325(157.142 

1J025 

630 ^ 

55125 

78750 

77175 

1575 

1103 

472 

441 

22 

^9 

The presentvalue is £157.142, which 
becomes by reduction £157. ‘Is. b{d., 
w hich suhliacted from £173. 5s. gives 
for discount £16. 2s. 6jrf. 
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304. We shall retain for the alge- 
braical formula- for compound interest 
the notation adopted in art. [292], sup- 
posing, moreover, R to represent the 
amount of £1. in one year, which is 
evidently the same as I -f- r. 

Now, since £l. amounts to R in the 
first year, by a simple proportion R 
must amounttoR* in the second year, and 
therefore £l. in two years amounts to 
K*. It is thence clear, that in n years 
£1. amounts to R" . Hence we have 

M = PR" (1.) 

I = PR"-P = P(R",-1) (2.) 

It is hardly necessary to observe, that 
these expressions present, under a slight 
variety of forms, the rules given in art. 
[302]. The following example will be 
sufficient. 

What is the amount of £3. in 3 
years at 5 per cent, compound in- 
terest ? 

Hero R =1.05, and n = 3. 

Multiplying as in art [107], retain- 
ing, however, 4 decimal places, as we 
shall multiply by 5, art. [167], 

1.05 

1.05 

To5 

525 

1.1025 

1.05 

1.1025 

551 

1.1576 = R 
5 = P 

5.788 

20 

15.76 

12 

9d2 

The amount is therefore £5. 15*. 9d. 

This method of calculating compound 
interest for any numtier of years is ex- 
ceedingly tedious, and in practice we 
must have recourse to logarithms. 

305. The interest having been sup- 
posed payable at the end of each year, 
it would seem impossible to calculate 
comjtnund interest for a less jieriod than 
a year, or to assign any but integral 
and positive values for n in the equa- 


tion (1) of the la.st article. And, in- 
deed, the manner in which the equation 
was obtained would appear to confine 
us to such values. But a little further 
consideration will convince us that, a 
proper signification being attached to 
the quantity which M represents, the 
expression is also true for fractional and 
negative values. We have before ob- 
served one or two instances of the ex- 
tension which algebraical notation gives 
to the terms of a question, and the con- 
tinuity which it implies in the quanti- 
ties it is employed on. The following 
remarks will still further illustrate this 
fact, white the applicability of equation 
/ 1 ) to all values of n, presents another 
instance of the law of continuity. 

By the method of calculating com- 
pound interest adopted in art. [295], 
after finding the interest for one year, 
we added it to the principal, considered 
the two together as a new principal, 
found the interest for a year, added 
again, and so on. But the algebraical 
mode of treating the subject, consider- 
ing R as the amount of £ 1 , in one year, 
mentions no particular time at which 
the interest is to be added to the prin- 
cipal, to be from that time itself con- 
sidered as principal, and charged with 
interest ; on the contraiy, the generality 
of this language forbids that any par- 
ticular time should be selected in pre- 
ference to another. The conversion, 
therefore, of interest into principal must 
be considered to proceed continuously. 
The amount, therefore, in a year only 
fixes the rate of increase, and we may 
calculate compound interest for a less 
period than a year with as much pro- 
priety as for a greater. 

What is the amount of £P at com- 
pound interest in 6 months ? 

R being the amount of £1. in one 
year, let x be the amount of £l. in 6 
months. It is evident, then, that 1 , a-, 
and R, are continued proportionals, and, 
therefore, 

a:* = R, 


And the amount of P in 6 months is 

P R^, the expression we should have 
derived from equation (1), by making 

n equal to . 

Again, what is the amount of £P at 
H 2 
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compound interest in the — , part of a 
year. 

Let r be the amount of £l. in this 
lime. Then it is clear, from the last 
example, that is the amount in 

^th parts of a year, and so on ; so 

that 1 , a", a-* R 

is a series of continued proportionals of 
m + I terms, and 

R = 1 X a*, 

1 

• • . ar = R « . 


And reducing to decimals, the amount 
a 

is (153.5) X (1.21)7. 

But ;(1.21)7 = (1.21) X (1.21)^ 

= (1.21) X (1.1) 

= 1.331 

153.5 
1.3.3 1 
i 53.5~’ 

46 05 
4 605 
154 
204.303 


And the amount of P is R ", the 
expression we should have obtained by 

putting n = — in equation (1), 

Similarly, to find the amount in 2 

years, and the part of a year, we 

have the amount at the end of 2 years 
equal to P K*. Let this equal P,. 

The amount of this in the-i; part of a 
m'* , 

year = P. R™ = P R« R-= = P r’"=^". 

Now M is the value in n years of £P 
due at the present time, and in the same 
way as if n refers to a succeeding period 
M is the amount of £P, so if it refers 
to a preceding one P is the amount of 
£M in II years, 

or in the latter case P = M . R", 

and .•.M = |;=P.R-*. 

From all this we conclude that the 
equation (1) of the last article ori- 
ginally obtained for integral is also true 
lor fractional and negative values of ». 
It will liave occurred to the reader that 
the method formerly adopted of calcu- 
lating the compound interest for 2J 
years, where, after finding the amount 
at the end of 2 years, we took the sim- 
ple interest of lliis amount for 2J, was 
incorrect, according to the principles 
last laid down. We shall apply these to 
two examples. 

Required the amount of £153. I Os. 
in 1 year and a half at 21 jier cent. 
conii>ound interest. 

H here = 1.21. 


which hecomes.hy reduction, £204.6s.2(f., 
which is the answer. 

What is the amount of £6. in 2J 
years at 3 per cent, compound interest ? 
Here R = 1.03 


R" = (1.03)'. = n -t- .03)^ 

Now the following equation, art. 
[280], is true as far as if goes, that is, 
there is no tciTn included in the &e. 
which is not multiplied by a higher 
power of X than the second, 

in — I . o 

(I -l-jt)" = 1 + mx -I- m — - — .T* + &c. 

We shall suppose x = .03 and m = ^, 

and since we only require a result accu- 
rate to 4 places of decimals, art. [167], 
we may neglect every power beyond the 
second of .03, 

for (.03)’ = .000027. 

We have, then, 

1 = 1 
5 

m X = - X .03 


in — 1 5 3 

«I— ;; — a* = — X ^ X .0009 

15 

= Y X .0009 

= - X .0135 
8 

= . 0017 , 
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and, adding. R* = I.U7G7 

P = B 

. • . PR" = G.4602, 


which, by reduction, becomes £G.9s.2Ii7. 

30G. The equation M = PR* con- 
tains 4 different quantities, from know- 
ing 3 of which we can find the other. 
It was ol)served in art. [^ttO], that in 
calculating the compound interest for 
any number of years we were obliged to 
have recourse to logarithms. We arc 
also unable to find the value of n, when 
that is the unknown qiiantity, without 
similar assistance. Thus taking the 
logarithms of both sides of the above 
equation, and referring to our section 
on logarithms. 


Log. M = log. P . R" 

= log. P + log. R" 

= log. P + n log. R . 
log. M — l og P 
log.R 


And.-.n = -^,— . 


•d) 

( 2 ) 


Thus to find the amount of £15. 10s. 
in 10 years at 5 per cent, compound in- 
terest, we should have to multiply 1.05 
by itself 10 times by the ordinary pro- 
cess. Referring to equation (1), and 
observing that £15. 10s. = £15. 5, we 
have 


Log. P = 1.1903317 
nLog. R= .211893 
. -TL^rM = 1.402224 7 


And . • . M = 25.248, which, by re- 
duction, becomes £25. 4s. 1 lid. 


Of Annuities. 

307. From the greater complication of 
the subject we shall dispense with giving 
arithmetical rules for calculating annui- 
ties, and proceed at once to the alge- 
braical method. We thus find the 
amount of an annuity forborne any 
number of years, supposing it charged 
with simple interest. 

Let the annuity be represented by A, 
and supposed to be payable at the end 
of every year. Retaining in other re- 
spects the same notation as in art. 
[299], and observing that the interest 
for each year is charged on the sum of 
the annual payments due at the end of 
the preceding year, we have 

Due for the 1st year . A 


2nd . 

. . A -t- Ar 

3rd . 

. , A-l-2Ar 

. 

. . A+(r» — l)Ar, 


and the sum of these or h A -1- ( 1 + 2 + 
&c. -h (n — 1)) A r gives the whole 
amount. Tlie coefficient of A r is an 
arithmetic series of n — 1 feiTOS, whose 
common difference is 1, and, therefore, 
tlie sum of it, art. [143], is 

[ 2 -I- (n — 2) J or "-.-Y- . 

- 1 . 

. • . M = n A -b n . — - — r A. 

A promised to pay B £10. at the end 
of every year, but neglected to do so. 
What was due to B at the end of the 
20th year, simple interest being charged 
at 5 per cent. ? 

Here A = 10, r = .05, n = 20, and 
n - 1 

•••”—=19“- 

and »■ A = .5. 

Hence ,r A = 95, 

. ■ . M = 200 -1- 95, and the amount due 
is £295. 

Estimated at simple interest, the pre- 
sent value of an annuity is found as 
follows. 

The present value of A, art. [298], to 
be paid at the end of 1 year, is equal to 

, to be paid at the end of 2 years 

is equal to — , and so on, and to 

1 -I- 2 r 

be paid at the end of ;i years = t . 

Now the sum of these present values is 
the present value of A to be paid at the 
end of 1,2, and n years, or of an an- 
nuity of £.‘Vto continue n years. Thus 
we have P representing the present 
value, P = 

ri- + rTT- + 

\l+r \ + ir 1-l-nrj 

If we had supposed the first annual 
payment to be made at the end of the 
ot‘‘ instead of the 1st year, and then to 
continue n years, we should, by a like 
process, obtain for the present value 

A I — ; 1- , 7 —. — XVT" "i" 

[1 + mr H-(»i-|-l)r 

1 -t- (r/j >0 r} 
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What is the present value of an 
annuity of £3., to continue 3 years, at 
1^ per cent, simple interest ? 

Here 3, 

.•.P=5x{-L + p^ + -j-^}. 

Now r = .015 and r* and the higher 
powers of r are so small as not to have 
any influence in the result, and may, 
therefore, be neglected. We have then, 
art. [284], 


accumulation. The reason of their in- 
equality is easily explained. Suppose 
p to be the present value of £m due in 

one year. Then p = — and let us 
1 + r 

suppose m to be unpaid for a second year 
and charged with interest ; it amounts 
to ot(1 + r). But p in two years 

amounts to p (1 + 2 r), or to — 

1 + r 


I 

1 + r" 
1 

1 -T^ 


il-r + r* 

= l-2r + 4r* 


1 + 3r 


= l- 3r+0 7*, 


and their sura = 3— 6r+I4r*, which, 
putting for r its value, and performing the 
operations indicated, is equal to 2.9132, 
and multiplying by 5, P= 14.566, which, 
by reduction, liecomes £14. 11«. 3|rf. 

308. Some writers have defined the pre- 
sent value, estimated at simple interest, 
of an annuity to continue any number of 
years, to be tnat sum the amount of which 
would, in the given number of years, be 
equal to the amount of the annuity. 
But the sum thus obtained is not the 
present value of the annuity, but of the 
amount of the annuity after the given 
number of years, tliis amount, by 

art. [307], is n A -I- n , ” ^ * r A and 


P' being the present value. 


P'(l -I- nr) = nA + n " ^ * r A, 


or 


F = 


n A -(- n . 



1 -t- n r 


which differs from P the present value 
of the annuity, found in art. [307], as 
would be shown by substituting any 
number greater than unity for n m the 
values of P and I". The meaning we 
give to the expression present value 
would naturally lead us to expect the 
two quantities, P and P', to be equal. 
Their inequality is the strongest proof 
of the inadequacy of a mode of calcula- 
tion, like that of simple interest, which, 
as it were, sets a mark upon any sums 
of money that may have accrued by 
way of interest, and forbids their future 


which is different from the amount of 
OT, and the reason is, because pr, the 
interest on p for the first year, is not 
charged with interest for the second 
year; and, therefore, in one case m was 
charged with interest and in the other 
only p. Therefore p, which is the pre- 
sent value of m, is not the present 
value of the amount of m after any 
number of years. The application of this 
to each payment of the annuity is mani- 
fest. 

The present value of an annuity to 
continue for ever is found by making n 
infinite in the expressions for P and P^. 
The first becomes equal to 

A f — — — I- , Sec. ) , 

VI -t- r 1 -1- 2 r ) 

the scries being continued ad injinilum; 
and the latter liecomes itself infinite, 
which is an additional proof of the in- 
applicability to practice of the principles 
upon which it rests. 

309. R being, as before, the amount of 
£ 1 . in one year, we thus find the amount 
of an annuity, forborne any numlier of 
years, at compound interest. Observing 
that the udude sum due at the end of 
each successive year is one of the 
annual payments, together with the 
amount in one year of the sum due at 
the end of the preceding year, we have 
due at the end of 
1st year, A 
2nd . A -1- A R 
3rd . . A -h A R -I- A R* 

. A-t- AR-h&c.-t- AR-', 
or the amount in n years is A ( I -(- R -|- 
&c. -t- R""'). Now the quantity within 
the brackets is a geometric series of n 
terms, commencing with unity and hav- 
ing R for a common ratio, and therefore 

the sum of it [art. 151] is . 

■' R -1 ’ 


Digitized by Google 



ARITHMETIC AND ALGEBRA. lOJ 


and . ' . M s A 


R" - 1 
R - 1 


( 1 ). 


or by 


To find the present value estimated at 
compound interest we have, art. [299], 
the present value of A to be paid at the 

end of 1 year is equal to to be paid 

at the end of 2 years is equal to and 

to be paid at the end of n years is equal to 
A 

— , so that the sum of these present 

values, which is the present value of the 
annuity to continue n years, is 

A ,A . , A 

R + H.+ ®^‘^+R- 

or, P being the present value. 

The quantity within the brackets is a 
geometnc series of « terms, whose com- 
mon ratio is i and first term unity, and 


that is summing the geometric series, 
art. [151], by 

A 

R- ^ 1 ’ 


1 


R 


R 


A ' R* 
R- 1 


(3). 


1 - 


If the annuity l>e supposed to con- 
tinue for ever, the series in equation (2) 
will go on tui infinitum^ and P being the 
present value, we shall have 

P=^ (l+l^ -t-^+&c.o<iinyfm'fM»i), 

or, art. [153], 

and similarly if the first payment be 
made after the m'* year, and then con- 
tinue for ever, the present value is 


its sum, art. [151], is 


1 

'-R 


R"" 


R - r 


and.-.P=A.il„ R'_l 
R- 1 

The present value of the amount M 

■ M / 4 

of the annuity in n years is — , or (put- 
ting for M its value in the present article) 

R" which is the 


The rate of interest is 3| per cent., 
what sum of money is equivalent to an 
income of f 3. a year ? 

3| is equal to 3.4 per cent., and, 
therefore. It = 1.034 . • . It - 1 = .034. 

By equation (4) of this article 


P = 


It - 1 


3000 
' l034’ IT’ 


1 - 


it becomes A x 


R - 1 


which, by division, is equal to or 
88i nearly. The answer then is *88^. 


Indeterminate Equations. 


same as the present value of the an- 
nuity. The reader remembers that the 
two were different when calculated by 
simple interest. 

Had the first payment been made at 
the end of the m'* instead of the first 
year, and continued n years afterwards, 
we should have had by the same pro- 
cess the present value represented by 

A , A , o . A 
Rs R^+i 


310. In our sections on simple and 
quadratic equations, art. [108], &c. and 
art. [204], &c., we considered those 
cases only where there was the same 
numlier of independent equations as of 
unknown quantities. The method of 
solution adopteii in this case was. when 
there were several unknown quantities, 
by combining the equations in any man- 
ner to obtain an equation involving only 
one unkiiow n quantity, see art. [119], and 
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art. [213]. We now propose to exa- 
mine those cases where we have a less 
number of equations than of unknown 
quantities. Imperfect as our general 
means of solution were in the former 
case, except where our ecj^uations were 
all of the first deeree, we snail find our 
powers in this case confined within still 
narrower limits. 

We beRin, as before, with equations 
of the first degree, and first with the 
most simple case of one equation in- 
volving two unknown quantities, which 
may be represented generally by 
a X + by - c. 

We observe, in the first place, that if 
the values of x and y which we are 
seeking for may be of any kind, positive 
or negative, whole numbers or fractions, 
there are an infinite number of such 
values which satisfy this equation, see 
art. [119]. For we have only to sub- 
stitute any value for one of the unknown 
quantities, y for instance, and then solve 
the equation with respect to the other, 
X, that is, considering x as the only un- 
known quantity, and the assumed value 
for y, and the value found for x, pre- 
sent us with a .solution of the equation. 
It is for this reason, that equations of 
this kind arc calleil indeterminate, be- 
cause they do not fix, or determine, the 
values of the unknown quantities. All 
systems of equations, where there are 
more unknown quantities than inde- 
pendent equations, are indeterminate in 
the same sense of the word ; for, retain- 
ing as many unknown quantities as there 
are equations, we may give the rest any 
values we please, and thus arrive at an 
infinite number of solutions. But re- 
turning to the equation « j: -1- by = c, 
suppose that we were seeking only such 
values of x and y as lieing wliole num- 
bers, or being whole numbers and |iosi- 
tive, satisfied this equation, the aliove 
method would not be of any service, for 
although we might assume a whole 
number for y, yet the value of x ob- 
tained in the above manner, and which 
with the assumed value fory would form 
a solution of the equation, would, in all 
probability, be a fraction. 

In the second place, the equation 
a X + by =! c, being cleared of frac- 
tions, and in its lowest terms, in order 
that any integral values of x and y may 
be capable of satisfying this equation, 
it is necessary that a and b be prime to 
each other. For, supposing for a mo- 
ment this not to be the case, so that a 
and b having a common divisor, sup- 


pose r, may be written under the form 
e r and /r, where e,/, and r are whole 
numbers, substituting their values of u 
and b in the equation ax + by = c, it 
becomes erx+/ry = c, or, dividing 

by r, ex-|-/y = ^. But theequation 

having been previously in its lowest 
c 

terms, - must be a fraction, and it is in 

T 

that case evident, that the equation 

cx-h/y = ^, cannot be satisfied by 

integral values of X and y. 

We shall now show how we may find 
the whole numbers which satisfy the 
equation ax by - c, observing that 
questions which give rise to equations 
of this kind, usually require integral 
values of the unknown quantities. It 
will be best to commence by taking a 
numerical example of this equation, and 
to consider the more general case after- 
wards. 

311. It is required to find the inte- 
gral values of x and y in the equation 
5a; -b ~\y = 8t. We observe here, that 
the conditions above alluded to are 
satisfied, the equation being in its 
lowest terms, and 5 and 7 being prime 
to each other. 

Transforming to the right-hand side 
of the equation, the term having the 
largest coefficient, we have 
5a; = 81 - 7 y. 

Dividing byi , 



5 


Dividing out as much as possible, 

1 2 V 

+ 5 -J'-T 


Our having transformed the term 
with the larger coefficient, has, we see, 
enabled us to simplify the expression 
by dividing out by the smaller coefficient. 
Now any value of y being substituted 
in this equation, that value of y, toge- 
ther with the value of x derived from 
the same equation, form, in the general 
sense of the word, a solution of the 
equation. But we are only seeking 
inleeral values of x and y; we shall, 
therefore, now find such a value of y as, 
being itself a whole number, will, when 
substituted in equation (1), make the 
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value of X derived therefrom a whole 
number. 

Now, in order that x may be a whole 
2 y ”• I 

number, it is necessary that — be 
a whole number. 


Let 



= t’, 


obtained by giving all integral values to 
u> in the equations (4) and (5), present 
so many solutions of the equation. 
The quantity w is called an indeter- 
minate quantity, or, more shortly, an 
indeterminate. 

Supposing then to equal to 1, we 
have 

X = 12, 


V being any whole number, 

.’. 2 y - I = 5 t). 

This is an equation of the same kind 
as the original one, but its terms are 
simpler, and necessarily so, from the 
operation of dividing out, before made 
use of. In order to find the values of 
y and v we proceed as before. We thus 
obtain 


(t q. 1 

Now y being a whole number, — 

2 

must be a whole number. 

Let — ^ = to, 

to being any whole number. 

We obtain from this, 

o = 2 to - 1 . . . . (3). 

From all these operations we see that, 
to lieing any whole numtjer, the value 
of V derived from equation (3) is inte- 
gral, as also the value of y from equa- 
tion (2), and that of X from equation 
(1). The equation (3) is of the same 
nature as et|uation (1), but the coeifi- 
cient of v being unity we may assume 
any value for to, and are certain of an 
integral value for v. Although the 
coeflicicnt of o might have been some 
whole number greater than unity, yet 
by pursuing the same process we are 
sure of arriving ultimately at an equa- 
tion of this form, the operation of 
dividing out constantly diminishing the 
coetticients of the quantities y, v, See. 

Substituting the value of v derived 
from equation (3), in equation (2) we 
have 

y = 4ir-2+u), 

or y = 510-2 (4). 

And again, substituting this value of y 
in equation (I), 

x=16-5«i + 2-2io+l, 
or 

X = 19 - 7 (5). 

The corresponding values of x and y 


y = 3. 

Supposing to equal to 2, 

X = 5, 

y = 8, 

And giving to to all succeeding inte- 
gral values from 1 upwards, we obtain 
the following corresponding values of 
xand y. 

12 and 3, 

5 .... 8 , 

- 2 .... 13, 

- 9 .. .. 18, 

See. &c. 


We shall presently return to the law 
which the several values of x and y 
follow. 

312. In solving equations of this kind 
we always endeavour to arrive at values 
of X and y expressed in terms of some 
indeterminate to, which is susceptible of 
all integral values, as in equations (4 ) 
and (5). The reader will find by trial, 
that unless the coefficients of x and y 
are prime to each other, the attainment 
of this result is impracticable, art. [308]. 
It is frequently much shortened by the 
employment of various artifices for 
which no general rule can be given. 
They can be only learnt by observation 
and practice. 

Thus taking the equation 


1 1 X — 1 7 y = 5. 
Proceeding as before, 

11 x_= 17y + 5, 


and 




= y + 


Cy + 5 
11 ■ 


If we continued to proceed as before. 


we should put 


6y + 5 
11 


but ob- 


serving, that the difference between C, 
the coefficient of y, and the denomina- 
tor 11, is equal to the other term 5, we 
put the above equation under another 
form, namely. 


Digitized by Google 



106 


AKITHMETIC AND ALGEBRA. 


x = y + 

X = 2y - 
= 2y- 


11 y- 5y + 5 
11 ’ 
5y - 5 
II ’ 
5(y - 1) 


11 


Now 5 being prime to 11, must 

be a whole number. 


Let 

y - 1 _ 
1 1 

tr, 


y - 1 = 

llm. 

and 

y = 1 1 

-1- 1. 

Also 

x = 2y- 

5 ir. 


= 22 «' -1- 2 

- 5 w, 

or 

X = 1 7 w 

+ 2. 


So that the several integral values of a- 
and y, obtained by giving to w all in- 
tegral values from 0 upwards, are 
2 and I, 


And the several values 'of 6 a- + 5, or 
7 y -I- 3, or of the number required, are 
17, 59, 101, &c. 

numbers which will be found upon trial 
to satisfy the proposed condition. 

A person has only crowns and 3 shil- 
ling pieces in his pocket, and wishes to 
pay a bill of £2. I6». How many must 
he give of each ? 

Let X = the number of 3 shilling pieces, 

and y = crowns, 

then the sum expressed in shillings is 
3 a; -t- 5 y, and therefore we have by the 
question, 

3 X -f 5 y = 56, 

3 J = 56 - 5 y, 

_ 56 - 5 y 


2 V - 2 

or X = 18 - y — — , 


18 - y- 


2(y - 1) 
3 


19 . . . 12, 

36 ... 23, 

&c. See. 

To find a number which, when divided 
by 0, gives a remainder 5, and when 
divided by 7, a remainder 3. Let us 
suppose 6 to be contained x times in the 
number in question, with a remainder 5, 
then the number is 6 x -I- 5. 

And similarly, supposing 7 to be con- 
tained y times, with a remainder 3, the 
number is 7y + 3. Equating the two 
values of the number, we have the fol- 
lowing equation : 

6X-1-5 = 7y + 3, 
or 6 X = 7 y - 2, 


Let 

then 

and 




- tr'i 


y = 6 JT -t- 2, 
a; = 6 in + 2 -t- to, 
= 7 u> -|- 2. 


The several pairs of values of x and y 
are 

2 and 2, 

9 8, 

16 .... 14, 

25 20, 

&C. &C. 


Let 

y - 1 

3 

then 

y - 1 = 3 to. 

and 

y = 3 «i + 1 ; 

also 

X = 18 - (3 m -(- 1) 


= 1 7 - 5 m. 


And the several pairs of values for x 
and y are 

17 and 1, 

12 4, 

7 7, 

&c. &c. 

- 3 and 13, 

&c. &c. 

So that 17 pieces of 3 shillings and 
1 crown, 12 pieces of 3 shillings and 
4 crowns, &c., make up the sum re- 
quired. The negative values for x sig- 
nify that so many pieces of 3 shillings 
must be given back. Thus the sura 
may be made up by giving 13 crowns, 
3 pieces of 3 shillings being returned. 
Suppose it had been required to pay the 
same sum in crowns and lialfsovereigns. 
A moment’s consideration shows this to 
be impossible, and forming the equation 
we shall find that the coefficients of x 
and y admit a divisor 5, to which 56, 
the number on the other side of the 
equation, is prime, art. [319]. 

313. If we observe the several values 
of either of the unknown quantities in 
any of the above examples, we sliall find 
that they form an arithmetical piogres- 
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lor 


slon, the common difference of which is 
the coefficient of the other quantity. 
For instance, in the first example, 
5 a; + 7 V = 81, the several values of x 
were 

12, 5, - 2, - 9, Sec. 

and those of y 

3, 8, 13, 18, &C. 

In the former we observe each term is less 
than the preceding by 7, the coefficient 
of y, and in the latter, each term is 
greater by 5, the coefficient of x. 

In order to show that this is neces- 
sarily the case, we will consider the 
general equation aa;-i-6y=c. This 
equation is in its lowest terms, and a 
and b are prime to each other. Suppose 
we have found x" and y', two integral 
values of x and y, which satisfy this 
equation, we have 

ax' + by" = c . . . . 

Now let x' + m, and y' -t- n, he two 
other integral values of x and y, so that 
rt far' -t- m) -t- i (y' -I- n) = c . . . (2). 
We propose to find what relations must 
subsist between m and n. 

Substracting equation (1), terra by 
terra, from equation (2), we have 
am + bn = 0, 
or a m = - bn, 

therefore m = - — .... (3). 
a 

N ow ol iserving that 6 and a are prime to 
each other, in order that m may be a 
whole number it is necessary that n 
should be a multiple of a ; and n must 
also lie a whole number. Let then 
n = a IP, to being capable of all integral 
values, positive as well as negative. 
Equation (3) gives us m = i ip. Hence 
xf and y' Iwing any two values of n and 
y, we have all others represented by 
xf - b to, 
y' + aiP, 

IP being capable of all integral values. 

From this result we learn, _^rs<, that 
the several integral values of x and y, 
which satisfy the equation ax + by = c, 
must necessarily 1^ of the form above 
indicated. 

Secondly. That a and b being both 
positive, while the value ofy is increased 
by the coefficient of x. that of x is 
diminislied by the coefficient of y, and 
vice vers& ; but if a or 6 be negative, then 
their corresponding values are both in- 
creased or both dimimshed by the 
coefficient of the other. 


Thirdly. That the indeterminate ip 
being capable of negative as well as 
positive values, the arithmetic series at 
the beginning of the present article 
giving the several values of x and y, may 
be continued indefinitely to the left as 
well as the right. 

It is clear from what has preceded, 
that having obtained any two integral 
values of x and y, which satisfy the 
equation, we can immediately (from the 
equationsx=y- A IP, y =y' +aip) find 
an infinite numlier of such values. The 
main object then is the finding with ra- 
]iidity two such values. A projicrty of 
a continued fraction has been made use 
of for this purpose, and we shall briefly 
explain the manner in treating of that 
subject. 

314. When we have one equation of 
the first degree involving more than two 
unknown quantities, the method of pro- 
ceeding is very similar. We shall simply 
go through the operations, their expla- 
nation being the same ns that given in 
the case of two unknown quantities. 

4x-i-9y-)- 10x = 103, 
transforming 


and 


4 X = 103 
103 - 

X = 


- 9y - 10*, 
9y - 10* 
^4 • 


= 25 
Let 




y -f 2 * — 3 


tP, 


y -f 2 * — 3 = 4 IP, 
and y = 4 IP + 3 - 2 * .... (2). 
Substituting this value of y in equa- 
tion (I), 

X = 25 — 8 IP - 6 -I- 4 * — 2 * - IP, 
or X = 1 9 — 9 IP -f 2 * .... (3). 

We have thus the values of x and y 
expressed in terms of z, one of the un- 
known quantities, and an indeterminate 
IP, but the quantity * is so involved that 
giving to it any integral value, the cor- 
responding values of x and y are also 
integral. Suppose * equal tod, and giv- 
ing to IP sucessively the values 0, 1, 2, 
&c., we find the coixesponding values 
of X and y to be 

19 and 3, 

10... 7, 

1 . ,. 11 , 

&c. &c. 

Next suppose * = 1, the corresponding 
values of x and y are 
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21 and 1, 

12 5. 

3 ....9, 

and so on. 

If it be necessary that the values of all 
the unknown quantities be positive, we 
must not give to j a greater value than 
9. In that case x and y are each equal 
to unity. 

A similar method may l)e adopted 
whatever be the number of unknown 
quantities, and we shall ultimately arrive 
at two values of x and y, expressed in 
terms of the other unknown quantities, 
and one indeterminate, or we shall have 
the values of several of the unknown 
quantities expressed in terms of the 
others, and of several indeterminales. 

315. Still considering only simple 
equations, suppose that we have several 
equations involving, however, a greater 
number of unknown quantities, as, for 
example, two equations involving three. 

14a: + II y + 9s = 360 (1), 

* + y + s = 30 (2). 

Our object is to find such integral 
values of x, y, and s as satisfy at 
the same time both these equations. 
The process adopted is analogous to 
that in art. [119], where we had two 
equations between two unknown quan- 
tities, and to the reasoning of that article 
the reader is referred for an explimation 
of w hat follows. 

Multiplying equation (2) by 1 1, tlie 
coetticient of x in equation (I ), we have 

14 a: + 14 y -b 14 2 = 420. 

Subtracting equation (I ), term by term, 
from this, 14 x disappears, and we have 
3y + 52 = C0 (3). 

From this equation we find the values of 
y and z in terms of an indeterminate ic, 
which values ai-e as follows, 

y = 5-l-5«: (4), 

2=9-3u> (.'i). 

Subtracting these values of y and z in 
equation (2), and reducing, we obtain 

X = 16 - 2 to (6). 

Making to then successively equal to 
0, 1, 2, &c., we obtain the following cor- 
responding values of x, y, and z : 

16, 5 and 9, 

14, 10... 6, 

12, 15... 3, 

10 , 20 ... 0 , 

&c. &c. 


In the above equation the coeBicients 
of the unknown quantities in one equa- 
tion being equal to unity, the process 
was very simpV. The following example 
will show more fully the method of 
solving equations of this kind. 

22-+5y + 3z=108 (1), 

3x-2y+Tz = 9i (2). 

Multiplying equation (11 by 3, the 
coefficient of x in equation (2), and 
equation (2) by 2, the coefficient of x in 
equation (l),we obtain 

6x + 15y -I- 9 2 = 324, 
6.r-4y-l- 14 2 = 190, 
and, subtracting, 

19y - 5 2 = 134 (3). 

The values of y and z obtiiined from this 
equation in terms of an indeterminate I, 
are 

y = ll + 5f [(4), 

2 = 15-1-19/ (5). 

Substituting these values of y and 2 in 
equation 2, we have 
3x - 22 - 10/ -h 105 + 133/ = 95, 
and, transposing, 

3x -1- 123 / = 12. 

Here we have again an equation between 
two unknown quantities, to which we 
should apply the method for solution of 
equations of this nature, and thus have 
values of x and / in terms of another 
indeterminate w. The substitution of 
the value of / in the equations (4) and 
(5), would give us the values of y and 
2 in terms of w. AVe should thus have 
the values of x, y, and r in terms of the 
same indeterminate w. But observing the 
above equation, we see that all its terms 
are divisible by 3, and, dividing, we obtain 
x-b 41 / = 4, 
which gives us at once 

x=4 - 41 / (6). 

Thus equations (4), (5), and (6) give 
us at once the values of the three un- 
known quantities in terms of a quantity 
/, to which we may give any integral 
value. It will frequently happen that 
equations of this kind do not admit a 
solution in whole numbers, and that 
will be indicated by one of the equations 
which we arrive at between two un- 
known quantities, having its coefficients 
divisible by a number, of which the 
other sum is not a multiple, bee art. 
[310]. 

316. By combining any two simple 
equations, whatever be the number of 
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unknown quantities comprised in them, 
in the way in which e()uations ( 1) and 
C2), in the last example, were comt)ined, 
we may always arrive at an equation in- 
volving one unknown quantity less than 
those two equations. See art. [119]. 
When we do this, we are said to ch'mi- 
nate that unknown quantity. Thus 
equation (3), in the two last examples, 
arose from the elimination of x from the 
equations (1) and (2). Suppose then 
that we have p equations involving any 
greater number of unknown quantities. 
Combining the first of these equa- 
tions with the second, third, and every 
other successively, and eliminating by 
each combination the same unknown 
quantity, we arrive at p - 1 equations, 
involving one unknown quantity less 
than the p original equations. Thus 
combining the first of the p - 1 equa- 
tions with every other successively, we 
get rid of another unknown quantity, and 
arrive at p - 2 equations. Proceeding 
similarly, we shall at la.st arrive at one 
equation, involving a certain number of 
the unknown quantities, which we may 
solve by one of the methods which we 
have given, and find values of tlie un- 
known quantities comprised in it in 
terms of one or more imieterminates. 
This will lead us, by the continuation of 
a similar process, to the values of all 
the unknown quantities. It might at 
first appear, that, after combining the 
first ofour p equations with each of the 
other, u c might also combine the second 
with the ttiird, and so on, and thus, elimi- 
nating the same unknown quantity as 
before, obtain more independent equa- 
tions. But that, this is not the case may 
be proved as follows. Having trans- 
pose all the terms of each of the equa- 
tions to the left-hand side, art. [109], we 
may write them A = 0, U = 0, C = 0, 
&c. Suppose a, b, c. See. to be the 
coefficients of r, the quantity which we 
propose to eliminate, in the equations 
A = 0. B = 0, C = 0, &c. Then in 
order to get rid of .r from A and B, we 
multiply the first by b, and the second 
by a, and subtract. We thus obtain 

A6-Bn = 0 (1). 

Similarly, combining A = 0 with C = 0, 
we obtain 

Ac-Ca=0 (2). 

Now combining B = 0 with C = 0, the 
equation we should arrive at, indepen- 
dent of X, is 

Be - C6 = 0 (3); 


and this equation is not independent of 
the equations (1) and (2), but derivable 
from them, as follows. Multiply equa- 
tion ( 1 ) by c, and equiition (2 ) by A, and 
subtract, we obtain 

Bac - Ca6 = 0, 
or, dividing by a. 

Be- C 6 = 0, 

which is the same as equation (3). The 
same may be proved of any combina- 
tions of the equations. We may hence 
conclude, that, when we have any num- 
ber of simple equations less than the 
number of unknown quantities, we can- 
not, by combining them in any manner, 
arrive at the same number of independ- 
ent equations as unknown quantities. 

317. When indeterminate equations 
are above the first degree, their solution 
is one of considerable difficulty. 1 f in one 
equation with two unknown quantities 
even ttie square of either of them occurs, 
its discussion would require a separate 
treatise. We will take one example, 
where the only term above the first de- 
gree is the product of the two unknown 
quantities, the solution of which will 
give some notion of the method to be 
generally adopted. 

Required two numbers whose pro- 
duct, added to three times the first, and 
five times the second, is equal to 48. 

X and y lieing the two numbers, the 
question gives us the following equa- 
tion : 

Ty -t- 3 X + .') y = 48. 

Transposing the term not involving x, 
and collecting the coefficients of x, 

X (y -1- 3) = 48 - 5 y, 
and dividing by the coefficient of x, 

^ 48 -5y 

y + 3 

We may get rid of y from the numerator 
by writmg this 

= 63 - 5( y -P3 ) 
y + 3 


Now, in order that x may lie a whole 
number, 63 must be a multiple ofy -I- 3, 
and the several numbers of which 63 is 
a multiple arc 3, 7, 9, 21. Hence y -t- 3 
must be equal to one of these numbers. 
In the first case y would be equal to 0, 
but if we take 7, we have y = 4, and 
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= 9-5=4, 

or tlio two numbers are 4 and 4, as will 
lie found correct by trial. Again, taking 
9, we have y = 6, and 



and we shall find the numbers 2 and 6 
answer the proposed condition. The 
other value of y + 3, viz. 21, would 
make x negative. 


On Continued Fraetiont. 

318. When we have any fraction, as 

for instance dividing out as far as 

we can, the fractional part will become 
a proper fraction, and we have a mixed 
9 

fraction 4 — , or, representing it alge- 
braically. 



Now this may be written 

1 

4 + — . 

li? 

9 

We may now proceed further with the 
division, for 



A fraction represented in this way, 
where we observe the numerators of 
the several fractions which enter into it 
are all ecjual to unity, is called a con- 
tinued fraction. We shall here be able 
to enter into a few only, and those the 
most simple and obvious, of the proper- 
ties which it possesses. 

In the first place it enables us to ex- 
press in simpler terms the value of any 
given fraction to any degree of accuracy 
which the question may require. Thus 
taking the above expression represent- 
ing the fraction and neglecting the 

fractional part altogether, we have for 
our first approximation 4, which differs 
from the accurate value of the fraction 

9 

by — . Again, taking only the first term 

of the denominator, and neglecting the 
rest, our second approximation will be 

4 -I- or 5, and this differs from the 


accurate value of the fraction by — . 

13 

Observe that this approximation is 
CTeater than the fraction itself, while 
llie former one was less. Proceeding 
one step further, and representing the 
fraction by 


Writing this in the denominator we 
have 


Again, 


4 + 

4 _ 
9 ” 


'-I 


9 1 


And putting tins value of - in the pre- 
vious expression, we have the fraction 
^ represented by the following expres- 
sion’: 


4 + ■ 


J + 


2 + 


2 

our third approximation is ‘1 + j. of 
14 

— , which, like the first approximation, is 
less than the accurate value of the frac- 
tion, and differs from it by approach- 
ing nearer foil than either of the former 
values. We shall presently treat the 
suliject more generally, and shall then 
see that it necessarily results from the 
form of the expression that the succes- 
sive approximations, derived in the above 
manner, err alternately by excess and 
deficiency, and a)>pioach nearer and 
nearer to the accurate value of the frac- 
tion. 

As an example of this, we will exa- 
mine the length of the tropical year, or 
of Ihc interval betw een the suu's'leavnig 



ARITHMETIC AND ALGEBRA. Ill 


and retumins: to flie same equinox.* 
The most accurate calculations have 
proved this interval (upon which the 
seasons mainly dei>end) to he equal to 
3G5,2122G4 days. Representing this 
fractionally, vve have 

2-12264 

365 H , 

looouoo 

or, reducing the fractional part to its 
lowest terms, 

365 + ^. 

125UUU 

1 

IMOlJo' 

3 02 S3 

And, dividing as before, we obtain 

1 


or 


365 + 


365 + 


3S63 


4 + • 

3u2S3 

Tliis, by a furtlier reduction, becomes 

1 


365 + 


4 + 


7 + 


1 

3207’ 


3868 


Not proceeding any further with the 
division, we see that the three first ap- 
proximations to the given fraction are 
1 7 

365, 365-, 365—. The first number 
4 29 

gives us a very rude approximation to 
the length of the year, and one which, in 
the course of a few centuries, would 
completely invert the order of the sea- 
sons. The second answers to the J ulian 
Calendar, by which one day was inter- 
calated every four years ; and the third 
differs, by a very small quantity, from 
the length of the day which is the basis 
of the Gregorian Calendar, and which 
is now acted upon in almost all the 
countries of Euro|>e. According to this 
we intercalate a single day every four 
years, but omit three of these inter- 
calations in four centuries. This makes 
us intercalate ninety-seven days in four 
centuries, and gives therefore for the 
97 

length of each year 365 — days. • 

319. But the utility of continued frac- 


* In reaiiry, the earth inuve» ronnd the sno, hnt 
it aid* ronri>|)tion sometimes to consider the earth 
At rest, and the »nn mnrin)( round it. The stio is 
said to be in the mkIhot in tho«e (wo posiiions 
where the plane of ine earth's equator bem< pro* 
dnred psMipa Ihion^h him. At these limes the 
diir-itiuB of day i« equal to that of night nil over the 
enrth. 


tions in giving us approximations to the 
value of any fraction in simpler terms 
than the fraction itself, is not to he esti- 
mated very highly. Their principal 
utility consists ni our freiiuently being 
able to express the value of an unknown 
quantity under this form only, or under 
no other so easily. On this account 
every thing connected with them be- 
comes important. For instance, when 
we have the quantity sought tor, onfy 
under this form, if is convenient to 
know, in slopping at any term of the 
continued fraction, how” far our ap- 
proximation differs from the value of 
the whole of it, or to know some limit 
to the error, so as to estimate the degree 
of accuracy. See art. [292]. We shall 
presently show how this limit may bo 
assigned. 

In art. [254] we showed how, from an 
equation of the form o’ = b, we might 
find the value of x by means of a table 
of logarithms. We may also express 
the value of x derived from such an 
equation in the form of a continued 
traction. Then take the equation 
2* = 3. 


Now, observing that 

2 > = 2 , 

and 2* = 4, 

it is evident that in the above equation 
X must be greater than I, and less 
than 2. 

Suppose, then. 



where a/ is greater than 1, (since a: is 
less than 2.) 

We have fivim (he original equation 


2 3, 

or 2 X 2*' = 3, 

or 2 =-^. 

or, i-aising both sides of the equation to 
the a^“ power. 


-(I)' 


.( 1 ). 


/ 3 3 

Now ^ J - Y’ ^ • 

/ 3 9 

but V ’S' / T* " hich is greater tlian 


2, and therefore x' must be gi-eater than 
I, and le.ss than 2, 
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Subslitutingthis in equation (2), 
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or substituting for 

a; = 1 -j 




or 


or 


(D ' • 

ilf . 




a* = 1 • 


2 = ?x 

2 ^ \2 


1 + 


1 


1 


-=(-r 

.1 \2' ’ 


wliich g^ves us 


Now 


and 


'3' 2 

(3)' is less 


( 2 ). 


than 


{‘'V • ... 3 

'-3'' tl>an 2^ 

wlience we infer, as before, that .r" is 
giealer than 1, and less tlian 2. I.et. 
then, 

Equation (2) gives us 


2 &c. 

since x'’' is greater than 2. 

^e several approximations to the 
value of X derived from this expression 

320. In order to consider this sub- 
J®'! I^nerally, and exhibit the relations 
which the successive approximations 
hear to each other, and their respective 
degrees of accuracy, we will fake the 
general form of a continued fraction, or 


y+- 


Pi + 


yt + 


i+- 

(i) ' 


3 

2 ’ 


ya + &C. 

where y, y,, y,, y^, S-c. ^rc whole 
numbers. Tlie first approximation to 
tlic value of tliis fraction is y, 

the second is v -1- — 


4 / 4 3 *he third is y -j- 

3 ^ '3' “ 2’ 


(ir = ^ 

V3/ ( 


wliich gives us 




We should here find that x'" was 
greater than 2, and less than 3, and 
might again proceed in the same man- 
ner as before. 

The residt of all this is, that 
cr substituting for x' 


*'-+yT 

and so on. With regard to their 
several approximations, we immediately 
observe that the /!rsl y is too smal], 

tliere being some quantity. ^ 

^ y. + &c. ’ 
to be added to it ; that the second 

y + — “ too great, the denominalor of 

the fractional part not being y, but 

some quantity, y. -f greater 


than y, ; the third, y- 


O’ = 1 


> + pi 


imall for y, -f- 1, n,e denominator of 
the fractional part is too great for the 


y. + ~ 
y« 


-,is too 



same reason that y was too great 

in the second approximation, anti so on. 
It Is unnecessary to proceed further to 
prove tlic followine principle. The me- 
cessive flpp/-oj"/7*a/iow.» to the vaiue of 
a contimml frarlvm are alternately too 
great and too small, the even ones too 
great, and the odd ones too small. 

321. In order to exhibit the connec- 
tions of the several approximations with 
eacli other, let the first be represented 

by the second by — , the third by — , 
and so on. The several fractions 

q\ q* 

&c. are called converging fractions, or 

moreshortly convergents; — the first, ^ 

the second, &c and their several numera- 
tors and denominators are intended to 
represent the numerators and denomina- 
lorsiif the several approximations, wlien 
reduced to the form of simple fractions 
the process made use of in art. [3 1 8]. 
Then'* approximation then is tile (n - 1 )'* 

converging fraction : - is not called a 

q 

converging fraclion.liecaiise, living equal 
to y, it is in fact not a fraction ; q is of 
necessity equal to unity, but it is put 
under fliis form for (he sake of sym- 
metry. 

The following equations need no ex- 
planation, 

P _y 
a I’ 
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or 


, 7i ‘ yi 

reducing this becomes 

Pi _ y y. + 1 

y> 

so that 

( 1 ). 

<7i =y. < 

TH 1 

— is found by writing m, -) for u, i 

9« y, 

the expression for ^ , so that it is equal 


'y y 1 y* + y + y> 
yi y« + 1 ’ 

which may be written 

<yyi + D ys + y 
yi y. + 1 

Now observing equations (I), and also 
that y = p and q = \, we obtain by 

substitution in the above value of — 

9i 

Pj _ Pyy\ + r 

<?s 9i y. + q' 

so th.it 

P« = P, y« + Pi 
qt = q\y% + q) 

Again — is found bysubslilulingy, -I- — 

q. y. 

for y, in the value of — , and is Ihere- 


.( 2 ). 


p> 1 

fy.+-' 
^ y. > 

) -^P 

7i 1 

f 1 '' 

yi + - 
\ y. > 

) + y 


wliicli may be written 

<P> y* + Pl y> + P' 


(yi yi + <y> y« + '/■ 
and observing equations (2). and sub- 
stituting for j), y. -I- p, and q, y, + q, 
we obtain 

ft ^ Pi_ftJlP>_ 
q, q» y, + 9i ’ 

so that 


Pi = p> y. + Pi I 


(3). 


q. - q.y.+ q> . 

Proceeding similarly, it is evident from 
the way in which the quantities y, yj, 
&c. enter into the several converging 
fractions, that we shall arrive at a 
similar result, and we have the following 
equation connecting each of the con- 
verging fractions with the two which 
precede it ; 

P; P-iy. + P-s . 

q. y.-i y. + y.-.’ 

whence 

ft=P.-iy. + P.-.1 

y. = q.., y.H y.-.l 
322. Multiplying the first of these 
equations tiy and the second by 
p,.i, and subtracting, we obtain 


p. X q,.i - q. X p._, = p._, 7 ,_i - q.., p,.„ 

p. X y.-i ~q, X p,., = - {p..iy,_, - g,.ip,-«} (A). 

I 
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This expression shows us that the 
diffcrrnne brltreen the product of the 
numerator of any ronrerging fraction, 
and the denominator of that which pre- 
cedes it, and the product of the denomi- 
nator of the same converging fraction, 
and the numerator of that which pre- 
cedes it, is alternately positive and nega- 
tive, and differs only in sign. 

Now goine hack to equations (1), and 
observing that y = p and ij = 1, we 
have 

/), X 9 - y, =yy, + 1 - yy,, 
or p, X q — ij, X p — 

Aeain recurring to equations (2), we 
find 

Ps X q, - q, X p, = p X q, — q X p, 
= ~(p, X q - q, X p) 
~ 1 » 

a result which might have been at once 
inferred from equatioti (A). The follow- 
ing equation immediately results from 
equation (A) and the remark which 
follows it : 

p. X <?._i - 7, X ;i,.i = ± 1 (B). 

And it is also evident from the values of 
p, xq—q, X p. and pt X q, — q, X p, , 
that the positive sign must be taken 
when n is odd, and the negative one 
when it is even. We may hence derive 
the following protieiiy. The difference 
between the //roduct of the numerator of 
then" converging Jraction, and the deno- 
minator of the in - t)", and the product 
oj the denominator of the «'*, and the 
numerator of the (n - 1)'*, is equal to 
1 when n is odd, and - 1 whtn n is 
even. 

323. In treatingof indelerminateequa- 
tions, we observed, art. [.311], that by 
means of a propetty of continued frac- 
tions we might quickly arrive at a solu- 
tion in whole mimlxirs of the equation 
ax-\-by = c. We may thus find it. 

The fraction ^ being reduced into tho 

p 

form of a continued fraction, let ^ re- 
present the converging fraction previous 
to the last, which will be the complete 

fracliim^. We have then by the last 
rule 

nxQ-4xP = ±l. 

In any particular case we should know 

whether j was an even or an odd con- 
0 


verging fraction, and therefore know 
which sign to take. We will suppose 
it to be an odd one, and according to 
the ride adopting the positive sign, and 
then multiplying by c, we have 
axPxc-ixQxc=c...(l. 
Now observing the equation 
ax-\-by = c, 

and comparing it with equation (I), we 
sec tliat it is satisfied by trie substitution 
of P X cfor X, and Q x c fory. Hence 
P X c, and - Q x c, all'ord us a solution 
of the equation. By applying this to the 
equation we before examined, 5 a'-)- 7 y 
= 61, we should obtain for the values of 
.r and y, 243, and - 1B2. 

Returning to equation (B), 
p, X q._, - q.x = ± 1, 
it is clear from this equation that every 
divisor of p, and q, must also divide I , 
so that they admit no divisor greater 
than unity. This furnishes us with 
another properly. The numerator and 
denominator of each converging frewtiun 
are prime to each other. 

324. By writing y, -j for yi in the 

yt 

expression for — , art.[3I0],we obtained 

the expression for ^ . But supposing 
'U 

that we had written 


y, -j 

’fi + 


1 

y. + Scf- 


as far as the expression went, for y, , in 
tlic same expression, we should evidently 
have ohtnined, upon reduction, tlie frac- 
tion which the continued fraction repre- 
sents. .Similarly, if in the expression for 


— , we put for y. 


y-+i 4* 

continuing the expression as far as it 
goes, we sltall again obtain the original 
fraction. Representing then 

^ y.+1-t- ixc. 

by Y, and the original fraction by F, 
and writing Y for y, in the expression fur 


— , in art. 

y- 


[319], we have 

F= P— 

q. 1 Y -f- q„. 
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lla 


Tills expression will lead us to the several orieinal fraction by its several converg- 
errors we commit by representing the ing fractions. For 

F _ ^ _ p.-i Y +y-« _ 

iy..g Y -(- q.., q.-t 


_ Y { P-i ?-« - 7"-iP ''*} 
(7.., Y -)- 7«.,) 7.., 

And by a similar reduction we should obtain 

F _ lh=l _ “ . 

7,-1 7..1 { 1—1 Y 4 - '/•-•} 


U). 


( 2 ). 


From these expressions we learn that 
the several converging fractions are alter- 
nately too great and too small; for if 


F - is positive, F - is negative, 
7— « <h-i 

and vice versil. This result we for- 
merly arrived at from the way in which 
the successive approximations were de- 
rived from each other. 

.325. Now, in onler to estimate the 
degree of accuracy of the several con- 
verging fractions, we observe in the first 
place that art. [320], 

p,. 17.-1 - 7-iP— « = ±1- 
Hence, from equation (2) in the last 
article, 

F - ± * . 

7«-i 7“-i (I"-! Y-|- 7,.»)’ 

now Y is greater than unity, and, there- 
fore, 

F - is less than ; — ' — ; , 

7..1 7<-i W«-i + '/.-•) 


neglecting the sign, and consequently, d 
fortiori, 

F - is less than ; 

7.-1 (7-1) 


The following projicrty then is manifest. 
The error rommitied by representing a 
fraction by any of its convergenisisTess 
than unity dirided by the square of the 
denominator of that convergent. 

Thus the error committed by repre- 
senting the length of the year, art. [31fi], 


7 1 

by 365 — days, was less than -Fridays, 
J 29 (29;’, 

or less than the ^ th part of a day. And 
84 1 


similarly the error introduced by repre- 
senting the value of x in the equation 


2' = 3 by - was less than 


2.5' 


A-|-Bx-|-C2,’-|-&c. 


Once more, observing eqiiations (1 ) 
and (2), and considering that Y is greater 
than unity, and 7.-, greater than 7.-1, 
(for 7. -I = 7.-,y.-i 4-9.-r art. [319]) 

it will be manifest that F - is less 

7.-1 

than F - from which we derive 

7.-9 

the following property. Each converging 
fraction approaches nearer to the value 
of the continued fraction than any of 
those which precede it. It is for this 
reason that they are called converging 
fract ions, or convergents. 


Of the expansion of a» and the forma- 
tion of Logarithmic Tables. 

32G. We have already explained the 
purposes of logarithmic tables, art. [234], 
&c., and also the method of using them. 
We now proceed to show how they may 
be formed. It appearivl from the nature 
of logarithms, art. [237], that comp.ara- 
tivcly few of them could be expressed 
in whole numbers, or terminating deci- 
mals, and we observed that this was not 
necessary, since they were sufficiently 
exact for all common purimses when 
carried to seven decimal digits. This 
naturally leads us to endeavour to 
express them in the shape of a series, 
and if we can arrive at one vihich is ra- 
jiidly ffiflcergcnt. neglecting those terms 
whicl) have no influence on the fir.st 
seven decimal places, we shall form a 
table accurate to the degree required, 
art. [292]. A preliminary step in the 
arrival at this scries is the expansion 
of o'. 

327. Before, however, we proceetl to 
the direct consideration of the subjects 
placed at tlie head of this section, we 
must prove the following theorem. 

If tne equation 
= a-\-bx-\-cx*-\- &c. 

I 2 
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be true whatever value be given to x 
and A, U. C, Ssc. a, b, r, &c. t)eing in- 
dependent of X, we propose to prove that 
it is a necessary consequence of tlie 
above equation, that the coefficients of 
like powers of x in both sides of ttic 
equation are eqiial, that is, that A = a, 
B = i, C = c, &c. For since this equa- 
tion is true, whatever value be given to 
X, it is true when x = 0, amt Hie two 
expressions are reduced to their first 
terms, so that we have 
A — a. 

But A and a are independent of the 
value of X, and therefore being equal 
for one value of x, they are equal for all. 
We have then, striking out A and a 
from the two sides of the original equa- 
tion, the following equation subsisting 
for all values of x, 

B X -|- C g-* -|- &c. = A X -f- c X* &c. 


Divide by x and the following equation 
is true for all values of x. 

B-)-Cx-f-&c. = 6 C X -j- &c. 

Hence for the same reason that A was 
equal to a, we have 

B = A, 

and so on for .all the other coefficients. 

This theorem is one of the strongest 
. instruments in analytical reasoning, and 
we shall find it in the subsequent part 
of Algebra of frequent and extensive 
application. 

.T28. We shall now consider the ex- 
pansion of a', and endeavour to express 
It by a series ascending by integral 
powers of x. We have already seen, 
art. [28 1], that any power of a binomial 
for instance ( 1 + y )’ may be represented 
by a series ascending by integral powers 
of y. We have in fact proved that 


, n-1 n-ln-2.,, 

o + y)’ = 1 + ny + n — g— y* + « — 7— y’+ 


+ n 


2 

n-1 n 


-2 n - r -1- 1 , „ I 

3 — 


(-A). 


This series ^oes on for ever wlien n is fractional or negative, but when it is a 
positive inteijer, contains only «-(“ ^ terms. Now here the remark nmile in art. 
[287] Is of importance to show that even if n be a positive inteejer, we introduce no 
error in supposing the series to co on to infinity. The method in which we shall 
alter the arrangement of the factors of the several terms in series (A) will show the 
necessity of retaining all the terms if wc wish to arrive at a general result. 

Returning to equation (A), and representing the exponent by ir, and writing a 
for 1 y, so that y s= a - 1, we have 

o» = I -fx(a - D-f-x^-;^ (a — 1)* + - U'-t-Scc.] 

> (B). 

, X - I X - 2 X - fr - 1) I c 


We here observe, in the first place, that 
only integral powers of x enter into the 
expression, and in the next, that all the 
terms after the first have x for a factor, 
so that I is the first term of the result 
arranged according to the ascending 
powers of X. In order to find thewconef 
term, or, which comes to the same thing, 
the coefficient of x, we proceed as fol- 
lows. Observing the several terms of 
the series, wc see that in the second the 
coefficient of x is(a-l), in the third, 
1 12 
- - (a - I)*, in Ihc fourth, " 2 ^ ”3 

(a - 1)’ or -|- i (a - l)», and so on for 


the remainder of the coefficients ; or that 
in each term it is the product of the 
second terms of the numerators of all the 
factors (except ,r, which has no second 
term) which compose the coefficient, 
divided by the product of the denomi- 
nators of all llie factors. Now the 
second term of the numerator of each 
factor is always Ihc same as tiie denomi- 
nator of the preceding factor. A little 
consideration then will show, attention 
being paid to the sign, which is ]x>sitive 
when there are an even number of fac- 
tors besides x, and negative when there 
arc an odd number, that the coefficient 
of X is 


(a - l)t + I (a - l)4-f &c.. 
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this series poinff on to infinity. It is 
doubtless possible by a sitnibir method 
to examine the eoefficients of r', t’, &c.. 
hut the o|)eration would l>e tedious and 
almost impracticaltle, and would be 
ditferent for each coefficient. The 
theorem demonstrated at the bepinninp 
of this section will enable us to obtain 
these several coefficients with preat faci- 
tily, and has the advantage of furnisliing 
them all by the same process. 

329. Resuming eijualion (B), and 
writing A for 


x’, &c. (the expressions for which we are 
about to investigate) M, N, &c. we have 


o' = 1 -|- A a; -j- M j:* 

+ Na^ + Scc 


. 1 - 


(1). 


This being true for all values of j". and 
A, M, K, &c. being independent of x, 
we may write z for x, and have the 
following equation, in which the values 
of A, M, N, &c. are the same as before, 

o' = I -)- A g 4- M a* 


cc.}-(2)- 


(o-D- -(o 


1)>+ - (a - 1)» 


&c. 


4- N -|- &c 

Subtracting equation (2) term by terra 
from equation (1), and combining the 
terms with like coefficients, we have 


and calling the several coefficients of r’, 

o* - O' = A(x - r) + M(o* - i') + N {s’ - s>) + &c. 

Now every term of the right-hand side of this equation is divisilde by x - z, for 
every term has a multiplier of ihc form x' - 2 ', and o' - p’ being divided by 
X - z, gives 

o'-'.-|-x'-*.g-fx-'-*.z*-|-&c. (3), 

a quotient in which there are r terms. The above equation then may be written, 
making x - z a. common factor of the several terms, 

o' - o' =(j - z) {A-l-MU + Pl + N (o^-)-TP-|-ir*)-|-&c.} (4). 

Again, o' - o' = o' (o'"' - 1). 

But by equation (I), putting x - o: for x, 

o'"* = 1 -|- A(x - 2)-|- M (x — s)' N (x - a)* 4" 

Whence it appears, making x - z a factor of the sum of all the terms which it 
multiplies, that 

fA4-M(x-.') 1 

o'-'.- 1 - (X - g)| _|_ M (jj _ -)t 4- &C.I’ 

SO that 

o' - «* = a* (a*“* - 1) 

_ I A4-M(x - z) 1 

-o(x-s)| +N(x - s)’4-&c.r 

Whence substituting this expression for o' — o' in equation (4), and dividing by 
X - z, which is a factor on both sides of the resulting equation, we obtain 
A4-M(x4-i)4-N (x«4-xz4-2:')4-&c. = 
o' (A 4- M (X - j)4-N (X - r)*-f &c.) 

N ow this equation subsisting for all values of .r and z, we may suppose z equal to x, 
and we obtain, since all the terms after A on the right-hand side of the equation 
vanish, 

A4-M . 2x 4-N .3o*-f-Scc. = o* X Aj 
and it is evident from equation (3), and of like powers of x must be equal ; so 


the remark which follows it, that the 
coefficients on the left-hand side of this 
equation would go on following the same 
law. Putting then for a' its value from 
equation (1), and multiplying each term 
by A, we have 

A4"2 M x-)-3 N X* 4"&e. = 

A4-.\*x-f AMx*4-&c. 

Hence by the theorem proved at the 
beginning of this section, the coefficients 


that 

2 M = A*, 

3 N = A X M, 
&c. &c 

From the first we obtain 


A* 

M ■= — , 
2 ' 


from the second 


N = 


AM 
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A* 

2 3 


cocfficiDnt of j-*, 


A* 

2 . 3 . 4 ' 


and so on for 


and the form of the two expressions 
shows that we should have for the 


the other coefficients. Hence substitu- 
ting the values of the several coefficients 
in equation ( I ), 


a' 


l-|-A 4 .--t- 


A* 

1 . 2 


A*.a« 


1 .2.3 


-t-&o. 


.(C). 


the series continuing to follow the same law. This is the expansion required. 

330. We now propose to deduce from this expression a series for the logarithm 
of a mimlier to any base. .See art. [234 ]. Tlie process, though at first view circui- 
tous and indirect, requires only to be understoou to appear simple. 

InequalionfC) any value may be given to a; and A, therefore, which, art [326], 
is e(|ual to 

(a- I) -^(«- D’+jCo- 


admits a corresponding variety of values. 
Let us suppose A equal to unity, and 
represent by e the value of a correspond- 
ing to this value of A. W'e have, by 
equation (C), A lieing equal to 1, andti 
to e, 

e' = 1 + + &C. (D), 

and making x equal to 1 , 


lated to this base are also sometimes, 
though without much propriety, called 
hyperbolic logarithms, from their enter- 
ing into some of tlie properties of the 
hyperbola. 

Resuming equation (C), suppose 
X equal to unity, the equation becomes 

a = l+A + ^;+&c. 


. = i+i+T^+nb + *‘<=- 

Of this .series we may take any number of 
terms. The summation of them is 
sufficiently easy, since each term, after 
the second, is derived from the preceding 
one by dividing successively by 2, 3, &c. 
The student can perform the operation, 
and neglecting the terms after the 
eleventh. which have no influence on the 
seven first places of decimals, he will 
find 


But making x equal to A in equation 
(D) the series for c' is the same as the 
above series for a. We thus have 
a=e-‘^ (1). 

As we shall consider a as the base of the 
system for which we are forming our 
tables, we will put equation (1) under 
another form, and write » for a, and 
represent 

(n-I)-i(« - l)*-f-g(n - 1)«- Sec., 
* «5 


e = 2.7182818. 

This quantity then is known. The dis- 
covery of it does not at present appear 
to Itave brought ns nearer our object, 
but we shall find it a necessary instru- 
ment in arriving at it. It is the base of a 
system of logarithms catled the Napier- 
ean, from Napier, a celelirated mathe- 
matician of the seventeenth cenlury, 
who invented logarithms and calculated 
them to this base. Logarithms calcu- 


which is what A becomes, by p. This 
being done, equation (1) becomes 

n =er (2). 

From the definition of logarithms, this 
equation shows us that p is the logarithm 
of n to base e, or Nap. log. n ■= p. But 

p = n - I - i(n-l)»-|-i(n-l)«-&c. 

Substituting, then. 


Nap. log. M = H - I - i (/) - 1 (n - 1 )’ — Sec. 


.(3). 


We have thus obtained a series for the 
logarithm of a number in the Napierean 
system. We thus proceed to find it in 
any oUier. 


331. Taking the logarithms of both 
sides of equation (2) in the system re- 
quired, for instance, in that whose base 
is u, we have 
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log. n= log. or 
= p log. e, 

or log.n = log. e |(n-l)- (« _ (« - 1)S _ &c.|. ...(4), 

since p=(n — 1) - .^(n- I)*+.^(« — 1)* — &o. 

We here appear to be no further A is equal to 
advanced, since log. e being taken to I j ' 

base a. we have at present no means of a - 1 - — (u - I)* -|- "r “ 1)* ~ &o. 

finding it. Equation (1) will help us out * ^ 

of this difficulty. But this, it is evident, from equation (3 ), 

The equation (1) of the last article is the logarithm of a in the Napierean 
a = e* shows, taking the logarithm of system. Representing, then, for the 
both sides to base a, that 1 = log. e* sake of distinction, logarithms taken in 
= A log. e, therefore the Napierean system by log.', and 

those taken to base a by log., we have, 
— = log. e puttii^ for A its value, in the above 

A ’ equation 

the logarithm being taken in the system ll^^ ~ 

whose base is a, and 4- is known, since and substituting for log. e in equa- 
A tion (4), 

iog7i{" " * " " ‘>’+ 5 

The series within brackets in the the logarithm of the same number in 
above equation is the Napierean loga- the system calculated to basea, is called 
rithm of n given in equation (3). The the modulus of that system, and is evi- 
j denlly the same for all values of n, dc- 

quantity p,by which the Napierean pending only on the base of the system. 

ipS- “ It is usually represented by M ; repre- 

logarithm is multiplied, so as to produce senting it so, the equation becomes 

log. N = m|(;i- 1)— y (n - 1)'+ j(« - ll’ - &c.|- (.">). 

(332.) In order that this equation, we staled in the last article, that A could 
which aft'ords the complete algebraical be found, being equal to 
solution of the question, may be practi- j j ; 

cally adequate to the computation of lo- (a-1)- t (« - D* + — l)’-&c., 

garithms, we must alter its form, for if ^ 

n be any numlier greater than 2, it is yet we should find this expression of 
evident that the terms of the senes in- little use in computing its numerical 
stead of converging, l>ecomc continually value. We proceed then to alter the 
greater and greater. In fact, although form of the series in the above equation, 

and to the numerical computation of >1. 

Putting n = l + »' in equation (5), and therefore n — 1 = n', it becomes 
log. (1 n') = M jn* — 4- "'"H Y j’ 

Again putting n = 1 - n' in equation (5), and therefore n - 1 = - it becomes 
log. (1 - »') = M I - n' - —n'* - in'* — &c.|. 

Subtracting lliis equation from the last, and observing that 
log. (1 +«') - log. (I -«') = log. I 4~”, . 
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»nd that the series within the brackets go on following tlie same law, so that all 
the even powers of n' destroy each other, and .all the terms involving the odd 
powers become doubled, wc have 




To reduce this to a more favourable form, let 

1 + «' h 
1 - 7»' “ s’ 

the solution of which simple equation gives 

, b - c 

n = . 

6 + c 

1 4- «' 

Substituting for ^ and n' in the above etpiation 




(333.) Tile series liere is convergent, 
and rapidly so where the difference be- 
tween b and c is very small. It is con- 
venient to make b and c consecutive 
numbers, so that A - c is equal to unity, 
and we can by means of the above 
series, observing that 


The operations for finding the loga- 
rithms of 2 arc indicated below. The 
next less number is I. so that s = 3, 
and the square of s = 9. 

3).8r.858896 

9).289.')2965 


log. b = log. -|- log. c, 

find the logarithms of all numbers suc- 
cessively. Supposing, for a moment, 
that we have found the value of M for 
Brigg's system when the base is 1 0. It 
being equal to 

.43429448, 

SO that 2 M is equal to 
.86358896, 

we have the following rule which is 
taken substantially from Dr. Hutton's 
mathematical tables. Call s the sum 


9 ).«32 1 6996 
9).ni'3574 14 
9).00«3 716 
9).UUI.(I44I2 
9). 110011(1490 
9 ).U0U00054 
.00000006 
Proceeding with the nile 

i).28952965(.28952965 

3).03216996(.01072332 

5).00357444(.00071488 


0 /' any number (h) tehose hffarithm 7). 00039716(. 00005673 

u sought, and the number (c) next less 9).0 0 0044 1 2(.000004 90 


by unity. Divide .86858896 by s, and 
reserve the quotient ; divide the resen’ed 
quotient by the square of s. and reserve 
this quotient; divide this last quotient 
by the square of s, and agam referee this 
qwtient, and thus proceed continually 
dividing the last quotient by the square 
of s.aslong as division can be made. Then 
write these quotients under one another, 
the first uppermost, and divide them 
respectively by the uneven numbers 1, 
3, 5, c^. AM all these last quotients 
together, then the sum will be the loga- 
rithm of—i as given by equation (6). 

And therefore to this logarithm, adding 
also the logarithm of c, the next less 
number, the sum will be the required 
logarithm o/b, the number required. 


11).00000490(.00000044 
13).00000054(.00000004 
Adding the quotients 

log. -j = .30102996 
Add log. 1 = .00000000 
log. 2 = .3 (Ti02996 

By a similar process we may find the 
logarithm of 3 and of all the higher 
numbers. But it is only necessary to 
find the prime numbers by this direct 
method, the others being easily found 
by composition and division. 

Thus log. 4 = log. 2* 

= 2 log. 2, 
log. 6 = log. (2x3) 

= log. 2 -J- log. 3, 
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and so on. 

10 

Log. 5 = log. — 

- log. 1 0 — log. 2 
= 1 - log. 2, 

&c. &c. 

The series in equation (6) admits 
other transformations which are of ser- 
vice to the practical computer of loga- 
rithms by atfording verijicdluns of his 
result ; it being evident that when we 
h.ive arrived at the same result by 
several difi'ei cnt proces.ses, we may feel 
a more perfect assurance of its accu- 
Equation (G) then gives us, withdrawing M, 


racy. But the discussion of them here 
would be misplaced, our object l>eing 
only to explain the construction of 
tables. 

(334.) The multiplier M may be 
found immediately from equation (G). 

It is equal to : , the accent indica- 
log.'a 

ting as before that the logarithms are 
taken in the Napieiean system. This, 
as was before remarked, is the quan- 
tity by which we multiply the Napierean 
logarithm of a number in order to 
arrive at the logarithm to base a. 


iog-'7=M 


tb - c , 1/4 — c\* 


.+ 


V4-j-c 

Now for Brigg's system a = 1 0 

first find log.' 1 0. 

But 


3 \4 + c/ ^ 


1 / 4 - c 




In order, then, to find M, or 


log.' a ' 


we must 


log.' 10 = log.' (2x5) 

= log.' 2 -j- log.' 5. 

By equation (7) 4 being equal to 2, and c to I, 

log.' 2 = 2 f — . -i- -1--^ . ]• 

^ \3~3 3>'5 3»' / 


By a process similar to that ased in the last article we shall find 
log.' 2 = .60314718. 

From this we obtain log.' 4, or 2 log.' 2. 

Again, putting 5 for 4, and 4 for c in equation (7), we have 


log, 


= „ fl + 1. J. + 1 . 1 . 

4 V'J ^3 0>^ 5 • ^ 


where 


which may be easily computed, being 
very convergent. Adding log.' 4, we 
obtain log'. 3. The.se operations being 
performed, in which the reader will find 
no difficulty, and log.' 2 being added to 
log.' 5, we shall obtain 

log.' 10 = 2.302585U9, 
and therefore 

M = p-Vr 
log.' 10 

= .43429448. 

(335.) In art. [233] we promised to 
inquire into the real value of such quan- 
tities as a'”"*””’, and to show that it 
differed from unity by a quantity which, 
within a certain degree of accuracy, 
might be neglected. 

By art. [327] we have 
A* 

u* = 1 -h A* -f- -j— 5- + &c.. 


I I ' 

A=a-I-Y(a- !)«-[- -^(a-l)*-&c., 

which is the Napierean logarithm of o. 
It is in most cases a small number, and 
is not greater than 10 unless a be greater 
than 10000. Now x being equal to 
.00000029, the third term w ill not influ- 
ence the twelve first places of decimals, 
and may, therefore, w ith those that follow 
it, be put out of the qne.stion. Supposing 
A to be less than 10, Ax will have no 
significant figure in the five first deci- 
mal places, and may therefore be neg- 
lected if the degree of accuracy recpiired 
docs not extend so far. In this case w e 
may therefore consider a as equal 
to I. 

In art. [240] we remarked that the 
common logarithms of consecutive num- 
bers of five or more digits were nearly 
in arithmetical progression. We may 
thus prove this to be the case : 
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log.'(c-f- 1) - Ifg. c = log. 


c+1 

» 


log. (c-f2) - log. (c-f I) = log. *-11^. 

c-f- 1 

Calling the first D, and the second D', and subti'acting 
D - D' = log. - log. = log. 

c+1 

® clc + 2) * c(c + 2) 

or, expressing the logarithm in a series, 


Now c containing five digits, the deno- 
minator of the first terra contains at 
least nine digits, and M being less tlian 



D — D' can have no significant figure 
in the eight first decimal places. We 
have therefore in the tables calculated 
to seven places of decimals, 

D - D' = 0, 
or D = D', 

so that the differences between the loga- 
lithins of consecutive numbers are 
equal. From this property the method 
ot finding the logarithms of numbers of 
six and seven digits in art. [242] directly 
flowed. 

(.33fi.) We have subjoined a small 
table of common logarithms, which will, 
for many purposes, supply the place of 
a whole volume of them. By means of 
this table the logarithms of all numbers, 
from oneupto fen MoHsanrf, orofall num- 
bers consisting of four digits, wherever 
the decimal point be placed, may lie 
found to a certain number of decimal 
places. It will lie seen, by reference to 
the table, that the logarithms directly 
given are those of all numbers only from 
10 up to 999. But since the logarithms 
of 20 and 2, 30 and 3, fcc., as well as 
those of all numbers consisting of the 
same digits, but varj’ing in the position 
of the decimal point, differ only in their 
characleriitict, art. [238], the manner of 
deducing from this table the logarithms 
of all numbers consisting of one, two, or 
three digits, is evident. These loga- 
rithms, it will lie observed, are given as 


far as four decimal places only, while 
those tables, the construction of which 
we more fully explained in arts. [236], 
&c., were calculated as far as seven. 
For an explanation of the use of the 
promriional parts arranged to the right 
of the double line in each page, we must 
refer to arts. [240]. ..[243]. We are en- 
abled, by means of them, to find from 
our table the logarithm of any number 
consisting of four digits, ns in the arti- 
cles last referred to, we derived the 
logarithms of numbers, consisting of 6 
digits, from tables where the logarithms 
of numbers up to 99999 only, were 
tabulated. Thus, to find from our 
table the logarithm of 9863 : — From 
the tabic we sec that the logarithm 
of 986 is 2.9939 (2 being the cha- 
racteristic), and, consequently, the 
logarithm of 9860 is 3.9939. Now the 
prujmrtional part corresponding to 3, 
the last digit of the number whose 
logarithm we proposed to find, is 1, and, 
therefore, adding this, we have 
log. 9863 = 3.9940. 

See aits. [240]. ..[243]. 

(337.) Tlie table of antilogarithms 
contains the natural numliers corre- 
sponding to all logarithms of four places, 
arranged in the order of the loga- 
rithms. This table is an extract from 
Dodson’s Antilogarithmic Canon. The 
first two figures of the given logarithm 
being found in the first column, and the 
third figure on the top of the page, the 
corresponding natural number is oppo- 
site to the former, and under the latter. 
The quantity to be added for the fourth 
loganihmic figure must be taken from 
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the columns headed proportional parts, 
in the same line with the number already 
found, and under the given fourth figure. 
The natural numbers thus obtained will 
generally be exact to a unit in the last 
place, except towards the end of the 


table ; the number of decimal places will 
depend upon the cfiaracieristic of the 
logarithm. This table is chiefly intended 
to save time when many logarithms in 
succession are to be looked out. 
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ERRATA IN SOME OP THE EDITIONS. 

Page 86, column I, line 38, for (r-j- o)‘ read (T + a)“ 

Page 87, column 2, line 27, for read x" 

Page 88, column 2, line 23 of note, for a read « 

line 24 ditto, for (1 + i)"+“ read (1 + 2 ')"'*“ 
line 27 ditto, for (1 + 2 j"+* read (I + 2 )"+* 

The same in lines 32 and 35 
P.ige 90, column I, line 2, for (I + read (I — a-)^ 

line 6, for (1 + x)' read (1 + a:) ^ 

line 19, dele — m at the end of the line 

. 1 • • *"r ^ j ni + 1 

j line 20, at beginning, for read — m . — - — 

column 2, line 5, for read — - — 


line 7 from bottom, for 


»» (m — I ) . . . m — ;i + I 


1 . 2 .... p 

m (m — 1 ) . . . (m — ?) + 1 ) 

, 1 . 2 .... /I 


read 


V* y 

Page 91, column 1, line 26, for re.ad — 

line 27, for + |j- read 1 + -^ 

Page 92, column 1, lines 4 and 5 should stand thus : 

. * In' 

(1+a;) =1 + ^.a« 


1-1 1-2 

+ 1.1— -1 *s+&c. 

n 2 3 

1 


line 8 thus : 


line 9 thus : 


n a" n 2 * a*** 

1--1-1-2 •) 

+ -4 + &<=■/ 

n 2 3 a*" x' 


1 V 1 1 V 

line 12, for + — read + — . — 

a," n n" 


I n - 1 2 n - 1 f/s ^ -> 

line 13 thus : H • -z — • — . ~ — &c. 

II 2 II 3 II a” J 

column 2, line 40, for/ rend S 
Page 93, column 2, line 5 of note, for ^ ^ ^ read 

line 9 diito, for f a - ,r 1 read I _ a - a 1 

\ a + .r/ V a + .ry 

Page 91, column 1, line 2, dele comma at the end of the line. 

line 5, for (a + n)”’ read (n + a-)" 

Page 96, column 2, line 22, for [292] read [297]. 
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ARITHMETIC AND ALGEBRA. 


To prevent any misconception as to 
tlie use of this treatise, we state that it 
is intended only for those who study the 
principles of arithmetic and algebra, 
and the reasons of the rules laid down 
in those sciences. The plan we should 
recommend is the following : — Let the 
student repeat examples of each rule 
upon paper, choosing the most simple 
numbers which can be found, as well 
those given in this work as others, until 
he is capable of solving such instances 
mentiilly. Let him then proceed to 
the cases which contain more compli- 
cated numbers or expressions. This is 
by much the shortest way of proceed- 
ing, and eventually the easiest. 

\Ve presume a knowledge of the four 
fundamental operations of arithmetic 
in whole numbers, and shall therefore 
content ourselves with showing how 
examples may be formed which shall 
contain their own verification. 

As soon as the pupil knows the pio- 
ccsses of addition and subtraction, let 
him take a series of numbers, each of 
which contains one more figure than 
the preceding; say 154, 2879, 3107.3, 
200104, and 7172618. Let him sub- 
tract each of these from the succeeding 
as follows: — 

2879 31673 200104 7172618 
154 2879 31673 200104 

27M 28794 168431 0972514 

Let him then add all his results, to- 
gether with the least number chosen. 
The resiUt ought to be the greatest 
number. 


0972514 

108431 

28794 

2725 

154 

7172618 

As an exercise in multiplication, let 
two numbers be written down for the 
student, each of which he is to multiply 
by itself. For instance, 142 and 301. 
361 X 361 = 130321 
142 X 142 = 20104 
Subtract 110157 

Let him then take the sum and dif- 
ference of the two numbers first chosen, 
and multiply these together, which 
should give, the same result as the 
preceding. 

301 .361 

142 M2 

add 503 219 subtract. 

503 X 219 = 110157 
For division, let the student multiply 
two numbers by themselves, and divide 
the difference of the results by the dif- 
ference of the numbers ; which should 
give their sum. But the division of 
any two numbers by one another may 
be made, and the result verified by 
multiplication as usual. 

Suction 1 . — Common Fractions. 

Opkrations containing fractions with 
very high numbers are of little prac- 
tical use ; decimal fractions being pre- 
B 
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ferred. But as exercises of arithme- 
tical accuracy we shall give, among 
the rest, a few cases of high numbers. 

I. — To reduce a fraction to its loweet 
terms. 

Definition. — A fraction is in its 
lowest terms, when there is no fraction 


equal to it which has a smaller nume- 
rator and denominator. 

Principle employed . — The value of a 
friiction is not altered by dividing bot h 
its numerator and denominator, or mul- 
tiplying both its numerator and deno- 
minator by the same number. 


1 

2 

3 

7 


2 3 

4 C 

G 9 

Ti 21 


4 

8 


5 

— &c., &c., are all equal. 
Stc., &c., are all equal. 


Rule. Divide both numerator and denominator by the greatest whole num- 
ber which will divide them both without remainder.’ 

Case 1. Where it is evident that a certain number will divide both numerator 
and denominator without remainder, and that the result is in its lowest terms. 

il_i 

33~ 3 48 “4 14” 2 99 “ 11 15~5 


Point out here by what numbers the numerators and denominators are 
divided. 


Case 2. Where it is evident that the numerator and denominator arc divisible 
by some number, but uot evident that the result is in its lowest terms, divide by 
that whole number, and proceed as in Case 3. (Observe that Case 3 may be 
employed without Ibis, if preferred.) 

A number is divisible by 

Tiro, when the last digit is divisible by two, or even ; as in 6G, 48, 132. 

Three, when the sum of its digits is divisible by three, as 1C2, in which 
I + G + 2 or 9 is divisible by 3. 

jRmr, when the two last digits are divisible by/«ar, as in 10SC4, in which 64 
is divisible by 4. 

Fire, when the last digit is cither 0 or 5, as in 180, 965. (To divide by 5, mul- 
tiply by 2, and strike off the cipher.) 

SiT, when it is eren and divisible by three, as 486. 

Seren, according to no rule sufficiently simple to be useful. 

Eight, when the three last digits are divisible by as 2794216, in which 

216 is divisible by 8. 

Nine, when the sum of its digits is divisible by nine, as 729, in which 7 -1- 2 + 9 
or 18 is divisible by 9. 

Ten, when the last digit is a cipher. 

Eleven, when the two sets of sums made by taking alternate digits are cither 
equal. or differ by a multiple* of 1 1, as 1034, in which 1 + 3 is the same 
as (I + 4, 121 in which 1 + 1 is the same as 2, 129382 in which 
1 + 9 -(- 8 or 18, differs fnim 2 -I- 3 + 2 or 7, by 1 1, 

Twelve, when it is divisible by /our and three. 

The preceding rules may be applied to the following fractions : find out which 
is employed in each. 


5663 11.33 103 . , , 

V720 = rf44 = Tin 
7944 1986 662 

8916 ~ 2 ^ ~ 743 


S9JM _ 1272 
44^ ~ 642 ' 


212 
■ 107 


(Case 3.) 


Case 3. When there is no very evi- less, the divisor by the remainder, the 
dent divisor of the numerator and last-mentioned remainder by the new 
denominator, divide the greater by the remainder, &c., &c., (as afterwards 


* A multiple of ala any number which can be dlrlded by a without remainder* 
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OF ARITHMETIC AND ALGEBRA. 


shown,) until there is no remainder, or 
until it is evident that two successive 
remainders have no common divisor. 
In the first case, the last divisor used 
will divide both terms of the given 
fraction, and will reduce it to its lowest 
terms ; in the second case, the fraction 
is already in its lowest terms. 

*,* Observe that whatever divides 
two numbers divides their difference : 
therefore 102 and 107 can have no com- 
mon divisor ; if they had, it would be 
either 5 or would divide 5. This will 
often be useful. 


4460 

Reduce to its lowest terms. 


1856)4466(2 

3712 

754)18.56(2 

1503 

34 8)7.54(2 
096 

58)348(6 

348 


0 


therefore 58 is the greatest divisor 
which 4466 and 1856 have in common. 


Therefore 


58)4466(77 

406 

406 

406 

0 

4466 77 


58)1956(32 

174 

116 

116 


1856 32 


1847 

Reduce to its lowest terms. 


1847)8209(4 

7388 

821)184 7(2 
1642 

205)921(4 

820 

~T)205(205 

205 

”o~ 


Tliis tells us the greatest common divisor of 1847 and 8209 is ],or that there is 
no divisor which will red\ice the fraction to lower terms. 


2433 

3 

150933 

329 

13787 

“ 77 

ia:j57 

41 

314175 

_ 355 

100110 

_ 355 

100005 

“ 113 

31866 

~ 113 

7992 

_ 9 

54.369 

_ 

11544 

~ Is 

73355 

85 


instances of higher numbers, 

7241379310344827586206896551 _ 63 
99999999999'99999999999999999 “ 

42614574994432 _ 16807 
149720237927424 59049 

The following is a table containing some jtrime numbers (or numbers which 
have no whole divisors greater than 1) by which examples may bo formed. 


23 

.167 

857 

1637 

3299 

8443 

1858.1 

29 

397 

883 

1709 

3389 

8573 

206 1 1 

83 

4.13 

947 

1 759 

4591 

8669 

32801 

149 

509 

953 

1831 

1673 

9011 

43717 

179 

54 1 

967 

1847 

5189 

9151 

58573 

181 

6J9 

971 

1861 

5407 

9181 

00013 

191 

647 

977 

2081 

6329 

9403 

72053 

257 

709 

983 

2111 

0149 

9521 

84229 

271 

76 1 

991 

2287 

7237 

9631 

97073 

311 

809 

997 

2749 

7321 

9967 

99991 


Take any two of the preceding numbers, say 23 and 149 ; multiply both by 
any number, say 8, giving 184 and 1 192, then 

184 23 

— ^ — reduced to lowest terms, gives — i— 

1192 149 

Many thousands of examples may be thus formed. 

B 2 
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KXAMPI.es of the PROCF.SSES 


n . — To redure Fractions to a common Denominator , — 

That is, to find fractions having the same denominator which shall lie 
respectively equal to a set of fractions having different ilenominators. 

Ca.\» I. When the fractions h.avc denominators, of which all the divisors can 
be easily seen. An example of this case will be better than any nile. 

To reduce to a common denominator the following fractions, 

23456789 10 12 16 

write down all the denominators which are not evidently divisors of some of 
the rest. 

7, 9, 10, 12, 16 

Write these down in prime factors, that is, make them by multiplication, 

7 3X 3 5x2 2X2X3 2x2x2x2 

Take each prime number as often as it occurs in that one of the preceding which 
has it most often. 

2222 3 357 


Multiply all these together, which gives 

2 X 2 X 2 X 2x3x3x5x7 = 5040; 
Pivide this by all the denominators in succession. 


5040 -r- 2 

= 

2j20 

5010 7 

= 720 

5040 -P 3 

= 

1680 

5040 -4- 8 

= 6.10 

5040 -4- 4 


1260 

5040 -4- 9 

= 560 

5040 -P 5 

= 

1080 

5040 10 

= 504 

5040 6 

= 

840 

5040 -4- 12 

= 420 

• 


5040-4- 16 

= 315 



These need not all be formed by multiply every numei-ator by the result 
actual division, for it is clear that to of its denominator in the preceding list, 
divide by 9, we may take the third part and we shall thus iiave the numerators 
of 1 6S0, in which 5040 has been already of the fractions required, while 5040 
divided by 3. will be the common denomin.alor, as 

Now look to the original fractions : follows : — 


1 X 2520 = 2520 

2 X 1080 = 3360 
1 X 1200 = 1260 

Similarly 

3 . 3240 

- IS 

i 5040 

5 . 4200 

- IS 

6 5040 

1 . 720 

7 5040 

1 . 630 

- IS 

8 5040 

Fractions given. 

3 5 7 

8 12 1 00 

3* J_ ± ± 

12 10 30 


1 . 2520 

‘S 

2 5040 

2 . .3360 

- IS 

3 5040 

1 . 1260 

- IS 

4 50t0 

2 . 1120 

- IS 

9 5040 

— ■- 

10 5040 
l_ . 420 

12 5040 

13 . 4095 

IS 

16 jO-40 

The same reduced to a common denominator. 


225 

•250 

42 


600 

600 

6UU 


720 

20 

75 

50 

240 

IMO 

240 

240 
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The most convenient common deno- 
minator is the least number which is 
divisible by all the denominators or 
their least common multiple ; but any 
common multiple will answer. The 
least common multiple is found in the 
preceding process. 

Case 2. — Where the least common 
multiple of all the denominators is evi- 
dent. Thi.s, generally speaking, is when 
the denominators are very low num- 

Numljera sirro. 

2, 3, 4, 0, 

4, 9, 10, 12, 18, 

2 , 6 , 10 , 

6 , 8 , 10 , 

3, ", 9, 

3, 8, 10, 15, 

7, 9, 12, 15, 

2, 4, C, 8, 10, 

18, 20, 24, 

16, 18, 22 


bers, and the least common multiple is 
found by multiplying the denominators 
toecther, rejecting any factor out of 
each, which is evidently contained in 
a preceding one. For instance, the 
least common multiple of 4 and 6 is not 
4X6 but 4X3, because the factor 2, 
which is thrown out when 6 is made 3, 
is already in 4. The following are 
instances : — 

Least common multiple. 

2 X 3x2 X 1 = 12 

4 X 9X3 X 1 = 180 

2 X 3X5 =30 

6 X 4X5 =120 

.3 X 7x3 =63 

5 X 8x3 =120 

7x 9X4 X5 = 1260 

2 X 2X3 X 2 X 5 = 120 

18 X 10 X 2* = 360 

16 X 9X11 = 1584 


When the least common multiple has been found, perception derived from 
practice, rather than rules, must be the guide; if that fails, go back to Case 1. 



Fractions given. 

1 Reduced to a common denominator. 

1 

2 

1 5 

6 

8 

3 

10 








2 

3 

4 6 

12 

12 

12 

12 

3 

3 

1 

12 

6 

7 


7 

14 

4 

28 

28 

28 


9 

5 

1 

81 

15 

1 


2 

6 

18 

18 

18 

18 


7 

3 

5 

42 

27 

50 


15 

10 

9 

90 

90 

90 


1 

1 1 

I 1 

30 

20 

15 

12 








2 

3 4 

5 6 

60 

60 

60 

60 


Case 3. — When there are only two 
fractions with complicated denomina- 
tors, cither mulliply numerator and 
denominator of each by the denomi- 
nalor of the other; or, if considered 
worth while, find the greatest common 
measure of the two denominators, and 
their quotients when divided by it ; 
multiply each numerator and deno- 
minator by the quotient of the other 
denominator. 


mon denominator. 

33 _ 33 X 25 _ 825 
^ ~ 82 X 25 “ 2050 
11 11 X 82 902 

25 “ 25 X 82 ~ 2050 
81 , 37 

To reduce , and — - to a com- 
//OO 1340 

mon denominator. Here the greatest 
common measure of 1540 and 7700 is 
1540 ; therefore the fractions are 


To reduce 


and to 
25 


81 , 185 

7700 7700 


Fractionf given. 


Reduced to a common dexiomiuator. 


53 

27 

49608 

4887 

181 

936 

169416 

169416 

113 

355 

12769 

120025 

355 

TTs 

40115 

•miy 


• For 34 write 3, Oecsuie 6 1» olremiy ■ factor of 18, »nJ of the rniduary foclor 4, 3 U olicady in SO. 
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6 EXAMPLES OF THE PROCESSES 


llJ.—litliinaiinn of the Value nf Fractions. 


Rule I. When fractions have a com- 
mon denominator, the greater has the 
greater numerator. 

16 9 14 13 

l2 ^ 12 TT ^ IT 

Rule 2. When fractions have a com- 
mon numerator, the greater has the 
less denominator. 

16 16 £1 

7^8 11 ^ 15 


Rule 4. By adding the same number 
to both numerator and denominator of 
a fraction, the fraction is brought 
nearer to 1 ; by subtracting the same 
number from the numerator and deno- 
minator, the fraction is removed far- 
ther from 1 ; that is, addition to both 
decreases fractions greater than 1 , and 
increases fractions less than 1 ; sub- 
traction from both increases' fractions 
greater than 1 , and decreases fractions 
less than 1 . 


Rule 3. If the numerators of two 
fractions be added for a numerator, and 
the denominators for a denominator, 
the resulting fraction lies between the 
two first. 

7 lies between 7 and 7 

5 4 J 

8 3 5 

— lies between — and - 

2^ 1 - u . 20 3 

-lies between - and - 


12 3 4 

2 3 4 5 



is a continually increasing scries. 


3 4 5 6 7 . 

2 3 4 5 6’ 


is a continually decreasing series. 

— IS less than — , 

28 . 27 

— 13 greater than — . 


IV. — To add and subtract Fractions. 


Rule. Reduce the fractions to a com- 
mon denominator ; do with the nume- 
rators what is directed to be done with 
the fractions ; let the result be the nu- 
merator; let the common denominator 
be the denominator. Reduce the rcsidt 
to its lowest terms, if thought worth 
while. 

1 1 3 

What is 7 -t- r ? These are - and 

2 3 o 

2 11 

hence g -t- r has 3 -b 2 for numerator, 

6 40 

5 

and 6 for denominator, or is -. Simi- 


1 1 1 15 

' + 2+5+8=T 

111 1 
- + -b -b 


1 


63 


17 50 850 


560 5040 7 

21 1_1 _ ^ 

~ 90 “ 18 
1 2 4 97 

3 5 21 ~ 105 

1 |2 _ 253 

^ " 7 13 ■ ’oT 


a r, 7 ~ 1 s “ 


118 


15 105 


larly. 


7_ 2-- H 

10 15 ~ 30 

1 1 7 

1+2+5=^ 


1 3 

^ 2 “ 2 


1 1.3-2 1 

2 - 3 6 ’ 6‘ 

7 2 77 6 _ 

83 

5,3 

89 

19 

347 

20082 
“ 30883 

3 1 1 “ 33 33 " 

33 

G 

11 

2239 

7 2 77 6 

3 11 33 33 

71 

33 

197 12 

” 23G4 

46 IH . 2 

110 

44 

153 

18329 

~ 5 ~ 5 13 7 

91 

3 

“ 427 

“ 1281 


1 1,1 1 137 

* 2 3 4 5 " 60 

1 2 3 4 163 

*“2'*’3'^4‘*'5“ 60 


DlgifizecTby Guoglc 



7 


OF ARITHMETIC AND ALGEBRA. 

1 1 1 1 1 23 by the denominator, and add it to tlie 

3 +;j — = numerator ; let the denominator re- 


2'*’3'*’4'*’5'^6 60 

1 2 3 4,5 213 

2 3^4^ 3 6 60 

Such reductions as the following are 
particular cases which often occur ; 



Rule. Multiply the whole number 


1 

13 

1 

64 

3 - = 


7 - = 


“I 1 

4 

f) 

9 

4 

24 

5 

101 

'*5 = 

5 

«I2 = 

12 

3 

1603 

93 

0 

293 

*** 

100 

'' 1(10 

" 100 

11 

361 

9 

213 

14 — : 


12 — 


25 

25 

17 

17 


V. To multiply or divide Fractions by a Whole Number. 


Rule. Do as directed with the nu- 
merator, or the contrary with the de- 
nominator ; that is, to multiply, mul- 
tiply the numerator, or divide the 
denominator ; to divide, divide Uie nu- 
merator, or multiply the denominator. 

Multiply ^ by 7, 

either — or— that is, 

42 6 

either or;; 

the latter is the more simple. 

6 

Divide — by 3, 

. . B -r- 3 B ■ 

cither —- 7 — or - — , that Ls, 

35 35 X 3 


•.u 2 6 

the former is the more simple. 

7 7 1.1 

T5’^®"3 15 “'^"75 

8 80 3 . 3 

n ^ ~ 21 19“'* " 76' 

144 288 144 _ 12 

107 ^ “ 107 To7 ■ * “ 107" 

When the multiplier is composed of 
factors, it may happen that some fac- 
tors may be most conveniently used in 
one way, some in the other. The stu- 
dent must render himself very familiar 
with the following : 


Multiplication of Numerator I Multiplication, 

Division of Denominator ’ 

Division of Numerator 1 jjiyision. 

Multiplication of Denominator j 


Multiply by 14, or 7 
4x2 8 

77-^7 " ir 


GO 

Divide — by 25 or 5 x 5, 
60 -r 5 >‘3 

77 X 5 ~ 385’ 


4 

16 

4 


1 

2\ 

X 28 = Y 

21 

28 = 

147 

12 

24 

12 


3 

39 

X 26 = Y 

39 

8 = 

78 

108 

432 

108 


9 

"sT 

X 20 = -y- 

35 

24 s= 

70 

55 

275 

55 


1 


X 45 = — 


-4-110 = 

1‘2L 


63 

43 


X 86 = 50 


25 

^300 : 

43 • 


1 

516' 
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EXAMPLES OF THE PROCESSES 


VI. — To multiply and divide Fractions by one another. 

2 4 

Definition 1. The product of - and-. This is the answer to such questions 

o 5 

4 2 

as the following : What is two-thirds of -r ? What is four-fifths of - ? A. gave 

d O 

2 4 

B. - of his share, and B. gave C. t of what he got. How much of A.*s share did 

o o 

2 4 

C. get? If 1 gallon cost . of a shilling, how much of a shilling does - of a gal- 

«> d 

4 

Ion cost ? What is - taken two-thirds of a time ? W'hat is twice the third part 
of 7? &c. 

d 

2 4 

Definition 2. The quotient of - divided by t. This is the answer to such 

questions as the following : What number of times, or what parts of a time, 
2 4 4 2 

docs - contain j ? How must - be treated, so as to give j ; that is, into how 

4 

many parts must - be divided, and how many of these parts must bo taken, so 
2 2 

that - may result ? If 1 gallon cost 3 of a shilling, how many gallons, or how 

4 

much of a gallon, may be bought for ^ of a shilling ? 

Sale. To multiply, multiply numerators by numerators, and denominators 
by denominators. To divide, divide numerator by numerator, and denominator 
by denominator ; or invert the divisor, and miUtiply. Or to perform cither 
operation, invert the multiplier or divisor, and proceed as in the other. 

Multiply 3 by divide the product by and multiply the result by 


2X4 

3x3 

8 

“ 15’ 

•I- 

5 8 7 

7 “ 15 ^ 5* 

56 

75’ 

56 

rr X 
7o 

l(i 

20 

320 

4 

3 

20 

3 

^ 7 “ 

27 

11 • 5 

“ .33" 

20 

16 

320 

3 

4 

33 

7 

x-^ = 

21 

5‘ 

~11 

“ 20’ 


Before the multiplication is made, strike out any factors which are common 
to a mimeralor and a denominator; before the division is made, strike out any 
factors which are common to both numerators, or to both denominators. 


16 35 

8 

X 2 

7 

X 5 

2 5 

10 

2l^2l = 

7 

X 3 

8 

X 3 

" 3^3 

3 — 

9 

22 . 33 

11 

X 2 

11 

X 3 

2 . 3 

10 

35~25 ~ 

7 

X 5 “ 

5 

X 5 

" 7~5 

“ 21 


' 1 i i _ ' 1 . • 1 . > 15 


2 


120 

2 ' 

• 3 4 • 

5 

=s 

8 

1 

2 3 4 

1 

1 

1 

3 

2 


7 

— 

X 

ll 

X 

1 

X 

( 

II 

— 

— 

X - X - — 


— 

— 

0 

3 4 5 

5 

2 

3 

4 • 

7 


16 


21 10 15 


7 

11 

27 

5 


33 




— X 

V V 


— 



16 7 “ 8 


. 18 

10 

14 " 

2 


16 

51 

51 132651 


2 2 

2 

2 

2 


2 

^ 96 

^ 96 “ 8847J6' 


3^3 


3 

X 

3 “ 


64 

72'J 
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« X 
7 


113 221 

_ 24973 

112 X 

397 

16.3564 

355 

118 

41890 

167 

777 

129759 

1 V 228 

228 

93 

X 122 

11625 

169 

963 

162747 

4600 

662 

30452 


60 X £» X £2 X — 

61 61 61 61 

1 X 1 xi-x I X 12 

2 3 119 


X £2 X «“ 


61 


61 


IZ — £ = 7 


£3 
1^ 

2 ■ 5 12 

25 18 _ 625 

18 ■ 25 324 

3163 ^ 799 _ 79075 
468 ■ 25 373932 


16 

275 


46656000000 
M ^3 74 361 

li X 12 = 1 


13 


14 


22 ?£ - 1 


18 ■ 18 
119 338 

27 ■ 113 

3i-^i 


13447 

9126 

7 


1_ 

135 


fix i xlWfi-x I X 2^ =i 
V6 2 loj Vll « L 

fl X 1 X 3W f A X 2 X 4^ = IL 

\7 9 / \11 9 J 112 

A i + i) ^ (i 1 - l-) = 51 

\ 2 6' '■2 a' 81 


12 -i- 8 = - 


6i-i-2i = 2_ 


17 


- = 51 
3 


9 -r 1 J. zz 6 
2 

4 7 _ 4 

5 ■ 5 “ 7 
_ 8 
~ 3 


6x2 

3 


1 -4- — = 10 
10 


10 1 4- 2 = 14 


100 

3 


4 

101 

3 


100 

101 


10 X —-^ — = 10 
11 11 

16 


9 = 1 + 2X -+3X — 
3 9 


VII . — Fraclioiu having Fractions in the Numerator or Denominator, or both. 

Full'. To reduce such fractions to eijuivalent simple fractions, multiply the 
numerator and denominator bv the least common multiple of .the denomi- 
nators of the fractions contained in them. ' 

I 

^ 2 

To reduce — j-to a simple fraction. 


4i 


To reduce . 


X 6 




18-1-3 

-■mi 


- 2 


to a simple fraction. 


2i 

26 
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EXAMPLES OF THE PROCESSES 
The least common multiple of 7,4, 2, and 7, is 28 : 


lir.^ 63 

182 — ’ou 


42 _ 

2 2 

42 

X 

28-2 

1 

X 

28 

7 

4 _ 

7 



4 



o2 - 

2 2 

62 

X 

28-2 

1 

X 

28 

2 

7 

2 



7 




53 

122 


That is, 4 i, when diminished by 2 is the same pro[x)rtion of 6 ^ 


diminished by 2 - which 53 is of 122. 


3 2 



2 2 

2 J- 

4 


13 

y 

95 1 2 

42 


17 

3 2 

8 2 

4 



5 

4 

8 ^ 



1 1 

22 

3 


104 

<2 

4 3 

9 2 


117 

1 2“ 

3 1 1~ 

4 



8 

4 

1 

+ 

1 _ 

1 


2 


3 

4 12 - 

- 6 + 4-3 


25 

aa 


88 

15 


I + 


12 + 6-4—3 


T_ 

11 


2i - 1 i 

4 3 


54 - 32 


2 i + 1 ‘ 


22 

IT 


51 + 30 

8 4 

VIII . — MiscellaneouK Ejcerrises in the preceding Buies. 

11 2 3 

4 “ a 


i+ i 


X 2 + 


3 2 


3 

1 2 


1 + 


j n 

4 ^ 18 ~ 60 


1 


7 + 3 


I + 

4 3 i X * L£ 

1 4 " 2 5 1000 


174054 7 

4200000 


A + i 

19 


2 ri + i"i _ - 

1 V.3 5/ - 57 


12 X (l - 22) + ± X i X (i + A) = i 

17 V 81/ 11 6 \2 12/ 3 

2 

JU + 2 X -1 + 2 (i + 11) + ^ (2 + 2) = / 

2 5 10 5 ^2 14 / 70 \7 5/ 


12 X 1 - 12 X 2 

21 2 14. 3 

16 1 _ 13 1 

21 2 14 3 
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lX.— VeriJication n/ Algebraical Procexses. 


The following are iiome algebraical 
equations which are always true, what- 
ever numbers or fractions may be 
placed instead of the letters ; provided 
only, that wherever a subtraction 
occurs, such as a — 6, a must be 
greater than b. The student must at- 
tempt to verify them; and the proof 
that he is correct consists in his finding 
the same number on each side of the 
equation. For instance, in the first 
example, let a stand for 4, and b for i ; 
then 

1 ]_ 

b 5 2 a-b _ 2^3 _ I 

a+b ~ FT ~ 5 b ~ I ~ 2 
2"^3 3 


and that the young student cannot* be 
more usefully employed at this stage 
of his progrc.ss, whether the 0 [)eration 
be considered with reference to arith- 
metic or algebra. The student should 
first try each expression with some 
whole numbers, betbre he proceeds to 
use fractions, in order to be certain that 
he understands the meaning of the 
terms. 


b 

j_ a — b _ 

aa 

a+b 

h 

ab -(- bb 

a ^ b 

j. “ + * — 

2aa + 2ab 

a+b 

a ~ b 

aa — bb 

1 

1 

a 

1 -fa 

1 -f- 2« ~ 

1 + 3a 


b a-b 2^1 

FjT “6 5 2 



Again, ix- - 

aa 2 2 4 / 9 \ 

ab + bb ~ 2xi-hlx*~i+-~'^“*^ 
2^3^3 3 6 9 


The following list may be considered 
long, but it must be remembered that 
every one is also an example in algebra. 


(a -i- b) X (a - b) aa - bb 

(a + b) X (a + b) = aa -h 2ab -(- bb 

(a - b) X (a - b) = aa — 2ab -f- bb 

1 -f X _ ax aa 

j _j_ 1 a + X a-i- X 

X 

(x-l-a)x(x-l-6) = xx-Ka-fi)xx-|-a6 
(X— a)x(x— 4) = xx-(o-l-4)xx+a4 


(ox - by) (ox - by) = (aa -f- bb) (xx -1- yyj — (ay -(- bx) (ay -f bx) 


a + b.a-b__^ a + b a— b_/^ 

2 ~2 2 ~ ” ~~2 


xx-2x-I-l_X-l XX — 3x + 2_x — 2 

XX -1 x+1 xx-lOx-t-9 x-9 

XXX -I- 9xx + 26x -1- 24 _ x -j- 4 
XXX -f 6xx -1- llx -(- 6 X -f- 1 
(n + 1) (« -h 2) _ n(n + 1) , „ ^ j 
2 2 

(n -h 1) {« -f 2) (n -1-3) _ n (n -f 1) f« + 2) . « (« 4- 1) , , 

6 ' 6 2 


* The Tcry little power which even adrtDced itudenU pnerally pouc»«, of turaiog their algfbrtical 
into trltbmeUcal reaulu, \* one of the nrtncipal features of acboof Iu8tnicti0n« n« it exliU at pre«eut> 
and ia a rery serious irapediment to higher studies. 


I 
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EXAMPLES OF THE PROCESSES 


c ' c , be , bhc , bbbe 

• — — 't' — + *1" J- 

a — b a aa aaa aaa (a — o) 

c _ ^ bbbe 

a b a ■ 'Oa aaa aaa (a + b) 

l+ar_l — .r_ 3x _ x 

1— X 1+a: I — XX 1— XX 

,1 (a+l)(a + l) „ „ l_(a+l)(a-l) 

fl -4" — = ‘ — ' ■ — 6 a — — — 

a a a a 

(a + 6 + c) (A + c — a) (c + o — A) (o + 6 — c) = 

“ 2aoAA + 2aace + 2AAcc >- aaaa — bbbb — cecc 


X. — Algebraical Theorems of Approoeimation,for Verification. 

If p be very nearly equal to 1, then the following theorems are nearly true : . 

pp=2p— I l-=- p = 2— p 

• p;^ = 3p — 2 \ -^ pp = 3 — 2p 

PPPP = 4p — 3 &C. 1 ppp = 4 — 3p &C. 

If X be very small, the following theorems are nearly true. 

= 1 — X . ’ * ■ j: = 1 + X I ^ = 1 + 2x 


1 +x 
l-3x 


= 1 


1 — X 
l+6x 


= 1 + lOx 


I — X 
6 — 4x 


8 


1— 2x 1 — 4x 

If X be very great, the following theorems are nearly true : 


3 + 2x ^ 3 ® 


X + 1 X 


X - 1 _ J _ 2 

X + 1 a; 


1 +x 


1 

X 


XX 


Section 2. — Decimal Fractions. 


I . — Exercises on the Meaning of the Decimal Notation, 


• I is read decimal, one. 

■ 1 23 is read decimal, me, ttco, three, 

36 • 012 is read thirty-six, decimal, nought, one, ttco. 
The student should now write the following and similar tables : — 


• 1 means 

1 

•01 

1 

means 7— - 

•001 means 

1 

• 2 , , 

10 

2 

•02 

100 

2 

•002 . . . 

1000 

2 

•3 , . . 

To 

3 

•03 

' ■ ‘ 100 

3 

•003 . . • 

1000 

3 

•4 . . . 

10 

4 

•04 

’ ■ ■ Too 
4 

•004 . . . 

1000 

4 

&c., &c. 

To 


’ * ■ Too 

1000 


• I . 2 , 3 .... 100 . 20 , 3 .... 123 

• 123 IS — + h ; which is 7 — • + + : which is 

10 ICO 1000’ 1000 1000 1000’ 1000 


•0104 is + 

100 10000 


4 .... 100 

; which IS : 


10000 


_20 

Toi 

4 

10000 


; which is 


104 

10000 


7 60 7 67 

6- 7 is 6 + - which wWch is — 
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.35-013=35 + — + 


3 

lUUU 


2-008 = 2 + 


8 

lUOO 
7 


, . 1_ _7_ 4 

“ 100 1000 '*■ 10000 


35103 

1000 

2008 

1000 

174 


10000 


12-11 =,2 + ^+-^^^ 


1211 

100 


12345 = 10000 + 2000 + 300 + 40 + 5 


1-234-5 = 

1000 + 

200 + 30 + 4 + — 

123-45 = 

100 + 

20 + 3 + -i+ — 

10 100 

12-345 = 

10 + 

,3 4.5 

^ 10 ^ 100 1000 

1-2345 = 

1 + 

2 3 * , ^ 

10 100 lOUO 10000 


12.345 = 1234-5 X 10 = 123-45 X 100 = 12-345 X 1000 
1234-5 = 123-45 X 10 = 12 .345 X 100 = 1 2345 X 1000 
123-45 = 12-345 X 10 = 1 2345 X 100 = - 12.345 X 1000 
1--2345 = -12345 X 10 = -012.345 X 100 = -0012345 X 1000 
-12345 = -012345 X 10 = -0012345 X 100 = -00012345 X 1000 


-12345 

_ 12-345 _ 

1-23-45 _ 

1234-5 

10 

~ fod^ 

1000 

10000 

1-2345 

1-23-45 

1234-5 

12345 

10 

~ 100 

1000 

10000 

123M3 

1234-5 

12345 

123450 

12-345 = 

— — 



10 

100 

1000 ” 

10000 

1234-5 

1.3 4s, - 

1-2345 

123450 

1234500 


luo “ 

1000 

10000 


8-2 = 8-20 = 8-200 = 8-2000 = 8 20000, &C. 


Instances like tlic precedins; should be continued until the student is so 
familiar with the changes of the decimal point as instantly to point out the 
eftect produced by it, without recurring to a rule. 


II. — Tb Jind a Decimal Fraction trhicA s/tall be nearly equal to a given Common 

Fraction. 


Principle. No common fraction has 
a decimal fraction exactly equal to it, 
unless its denominator is divisible by 
nothing but 2 or 5, or is composed of 
the product of some numbci-s of iu'os 
and Jivee. Hut a decimal fraction can be 
found, which shall be as near to a 
given common fraction as wc please, 
though not exactly equal to it. 

R^. Annex ciphers to the nume- 
rator, divide by the denominator, and 
neglect the remainder. Cut off as many 
places from the quotient as there were 
ciphers annexed to the numerator, for 


decimals. If one cipher was annexed, 

1 

the decimal so obtained is within 
of the given fraction; if two ciphers, 
within ; if three ciphers, within 


1000 ’ 


and so on. 


In thin and all other decimal opera- 
tions, when directions are given to cut 
off a certain number uf places, and there 


Digitized by Google 



14 EXAMPLES OF THE PROCESSES 


are not places enough to be so cut off, 
affix ciphers to the beginning, in suf- 
Jicient number to make up the ile/t- 
ciency. Thus, to cut off ttiree decimal 
places from 25, write '025; to cut off 
ten decimal places from 118, write 
*0000000118. 


Find a decimal fraction which shall 
. ... 1 18 
53- 

Annex /our ciphers fo 18, and divide 
by 23. 

23)180000(7826 
rem. 2. 


Cut off four places from 7820, and 

1 


the 'answer, *7826, is within 


10000 


of 


18 

23' 


Verification. — 


7826 2 

1 0000 “ 230000’ 


Find a fraction which shall be within 
1 -J_ 

1000000 913- 

913)1000000(1095 
rem. 265. 

Make six decimal places in 1095, 
which gives *001095, the fraction re- 
quired. 

Definition. A decimal is said to be 
true to the (first, second, third, <f*c.) 
place of figures when any alteration in 
the (first, second, third, ^c.) place of 
figures would remove it farther from 
the truth than it is as it stands. For 
instance : 

®1 

— = 61616 very nearly. 

It is also very nearly *6161, hut not 
quite so near to this as to *6162. The 
second is a little too great, the first a 
little too small ; but the second is not 
so much in excess as the first is in de- 
fect. 


230000 115000’ 


which is less 


than 


1 

10000 ’ 


Buie. To make a decimal true to the 
la,st figure, find one more figure than 
is wanted ; if the last figure be 5, or 
upwards, increase the preceding by 1. 
Thus : 


*18829976. 


If we wish to retain one place only, write *2 
„ „ two places - - *19 

.. .. three . - . . •]88 


„ „ four 

., .. five 

,, ,, six 

„ „ seven 

"What is the nearest decimal fraction 

to — true to fire places of decimals. 

Annex six ciphers to 1, and divide by 
309. 

309)1000000(3236 

Answer: *003236, which, made true to 
five places, is *00324. 

The following examples of decimal 
fractions are all true to the last place ; 


7 _ 

*2917 

.370 _ 

*42383 

24 


873 


11 _ 

*.3929 

i; 1 _ 

* 07376 

28 ~ 


827 ~ 


1 _ 

*0345 

447 _ 

1*73930 

29 


257 “ 



... 

- 

1883 



- - - 

- 

18830 



... 

- 

188.300 



... 

- 

1882998. 



1 _ 

-0011 

1012 


1 * 73883 

940 


582 



■1 1 _ 

*0553 

410 


*73874 

741 


555 



1® _ 

•0554 

.355 

, . 

3- 14159 

289 


113 



33 _ 

*0554 

1 


*00032 

596 


3090 



11 

II 

*8827 

100 

, 

*15798 

793 


633 




* Tlie fltuiient must not be surprised at this 
fraction havinfr the same decimal (to four places) 
aa the precetlliig. The two tractions du not dWTvr 
by so much as one ten-tAomandtA. 


Digitized by Google 



15 


OF ARITHMETIC AND ALGEBRA. 

Instances of the above process carried to a greater numl)er of places : 

053 

— = r0315055/0fil'j273301737756714nc00315955, &e. 

G<5.> 

43 

— = •045i2067l56348373557l87827911857292;6970Gl9 
:Jo3 

~ == *001782331 194299j')001782:>31194295900. &c. 

jGI 

Instances of fractions which can be exactly expressed decimally; that is, in 
which the denominators are made by multiplying iwns or /ives, or both : 

1 = -5 1 = -2 i = -23 J- = -04 

2 5 4 25 

i =z -125 -L = •0625 — = '03125 

8 16 32 

-L = •015625 — = -008 — = -0078125 


64 

125 

128 

1 _ 

•001953125 — 

= -013671875 

^ ~ 

512 


63 _ 

•984375 -'-“L = 

•0123291015625. 

64 ~ 

8192 



III. — Rnluctinn of Decimal Fractiuns io a common Denominainr. 

Rule. Annex ciphers to all which same number of places. Thus'l, '12, 
have a less number of places than arc •123, reduced to a common denomina- 
in that which has the greatest number tor, arc' 100, '120, '123. 
of places, so that all shall have the 

Fractions given. I Rednced to ■ common Denominator. 

•06, -031, -014S -0600, '0310, *0148 

12-3, 2'4, '197 I 12-300, 2-400, '197. 


IV . — Addilion ami Subtraction of Decimal Fractions, 


Rule. Proceed in every respect as in 
whole numbers, but keep decimal i>oints 
under one another, and jjlace the deci- 
mal point of the result under the other 
points. (See page 1 for methods.) 

Add 12. 12-1, 1-42, and '0081. 


12 From 66- 112 

12-1 Take 2" 01 783 

6Fo9U7 

•0081 

‘23'3'i8t 


1 + -1 -1- -01 + -001 -1- -0001 = I'llll 
1 -b -2 + '03 + -004 -1- -0005 = f2345 
67 + 7-8 + ’89 - 1-2168 = 74'47.32 
6-718909 - 2 1488 = 4'570100. 


V. — Multiplication of Decimals. 

Throw away the decimal points, and mal places in the result as there are in 
all preliminary ciphers; multiply the both multiplier and multiplicand, 
results together, and take as many dcci- Multiply together the following: 


1 -2 

0-3 

2-99 

*001 

6*0 Multiplicands. 

1-1 

•84 

•on 

*01 

*5 Multipliers. 

12 

63 

299 

1 

60 

11 

84 

1 1 

I 

5 

m 

252 

3^89 

1 

300 


504 





5292 




1-21 

5-292 

•03289 

•00001 

3. Answers. 
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EXAMPLES OF THE PROCESSES 


8 X 8 = 64 8 X 'S = 0-4 '8 X ‘8 = -04 -09 X ‘8 = -064 

SO X -8 = 04 -008 X ‘08 = -00004 800 X -0003 = '04 

15- 94 X 254-0830 = 4050-092584 
-004710 X -22240050 = - 001 04S8G933C90 
-923521 X -28629151 = -2C439G22IG0G71 
-155 X 24-025 = 3-723875 14-2 X ' 142 = 2-0104. 


VI . — Division of Decimals, 

Bute. Case 1. 4Vhen the divisor has decimal place of the dividend is used 
no decimals, or is a whole number, pro- in making the first figure of the qiio- 
ceed as in common division, and let the tient, put the decimal point first, and 
first decimal place of the quotient be then a cipher for eveiy decimal place 
that figure, in the making of which the afler the first which is used in making 
frst decimal place of the dividend is the first quotient-figure, 
brought down ; but if more than one 

9)173-13 . 18)-0041(-0002 23)l'01(-2 

19-27 

5 1 


Case 2. When the divisor has deci- 
mal places, strike out the decimal point, 
and remove the point in the dividend 
as many places to the right as the 
number of places which have been thus 
destroyed in the divisor, previously an- 
-09)l-08( -4)-oi92( 

9)108-00... 4) -192 

10-22... -048 

2-5)- 1793 
23)1-793(7172 

43 

25 

180 

U5_ 

50 

50 

0 

-07172 


ncxing ciphers to the right of the divi- 
dend, if necessary. 

In both cases, ciphci-s may be an- 
nexed at pleasure to the right of the 
dividend, and used in foi-initig addi- 
tional quotient-figures. 

-11)3 

11)3 00-00. .. 

27-27... Quotients. 

-0023)179-3 

25)1793000(71720 

1 75 

43 

25 

180 

1 75 

50 

00 

o' 

71720 Quotient. 


Case 3. If the dividend be a number followed by ciphers, as 80400, strike out 
the ciphers, proceed as before, and when the process is finished, remove the 
decimal point one place to the left for every cipher so struck out. 

1 - 793 

2500)1 -793( — — = -0717-2 

25 


25)l-793(-07172 


1-793 

2500 


-0007172 


Dividend. 

Divisor. 

Altered 

Dividend. 

Altered 

Divisor. 

First Quo* 
tient. Figure. 

Part uf the 
AlleredDlvl- 
dend which 
gives it 

Column in which U muit 
stand. 

1- 95-28 

04-19 

190-28 

G419 

3 

196-28 

2nd Decimal Place. 

*0019 

•134 

1*9 

134 

1 

1-90 

2nd Decimal Place. 

G74 

-012 

674000 

12 

5 

07 

Ten Thouvands Column. 

0-221 

•9130 

02210 

91.-10 

6 

C22I0 

Unif4 Column. 

•7021 

123-05 

70-21 

12.305 

5 

70-210 

.3rd Decimal Place. 

1 

•001 

1000 

1 

1 

1 

Thousands Column. 

118 

190-5 

U60 

1905 

G 

1180-0 

IkI Decimal Place. 

1 

110-4 

10 

1104 

H 

10-000 

3rd Decimal Place* 
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— <= M 


iT’ 

6 

600 
•6 
8-4 
12 
•84 
12 
1 

•159 
8792 

937"-6567 

37-9G416 


= 1000 


= •? 


= 'O/ 


6 

600 

•06 


8^4 


P2 

•084 

•12 


= 7 


= 6 •289308 


= 9-37037 


•156 

•59 

79800 

•59 


■ = 243^3G 


80000 


= •000007375 


•06 

GO 

: 10000 
8^4 


= -001 


= •000007393483 


•006 

600 


•00 6 
•6~ ' 

= -00001 


•01 


•12 

•084 

1-2 


= 70 


= -07 


8-4 
•012 

•0084 

•0012 


= 700 


= 7 


= -00862069 


23-2 
0821691-97627 


88 03 
•00636056 


= 77492-809 


•86 

61000 


= -007396 


•825 

23 


= 73939-393939 


•000579 


= 39723-60148532 


When the student has acquired suf- 
ficient knowledge of the meaning of 
decimals, and expertness in using them, 
he will need no other rule for all the 
cases than the following ; — Put a semi- 
colon in the place where the decimal 
point ought to be, in order that the 
result should contain no higher or 
lower denomination than amlv.that is, 
should lie between 1 and 10; pass from 
the semi-colon to the decimal point as 


it stands, repeating 'lens, hundredt, 
thoumn(h, &c., as successive figures are 
passed over, if to ike left, and tenths. 
mtNDREDTHS, THOUSANnTHS. &C., as 
successive figures are passed over, if 
TO THE RIGHT. Let the first figure of 
the quotient h.ave the denomination 
last named. We give underneath the 
place of the semi-colon, and the value 
of the first place of the quotient. 


DItUIooi rcquireJ.I 
84 -31 5630 

•19 22 11-9 

369-7 216-4 

49872-3 193-2 


PtaCM of the seiDl-colon. 

84 -31 5630 

•19; ;22- IT 90; 

3G9-7 216-4 

49;872-3 193;2 


Veloe of flrtt pleoee of the 
qooUent. 

400 -01 400 

•007 1 


VII . — Contracted Multiplication of Decinuut. 


Pule.— To multiply two decimals 
together, so as to retain only a certain 
number of places in the product, with- 
out the trouble of finding the rest- 
invert the order of the figures of the 
multiplier, and write them under those 
of the multiplicand in such a way that 
what was the units figure of the mul- 
tiplier may come under the last place 
of decimals, which is to be retained. 
Multiply as usual, with this exception, 
that each figure of the multiplier begins 
with the figure of the multiplicand 
which comes immediately over it, the 
figure next to that being only used to 


carry from (as in the subsequent exam- 
ple). Put the several lines directly 
under one another, instead of removing 
each one place to the left. 

*,• As it is almost impossible to 
make this rule clear in words, we sub- 
join an example at length. 

Ex. To multiply 147-3861 by -6457, 
retaining only three places of decimals. 
The second factor, written so as to 
show a unit's place, is 0‘6457, and in 
reversing, the 0 must fall under the 
third decimal place of the other factor, 
thus : — 

C 
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I4738f!l Multiplier reversed ; units place 0 fulling under third decimal C of the 
754^iO upper line. \ 

Tifultiplier G ; figure to begin with, 8, figure to carry from, 8. Six times 

88482 6 is 3f», nearest ten, /our lens, carry /our. Six times 8 is 48, and 4 is 

52. put down 2 and carry 5. The rest as usual. 

SBOo Multiplier 4 ; figure to begin with, ,8 ; figure to carry from 8. Four times 
8 is 32; nearest ten, t/tr^e tens, carry three. Four times 3 is 12 and 3 
is 15, die. The rest as usual. 

737 Multiplier 5; figure to l>egin with, 7 ; figure to carry from, 3. Five times 
3 is 15; nearest* ten, tu-o tens, carry two. Five times 7 is 35 tu^d 2 is 
37 , &c. The rest as usual. 

103 Jfiilliplier 7 J figure to l»egin with, 4; figure to carry from, 7- Seven 
times 7 i* 49, nearest ten, /ve tens, carry /ve. Seven times 4 is 28 and 
- 5 is 33, &c. The rest as usual. 

95*167 Add as usual, and mark uff three places; (the number proposed) for decimals. 

The full product of 14 7M86I and '6457 is 95* 16720477, which in thousandths 
only is nearest to 95'167, our result. 

The following multiplications have the proper arrangement and result given. 
No decimal places means that the whole number of the result is required, with- 
out fractions. 

No. of Arrsfijr^mcnt of | 

[)edmals MuUifiUpr mid BesuU. 

retained. MultipHcaod. 

three 36-3771 

933 999 

two 19-081137 

6 33-25 

seven '0699268 

1 4657990 
one 13763819-0 

35877850 0 
none 753554*1 

5536897 

seven 1*2799416 

5 1GG516U 

Whore the figures of the multiplier multiplier has no fixture above it ; but 
extend to the left of the multiplicand, the carriage from the 3 (9x3 = 27) 
continue as lon^ as there is either mul- is Mreetens, and three must be written 
tiplieation or carriafre. Thus in the under the ripht hand column of the 
first example, the first 9 of the arranged preceding lines. 

VIII. — Contracted Division of Decimals. 

Rule. — Proceed as usual, until the of the divisor are cut off. When the 
number of quotient figures remaining abridged divisor is not contained in the 
to be fbund does not exceej the number remainder, cut off a second figure from 
of figures In the divisor. Then, in- the divisor, put a cipher in the quotient, 
■stead of annexing a cinher, or bringing and proceed. We subjoin a detailed 
a figure down from tne dividend, cut example. 

off the last figure of the divisor; that To divide -1299494 by '9915266, ns 
is, do not employ it except to carry far as nine decimal places. The first 
from, as in the last rule. See how often quotient figure being a decimal, and 
this abridged divisor is contained in the there being seven places in the divisor, 
remainder ; multiply, carrying from the two quotient figures must be found by 
figure cut off; finua new remainder; cut the usual method; alter which, the 
off another figure from the divisor, and process is explained, 
repeat the process until all the figures 


* In this cur, 15 !■ equally near tc one leu and txo teue. It la usual, and senerally tnnit correct, to 
taka ttie bishcr of the two. 


363-529 

9986-30 

'0697565 

809017'0 

6018150 

'7880108 


Mutllptication required. 

36-3771 X 9-90339 
19-081137 X 523-36 
'0699268 X -9975641 
13763819 X '05877853 
753554-1 X 7-98G.355 
1 •2799416 X -615GG15 
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DiTiMor. nftf>rvnr>ls 


abridged 

Dixidend. 

Qnntient. 


9916206 

) I2!)94940( 

•131000717 



99 1 5206 




30797340 

29743618 



991520 

6 1051722 


Cut off the fl, rewrtinp it to carry from; 


991621 


991520 is contained in 1051722 once; 
once 6 is 8, nearesst teii} one ten, carry 
one. The rent as usual. 

99152 

06 60201 


Fi^ire to carry from, 0; 99153 not con- 

9916 

206 


tained in (>oi201» cut off another figure 
from diviflor, and put 0 in ijuotient. Fi- 
gure t)i carry from, 2 ; 8915 contained 
ill 60201, sis timeft. Six times 2 is 12; 


59491 


nearest ten, one ten, carry 1. Six times 
5 is 30, and 1 is 31. The rest as usual. 

991 

5206 710 


091 not contained in 710 ; cut off one more 

99 

15206 


figure, and put 0 in quotient. Carrying 
figure I ;99 contained iii710, seven times. 


694 


Seven times 1 is 7y nearest ten, one ten, 
carry one. Seven times 9 is 63, and 1 is 
64. Tile rest as usual. 

9 

915206 16 

. . 

Carrying figure 9. Divis, 9, contained once 




in 16. (luce 9~is 9; nearest ten, one 


10 


ten, carry one. Once 9 is 9, and 1 is 10. 


9913200 6 


No divisor, carr)*ing figure 9. M'hat num- 


6 


ber of times 9 will carry 6, or be most 
nearly 60 ? Seven times 9 is 03; put 7 


— 


in the quotient, and carry 6, wkich 


0 


finishes the process. 




No. of Decimals 

Dividend. 

Divlior. 

to be retained. Quotlcnl. 

1 

1 


3' 14159205 7 '3183099 

2-7182818 7 '4342944 

2992- 

9 

5r 77717 

5 57-80347 

171-8 


414*487636 

9 '414487636 

'2 

73 

74*529 

9 '603663004 


•0008202 *67272804 8 *00121922 

When the divisor itself contains more mcmbering the rule for increasing the 
places than arc required in the quotient, last figure. Thus ' 1G48267 -t- • 7263, 
as many places may be cut from the to two places only, may be found from 
right as will make the two the same; '16483 4- 73, by the rule exemplified 
and the dividend may be cut down in above. 

the same way until no more places are Both in multiplication and division, 
left than will give one figure in the it is best to retain one more place than 
i(uotient, to the abridged divisor, re- is absolutely required to be correct. 

Section 3. — Extraction of the Square Root, Examples of Surtit and Irrational 

Quantities. 

I. — Extraction of the Square Root. of the square root of 32 '19, to four 
The rule for this will bo better un- places ol decimals. Annex so many 
derstood by a detailed example than uiphers that the decimal point shall be 
by any verbal explanation. Though followed by twice as manyplaces (eight) 
the quantities operated upon are deci- there are tu be decimals in the root 
mal, it is to be understood that a whole (four). This gives 32 '19000000. Point 
number may be used in the same way. pl»oe, and every other place 

ForS, for instance, is 5- 0000, &c. f™*" i.L to the right and left, which 

The following contains the working give 3219000000. 
of the rule at length for the extraction C 2 
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Givpn number Boot found, fii^ire 
DtvUort. polDl«U. by b(fure, as below. 


3-i I y 060006 (5'C73C 

Firit prrio/i 32; nearest nfiuare, 25 ; root 5. Put 5 in the root, 
25 and subtract 25 from 32. 


lOG) 719 


030 

1127) «-'*O0 

7H89 

11343) 41100 

34029 


Remainder ^ ; bring down next period, 19. Double 5(10), which 
place in divisor. 

Cutoff one Ogiire from 710, — 71* This contains the divisor 10 
seven limes; fry 7, as follows: annex it to divisor, 107 ; multiply 
by it, 107 X 7 is 719 : this is greater than 710 : 7 '‘^iH not do. 
Try* 0. 'rhen IOC X 0, is63C — less than 7 lO- Put Gin the root 
and in the divisor, and subtract G3G from 710; remainder, 83. 
Rringdown next period, 00 ; add G last found to lOG, giving ttcw 
divisor, 112. Cut one figure from 8300 — 830. This contains 
112 seven limes. T^ 7, a»d 1127 X 7 *» 7889. Put 7 i*' 
the root and in the divisor, and subtract 7889 from 8300. 

Remainder, 41 1. Bring down next period, 00 ; add 7 Inst found 
to 1127, giving new divisor 1134. Cut one figure from 41100, 
—4110. This contains 1 134 three limes; trial* no longer ne- 
cessary. Put 3 in the root, annex 3 to divisor, giving 1 1343. 
Subtr^t 11343 X 3, or 34029. 


11346C) T07100 Remainder, 7071* Bringdown last period, 00 ; add 3 last found 

to 11343, giving new divisor 1I34G. Cat one fig^ire from 
707100 70710. Tliis contains I134G six limes. Put six 
G8O79G in the root; annex G to divisor, giving 1134GC. Subtract 
1I34GG X G, orCOOTOG. 

26304 Remainder, 2G304 ; less than half of 1I34GG, which shows that 
there is no occasion to cliunge the last fmmd C into 7, t<> have 
the nearest decimal of four places. 


The required root is therefore 5‘ G73G ; by which wo me.%n, that though 32 ‘ 10 lia.s no 
exact sqtiare root, yet 5*G73G, multiplied by itself, will give a restilt nenrrr to 32* Iff than 
any other ntiml>er with four decimal places. This we will try. Multiply the three st»c- 
cessive fractions, 5‘G735, 5'C73(>, 5*G737, each by itself, retaining five decimal places in 
the product. 


5*C7350 

5-G73G0 

5-07370 

537G3 

63765 

73705 

283G750 

283C800 

283GR50 

340410 

3404 IS 

340422 

39715 

30715 

397 1 6 

1702 

J702 

1702 

284 

340 

397 

32'188GI 

32-18973 

32-19087 


Find the difference between each of 
these, and the Quantity which we first 
set out with, and we have 

•00139 -00027 -0008. 

of which the second is the smallest. 

When, after cutting: off one figure 
from the altered remainder, the divisor 
is not contained in the result, bring 


down a second period, and place a 
cipher in the root and the divisor. 
The following is an instance in the 
extraction of the stjuare root of 
100406552374249. Where the calcu- 
lator would simply annex a cipher or 
period to a line, we write the line as;ain 
with the cipher, that the student may 
see the several steps. 


* Thli trial will rarely be neceiaary after the aecond step. So that barin? cut one fitfiire from the 
Increnspti remainder, the nnmhrr of time* which the dlrlxor If therein contained may be wrUten down 
on the right, and (be whole dlrleor, /Aar offered, omltipUcd by Us laat figure. 
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100406552374249(1 

1 

2) 00 

20) 0040 10 


2002) 0040G5 1002 

4004 


2004) 

6152 


200403 

615237 

601209 

100203 

200406) 

1402842 


20040607) 

1402S4249 

140284249 

0 

10020307 


Wherever a dotted line occurs, the 
augmented remainder, with the last 
figure cut off, is found not to contain 
the dividend, a new period is brought 
down below the line, a cipher is an- 
nexed to the divisor and to the root 
(also brought down), and the figure 


which, after this, answers the purpose, 
appears at the end of the divisor and 
of the root. There being no remainder 
at last, the exact square root required 
is 10020307. 

The student should perform the pre- 
ceding operation in this form : 


100400552374249(10020307 

1 

2002) 004065 
4004 

200403) 615237 

601209 

20040607) 140284249 

140284249 
0 


We must notice one more case in which a cipher may occur. We wiU 
first write the beginners attempt, as it would be if he were not cautious. 
To extract the square root of 2034 : 


Flrit Attempt. 


Corrected Proccn. 


203400, &C. (45-1 

16 

85) 434 
425 

901)~900 

901 


203400, &c.(45'09, &c. 
16 

85)~43'4 

425 

9009) 90000 

8 1081 

9018)“S92900 

&c. 


In the first he has gone wrong, for cipher in the divisor and the root, and 
though 900, stripped of its last figure, brings down another period. The dc- 
coiitains 90 once exactly, yet 901 (the cimal point of the root always precedes 
new figure being annexed) is not con- that root figure in forming which the 
tained in 900. lie therefore puts a first decimal period was used, annexed 


* The prcllmifliry cipberi may be omitted > 20 I 3 not coDtaioed in 004 or 4. 
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ciphers being always considered as de- the beginning, or to a cipher in the 
cimals. If periods of ciphers be thrown unit's place. 

away in the beginning of the operation, In the following examples, the num- 
the root is all decimal, and has a ci- her whose root is to be extracted is in 
pher at the beginning for every period the first column ; the pointing at full 
so thrown away; but this rule does length in the second; the same with 
not apply to the throwing away of a the decimal point and preliminary ci- 
single cipher (not a whole period) at phers, if any, thrown away, in the 

third ; and the answer in the last. 


No. siren. 

Do., pointed. 

Do., ilmpllfiedr 

Square Root, 
nearly. 

•1 

0-1000 &c. 

1000 &C. 

•31622776602 

•85 

0-8500 &c. 

8500 &c. 

•92195444573 

•0683 

0-068300 &c. 

68300 &c. 

•261342686907 

•0068 

0-006800 &c. 

6800 &c. 

•082462112512 

9-70 

9-7900 &e. 

97900 &c. 

3- 12889756943 

97 '9 

97'9000 

979000 See. 

9-89444-28S 


The preceding method may be short- riod, let the remainder stand, strike off 
ened, as soon as half the decimal places a figure from the divisor, and proceed 
required have been found, tiy substi- as in contracted division, 
tilting a contracted division. The following is the extraction of the 

The rule is, when half the number of square root of 12 to 12 decimal places 
(decimal and other) places have been by this method : 
obtained, instead of forming a new pe- 

12-nO (3'464101615138 

9 

04) 3 00 
2 56 

G8G)~4400 

4UG_ 

6924) 28-t«0 
27696 

G9281) ^4U"0 

69281 

6928201) lll9((iu)0 
G92H201 
692820(2) 4201799 
4156921 
104878 

35596 

,34641 

~955 

693 

262 

208 

51 

55 The nearest. Tlic 8 not so much too great as 7 
would be too small. 
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OF ARITHMETIC 

The student may furnish himself with 
examples to any amount by the follow- 
inc principle : If A has the square- 
root B, fnur times A has the square- 
root twice B, nine times A has the 
square-root three times B, and so on. 
het him then choose a number or frac- 
tion, and extract the square-root, say 
of four times that numl>er, as well as 
of the number itself. His first result 


ANH ALGEBRA. 

should be twice the second. The last 
figures only cannot be expected to 
agree. 

The extraction of the cube-root is a 
long and useless process. When the 
student becomes accpiaintcd with lo- 
garithms, he will always use them for 
the extraction of all roots, the square- 
root included. 


11. — Definition and Notation of Powers and Roots. 


Operation. Ueootedby 

7X7 7* 

7X7X7 7> 

7X7X7X7 7* 

7X7X7X7X7 1 7* 

&c. I &C. 


I Commonly called 

1 The’squarc orseconil power of 7. 
I The cube, or third power of 7. 

! The fourth power of 7. 

I The fifth power of 7. 

! &c. 


Bv analogy, 7 is written 7‘ and called the first power of 7. 


Condition ful- 
hlled by p. 

pp= 7 

Blanner ofdrnotlagp. 
■'^7 or 7 i . . . 

PPP = 7 

Vy or 7* . . 

ppj}p = 7 

or 7* . . . 

jypp = 7* 

VyLor?* . . 

ppppp = 7‘ 

V^or 7* . . . 

pp= 7" 

^7" or 71. . . 


Name otp. 

Square, or second root of 7, or 7 to the 
power of one-half. 

Cube, or thiixl root of 7, or 7 to the power 
of one-third. 

Fourth root of 7, or 7 to the power of 
one-fourth. 

Cube root of the sgu.are of 7, or 7 to the 
power of two-thirds. 

Fifth root of the sixth power of 7, or 
7 to the power of six-fifths. 

Square root of the eleventh power 
of 7, or 7 to the power of eleven 
halves. 


Verify the following equations by 
multiidication : 

16 = 2< = 4* = 8* = 16' = 32* = 64^ 
9 = 3* = 9' x: 27? = 81^ = 2431= 7291 
32 = si = 4* 256 — 32* 

In such an equation as 32 = 4*, 4 
has two names ; one reft*rring it to the 
4, the other to the 32. 

I is called the exponent of 4. 

5 is called the logarithm of 32 to the 
base 4. 


Verify the following assertions : 

The mimberfla the logarithm of the] 


uiidcrmen- 

tioDcd 

2, 3, 4 
3» ^ -i* I 
6,5,4 

[h I 
hi 
j 4* 

* ■f'B* fo* 93 


correkponditig iium-j 

her andermi'iitluni-ilj 

100, 1000, lOOOU 
1262144, 8, 4. 2 
[64, 32, 16 
[1024, 32, 16,250 
|32768, 4096 
,65530, 4, 64 
16384, 262144,2 


to the biee 

10 

64 

2 

|l048576 


III. Particular cases of Propositions which are proved by Algebraic Reasoning. 

The student should go through the whole of these, adding others similar to 
them if necessary, until he performs all such operations by habit, without rules. 
10« = 10 X 10» = 10" X 10< = 1(P X 10“ = 1000000 
2* = 2 X 27 = 2j X 2® = 2“ X 2® See. = 256 
OB X 27 = 2'® 12» X 12« •= 12“ 

8®=!! = l‘ = i“ = i’&C.= 512 
8 8 * 8 * 8 ® 
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( 105)2 



103“ 

1G3'» 


163» 


490 


4»T 


2" = (2’)' = (2«)< = (2«)’ =(2«)‘ = 4090 
(3»/ = 3” (7''F= 7« (1009)“ = 1009' &c. 

2" = 24, or = 2^ or V29, = 2 ^ or V2‘* 

24 = 2 ? = 2 * = 2 ^ = 21 *® 

or, Vl’ = = VF = V2< = 'V2» &C. 

Vs?* = ^9 V3?* = 36 Vi?* = 159 

\/ Vo, or(04)^ =• 9i V^V9 or = 9» 
or (sl)^ = 850 \Z'^ or (s4)’ = 850 

V3? = (V32)9 = 4 V^> = (V32)' = 8 


i^y {vio^r = = ((00')5)7‘ 

,(J/|vrS 4 }’ = ( 10 ¥ = 10 ’’* = ((dOoO’)’ 

g4 X oS = ol + l = 6*. or Vo X *Vc = Vo» 

?5 X 7* = 7* + t = 7»5,orV7«X v7* 


si-r 

-sS 

= 8 l-i 

II 

OP 

O 

4/8 

II 

•I- 

v« 

9 ! 4 

- 9 ! 

It 

1 

= 9i^,orV9< 

4-"V7* = 

‘Vo* 

10* -i- 

109 

104 

^ 10*-^ 

104 

I 

1 



109 

1094 . 

lO* 

10* 

109-4 

61 -T- G" 

, _ 

1 

1 


7*® JL, 7» 

1 



6«-7 

6" 



7» 

34 3:1 


1 

1 


5 ? 4 - 5 ? 

1 



3l-i 

' 315 



5? 

X (loi)“ - 


(io4)4 = 

io4 X 

10* 

4 - io» = 

loi+’-J = 

(s4)’ X 

(5- 

)4 (S' 

0* = 3? 

X 

3» 4- 34 

= 54 

g'* 

means 6* 


3 

4l 

‘ means 

1 3' 

2'3Gy’“‘ 

means ^2 

•36)«U 



® • ^'2 
is 6 
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7 * means 7^ 


■01* lit. 

8 means 8’™^ 


4 4 1 

3 X 10 = 30 

i 


6^ X 7^ = 43^ 


•S 3 3 

3X4=8 

i i 4 

3 X 3 X 4 = 2 X 3 X 4| = 24 Or V'3 X V3 X V4 = ij24 

} i 


7 X8 = 7 X 8| or ^7» X ^8’ = «3''56> 

G*'=)--G)’x'= 5 (3v/lJ-3xS-i 

(wr.)- = ... G Gv/?)’-? 


V81 = 9 Vsi X 2 = Vbl X V3 = 9 V-3 ; Vl56 = 2 V39 

X \/t ^ ^ VTi X = 2 V90 


V8 = V4 X 2 = V4” X V-f = 2 ; VoY = 4 V2~ 

ViT = 2 viT Vioo = 4 viT Vliso = 6 VsT 
10 V'j = V900 7 V3~ = VuT 12 V12 = Vl'^ 

V56 = =V8 X 7 = Vs X V 7 = 2 V? VlH = 2 V2l 


V288 = Vl6 X 18 = VlG X Vl8 = 2 Vl8 , VG144 = 4 V24 

V69G6 = 3 ViB , 4 V3 = V7G8 V25G = 2 V2 


II 

<,1^7, 

II 

X X 

V3 

V3 

3 

= 


G 

~ Vgg 

/s 

V3 

V3 X 

V7 

V2T 

/T 

Vgg 

'V 7 ” 

VF - 

V7 X 

V7 

= 7 

V TT 

= 11 

ri 

ij 5 

Vs 


.v/I 

V3 

/m 

V 4*J “ 

V49 

“ 7 


V 64 

= "1 = \ 

' 1 — 



V3 X 

V3_ 

X V3 

3 

3 

V 3 = 

_ 

V5 “ 

Vs X 

V3 

X V3 “ 

Vs X 3 X 

"3 T V4S 

”/3 

yi* 

V3 X 

VS 

1 

X 

V75 _ i V7S 

VB = 

V5 “ 

Vs X 

VS 

X Vs 

"T " 5 


^?1 = 

VTog 

7 

4 

= viT 

2 


o’ Vooo 
io “ iT ^ 

9 

" Vi i o 


n 

VT 
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EXAMPLES OF THE PROCESSES 


The precccUnsT operations occur per- 
petually in the higher applications of 
arithmetic ; the student should repeat 
them on low numbers, till he is per- 
fectly familiar with ill of them. The 
following are the rules under which 
they may all be reduced ; but they 
•should be dispensed with if jx)ssible, 
by mere habit of performing the 
operations. 

Rult 1. All roots may be treated as 
powers, that is, fall under the same 
rules as powers, when the fraction 
which has the order of the root in its 
denominator is used as the exponent. 
Call them fractional powers, so that 
the word power shall mean both power 
and root. 

_ i « 

"Vu is u " ”V<i" is o • 

Rule 2. To raise a power to a power, 
multiply together the exponents for a 
new exponent. 



Rule 3. To raise a product, or quo- 
tient, or the result of several multipli- 
cations and divisions, to any power. 


raise every multiplier and divisor to 
the same power. 

( “ _ O" A" 1 

\cd) c" d' 

Rule 4. When several powers arc 
raised successively, it is indifferent in 
what order the oi>erations are per- 
formed. 

((a'/) = ((<!’)’) = a " 

Rule 5. To multiply together two 
ixiwers of the same quantity, add the 
exponents for a new exponent. 

a" X n* = a" + " 

Rule G. To divide one ])ower of a 
quantity by another power of the same, 
take the difference ofthe exponents for 
a new exponent, and place the result 
in the numerator or denominator, ac- 
cording as the dividend or divisor has 
the greater exponent. 

a** 

m greater than n — = a"-" 

a" 

m less than n — = — J — - 
a 


IV. Various Combinations of the preceding Propositions applied to the Use 
of the Hquave-Root. 

Rule I. To square the sum of two the difference of two quantities, suh- 
(luantities, square each of them, and to tract twice the product, instead of 
the sum of the squares add twice the adding. 
product of the quantities. To square 

(a -)- b)t = a‘ -{■ h’ -f- 2 a b (a — b)> = n> q- _ 2 a b 

(6 -4- 4)* = 36 -f- 16 -j- 2 X 24 (6 - 4)’ = 36 -j- 16 - 2 X 24 

(6 + SV = 6 -P 3 -f 12 V3 = 9 -f 12 V3 

(6 - Sr = 6 -f- 3 - 12 V3 = 9 - 12 V3 

( V7 -J- Vs)’ = 10 -j- 2 V21 |( Vl4 — V2)* = 16-2 V28 

(Vl2 -f- VTo)’ = 22-1-2 VT^ I = 16 - 4 V7 
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(*/2i+ = 6+ VsT (V?4 - VTi)’ = H - jviso 

(2V2 + 3V7)* = n;+ 12Vl4 (3V2 -2V3)> = 30 - 12^6 

0 5 0''" ■*■ =1+5''® 

(2 Vi - i VTi)’ = I - ^vii Qv/I - J\/D’ " S - Ti'f® 

(ri - V^)* = 1'31 - 2'2V'l (V‘8,- V‘7)“ = 1'3 - aV‘42 


27 


Ru/b 2. The product of the sum, and difference of two quantities, is the 
difference of their squares : 


(a 4- b) 

(6 -1- 4) 

X(a — 4) = a*~ 
X (6 - 4) = 36 - 

- i» 

- 16 

Factor! firen. j 

Prod act. 

Vs V3 

V5 - V3 

2 


Wl-r, 

9 

350 

®+v^ 


35i 

V^i+Vl 


55 

24 

\/\+l 

V^l-1 

V 2 2 

1 

4 

*'To + 3 

- 3 

1 


Section 4 . MisccUaneout Questions involving the Use of Fractions. 


1. If 5 of a shilling buy I of a gaUon, 
how much will | of a shilling buy ? 

If buy i gall. 

Then Is. buy ? gall. | 
li. buysg gall. 

3s. buy I gall, 
buys 5 gall. 

2 . If ^ of a pound sterling is paid for 
^ of a yard, how much must be paid for 
3i? 


If 1yd. cost £l 
2 yds. „ 

45 

1 yd. costs 
13 yds. cost £“ 

13 . -5S5 

4 y^* »' 

3 . If £ 2 ! buy 3j gallons, how much 
will £ 4 ^ buy ? Answer, 5^. 

4 . If 3g acres let for £l Oj, how much 
will 1 15 acres let for ? Answer, £36-- 
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9 1 

5. If be worth j of a slieep, and 

3 1 

s of a sheep be worth — of an ox, how 

much must be given for 100 oxen? 

Ansicer, j£2000. 

6. Ifl2 oxen be worth 20 sheep, 15 
sheep worth 25 hogs, 1 7 hogs worth 3 
loads of wheat, and 8 loads of wheat 
worth 13 loads of barley; how many 
loads of barley must be given for 20 
oxen ? Answer, 23 ^ loads. 

7. If 12 of A count for 13 of B, 6 of 
B for 18 of C, and 13 of C for 2 of D ; 
how many of A count for 100 of D? 
Answer, 200. 

8. A. is indebted ^ of his whole pro- 
perty, and loses g of it. He recovers 

as much as amounts to adding | to 
what he then has, and afterwards 
loses g of what he has got. Can he then 
pay his debts? Answer, Yes; after 
which i of his original projicrfy will 
remain to him. 

9. A. gains 3 per cent. (3 parts out of 
a hundred) on what he already has, 
and B. 7 per cent. But A. gains £100 
less than B., and they started with the 
same sums. What were those sums ? 
Answer, £2500 each. 

10. There is a number to which 3 is 
added, and ~ of the result taken. To 
this 5 is added, and i of the I'csult 
taken. The produce is then 1 J. What 
was the numlrer ? Answer, 172. 

11. A woman bought 150 apples at 


three a-penny, and 100 at twoa-penny, 
and found she neither lost nor gained 
by selling the whole lot at five for two- 
pence. But on doing the same with a 
couple of other lots of 150 apples each, 
she found she was a loser. What was 
the reason of this ? 

12. How much per cent, is £62 of 
£ 75 : that is, how many times does ^ 

1 9 * 

contain jgg ? Answer, 82g per cent. 

1 3. What decimal fraction of a pound 
is one farthing? Ans., •001041666.... 

14. How many pounds are there in a 
hundred million of farthings? (See last 
question.) 

15. What fraction is one pound 

avoirdupoise of a hundred weight, one 
day of a year, and one second of a day ? 
Answer, -00892857, -002739726, 

•000011574, nearly. 

16. A cistern g full has two cocks, 
which alone would empty the whole 
cistern in 7 and 5 minutes. How soon 
will they empty it together? (Show that 
this amounts to asking how often ^ -H g 

is contained in |.) Answer, in lU 
minutes. 

17. Tlie tenth part of a numlrcr is 
increased by 1, the tenth part of the 
result by 1, and so on in succession 
five times, the result of which, is 
6 • 79829. What was the number ? 
Answer, 568719. 

18. Show that if any number be 
treated in the preceding manner a 
sufficient number of times, the result 
may be brought as near to ^ as we 
please. 

scries of equations, the law of which 


19. What is the reason of the following 
will be immediately perceived : 


Digitized by Google 



OF ARITHMETIC AND ALGEBRA. 


29 


t ,1 4-1 

* + o + a = T~ 


, I 1 I 1 8-1 

' + 5 + ^ + i = “ 


1 I 2 J_ 

1 9 + I + « + ir. 


IB - 1 


IB 


&c. 


20. From V.1 = 1 • 7320 j03 deduce = •5773503 in the most simple 
manner ; and also 


= -2679492, 


2 + 

without dividing by any decimal fraction. 


Sections. — Useful approximatire Rules applicable to eases u-Mch frequently 

occur. 


1. To find how much a certain sum 
per day amounts to in a year, and the 
converse. 

Rule 1. To the number of pence per 
day add its half; call the result pounds, 
and this is the amount in 360 days ; 
add a shilling for every penny in the 


half-day’s allowance just found, and 
this is the result for a year and a day, 
or for leap-year. For a common vear, 
diminish the alaive by one day’s allow- 
ance. 

How much does 3.?. hi. a-day amount 
to in a year ? 


40 pence 

20 pence, its half 
Sum GO pence 
£G0 0 0 

1 20 shillings 

1 0 0 in 366 days. 

The correct amount is 3*. 4d. less than this. 


How much does "id. a-day amount to in a year? 
3l its half 
Sum 1 If pence 


£115 0 

3 9 
£ll 8 9 

H 

£11 8 14 


Ilf pounds 
3J shillings 
for 36C days 

for 365 days. 


The undennenttoned 
Sum, per IMy, 

6*. 4d. 
is. 3K 
9Jrf. 


]t the iinderinentloned, 
per Year L)ay«). 

£115 11 8 

£ 41 16 5f 

£ 14 16 G| 


Rule 2. Take the nearest pound to 
the year's allowance, subtract one-third 
of itself from it, and let the result be 
pence. If more exactness l>c required, 
subtract a penny for every six shillings. 
The result is within a penny of the sum 
per day. 


How much per day is £100 a-year ? 
100 

3s| j of 100 

66j pence is 
5«. 6d. nearly ; 

therefore 5*. 5rf. is nearly the answer. 

Per Year. Prr l>ay, about 

s£3j 7 I9.f. 7(1. 

£ '17 U. ed. 

£493 £1. 7s. Id. 
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Rule 3. A number of shillings per 
week taken twice, and a half, and a 
tenth, is the number of pounds per year. 

Thus, IG shillings a week is 
2 X 16 + i of 16 + i of 16, or 
32 + 8 + 1'6, or 41’6 pounds per 
year, or -£41^, or £41. 12s. 

Rule 4. A number of pounds per 


year is very nearly* one-third and one- 
twentieth in shillings per week. 

Thus, £60 a-year is of 60s. of 
60*., or 23s. a-week (exactly 23s. Od. ^). 
Similarly, £37 a-year is ^ of 37s. -p i 
37s., or 12s. id. -f- Is. lOd., or 14s. 2rf. 
per week. 


IL— 7b reduce Sltillitigs.^'C., to the Decimal of £l, and the converse. 


Rule I. Annex two ciphers to the adding one if that gives 24 or upwards, 
shillings, and halve the result. Turn Add and make three decimal places, 
the pence and farthings into farthings. 


What decimals of £l are 13s. 9J<t, 


1)1. 300 



Os. 

750 



27 

40 

93 X 4 

1 -t- 1 

•027 

790 




•790 

Answer 




4s. 

11}(/. - 

m ^ m 


5s. 

UK - 

- - - 


Is. 

Od. - 

- - . 


2s. 

Od. - 

- - - 


ir,s. 

7irf. - 

_ _ _ 


17s. 

4K - 

- . - 


£15 7 

Gi - 

- - - 


Rule 2. Given a decimal of a pound : 
take the three first places, double the 
first figure, and add one, if the second 
be 5 or upwards, for the shillings; take 
the second and third places, throwing 
out 5 from the second, if that be 5 or 


G^d., and Is. 2^. ? 


6 i 


U. 2K 


6i X 4 -p 1 


5)100 


Answer 


50 




9 

2i X 4 



59 




•059 

Answer. 

is - - - - 

£ 

•247 


is - - - - 

£ 

•297 


is - - - - 

£ 

•050 


is - - - - 

£ 

•100 


is - - - - 

£ 

•830 


is - - - - 

£ 

•868 


is - - - - 

£15-376 


upwards, and 

1 from the 

third, if the 


result of the last give 25 or upwards. 
This is the number of farthings, which 
must be turned intopence and farthings. 

What shillings, pence, and farthings 
arc there in £ ■ 1 77 ? 


First figure X 2 =2 

Add 1 lor 5 in second figure = 1 

3 shillings 

second and third figures, 
with 5 struck out from 
the second 27 

Takeaway 1, this being up- 
wards of 24 ) 


26 farthings 
= Gjt/. 

3t. Cjd. Answer. 


.£ -019 - - . . i, 

£ -076 - - - - is 

£• •342 - - - - is 

£ ‘GGO - - - . is 

£1-118 - - - - is 


- - - - i}d. 

* ■ - - Is. 6}d. 

* - - - 8*. loM 

- - - - lUs. 4j(/. 

- - - - £l. 2s. ijd. 


• V’ltUn leas than a peony In a pound. 
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OF ARITHMETIC AND ALGEBRA. 31 


The results of the last two rules are 
approximations whieh arc sufficient for 
common purposes. The student should 
repeat them until he can solve both 
cases mentally. They give immediately 
the price of 10 things within three- 
pence, of 1 00 within alx)ut two shillings, 
and of 1000 within a pound, when the 
price of one is known. For example, if 
onethingcost £2. Us. 4id.,or£2‘ " 18, 
ten cost £27M8, or £27 MHO, or 
£'27. .1*. 7(/. (within a i>enny or two), 
one hundred cost 271'8,, or £2711.10*. 

(within a few shillings), and 1000 cost 

III. — To reduce Milei per Hour to Feet per Second, am! the converse. 

Rule 1. Half as much again ns the numlrer of miles per hour is, with suffi- 
cient exactness for common purposes, the number of feet per second. To be 
perfectly exact use the following : 

Number of miles jthe number — ^ the number. 

Thus G miles an hour is 0 -(- 5 of C — ^ of fi, or 8g feet per second. 


£2718. (within a pound). The correct 
answers to the preceding cases are 
27/. 3*. 9(/., 271/. 17*. 6(i. and 2718/. 1 5*. 
Observe, that in the case of shillinss 
and sixpences, without odd pence and 
farthinjcs, these rules are exact. 

What is theinterest on 157/. 17*. bd. 
for one year, at 5 per cent. ? 

I57'S75 

5 

100)789-375 

7-89375 .£7. 17*. 111/. 


Rule 2. Add half of the feet per second to its fifth (and if perfect accuracy 
be necessary.subtract one eleventh of the last); the rcsidt is the number of miles 
per hour. Thus 22 feet per second gives ^ of 22 -b j of 22, or 11 -|- 4 - 4 , or 
15-4 miles per hoiu- nearly ; 15-4 — 4-4, or 15 miles exactly. 


The preceding rules have l»en given 
because they frequently apply in prac- 
tice. In no other case is it worth while 
to learn a special rule. Hut in every 
sort of occupation which has any refer- 
ence to arithmetic, the necessity for 
multiplying or dividing by some parti- 
cular decimal fraction will frequently 
occur. A calculator who does not meet 
with any one particular fraction oftencr 
than another, will not need to take any 
other than common rules, since the 
trouble of learning and recollecting a 
particular rule will more than counter- 


instances in which he will have need to 
apply it ; but where one particular frac- 
tion occurs frequently, the following 
hints may be useful. 

1 . The labour of calculation will be 
saved, and the chance of error almost 
destroyinl, by a table, which may be 
more or less extensive according to 
circumstances. For example, a reader 
of French works of geography, travels, 
architecture. See., will continually be 
obliged to convert metres into feet, and 
the converse : he should, therefore, 
make on a card such a table* as the 


balance its 

convenience. 

in the 

few following ; 



Metres. 

I’-eet. 

Metres. 

Feet 

Metres. 

Feet. 

1 

3-28G9 

to 

32-809 

too 

328-09 

.> 

G-5G18 

20 

05-618 

200 

656-18 

3 

9-8127 

30 

98-427 

300 

984-27 

4 

13-1-2.3G 

40 

131-236 

400 

1312-36 

5 

10-4045 

50 

104-045 

500 

1040-45 

G 

19-6854 

60 

196-854 

GUO 

1968-54 

7 

22-9663 

70 

2-29-663 

700 

2296-63 

8 

26-2472 

80 

262-472 

800 

20-24-72 

9 

29-5281 

90 

295-231 

900 

2952-81 


* In fofzning puch tables, avnid, an much as posaUiIct the necespity of altering what Is taken from 
the table. An expert calculator uceda only the tirst colnmn } but of these there are not many. 
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3-2 PROCESSES OF ARITHMETIC AND ALGEBRA. 

This table is calculated from the fol- 3. Ijx>1c for such siroplitications as 


lowing : 

1 metre is 3 "2809 feet, 
and its use is as follows ; — For example, 
what is 807’41 metres? 

800 metres are 2624' 72 feet. 

60 - - - 196-85 „ 

7 - - - 22-97 „ 

•4- - - 1-31 „ 

•01 - - - -03 „ 

867-41 - - 2845-88 

2. For a less exact method, to be 
used when tables are not at hand, or 
when a great degree of correctness is 
not required, lay down the number of 
decimal places which are to be retained, 
and endeavour to separate these places 
into simpler fractions, somewhat in the 
manner followed in the rule of Practice 
in commercial arithmetic. For instance, 
in the preceding case, suppose that the 
metre is 3-281 met, the error of which is 
less than one ten-thousandth part of a 
foot, that is, giving in the multiplica- 
tion an error of less than one foot 
in ten thousand. The preceding is 
3-25 -f- -03 -1- -001, which gives the 
following rule ; — To turn A metres into 
feet, take three times A, the hundredth 
part of this, and the quarter and thou- 
sandth of A, and add the results toge- 
ther. For instance, what number of 
feet are in 867-41 metres ? 

A = 867-41 

3A = 2602-23 

SA = 26-02 nearly enough 

JA = 216-85 - 

4 



2845-97 nearly as before. 

The student may employ himself in 
endeavouring to simplify other cases. 
All must depend on his expertness in 
separating tne fractions. 


may be made by making the multiplier 
the sum or dift'erence of two numbers 
or fractions. Thus a degree is 69^ 
statute miles, or thcrealiouts. To turn 
degrees into miles, multiply the degrees 
by 70 and subtract one-half their num- 
ber, instead of multiplying by 69 and 
adding one-half. 

4. Multiplication by a number which 
often comes into use may be more 
safely done by division. Take the 
preceding instance of multiplication by 
3-2809. Now, 

3-2809 = _! = 

•3048 3048 

very nearly. Hence, any one who has 
often occasion to turn metres into feet, 
should keep by him the following table 
of multiples of 3048. 


1 

3048 

4 

12192 

7 

21336 

2 

6096 

5 

15240 

8 

24384 

3 

9144 

6 

18288 

9 

27432 


Hence the rule is, multiply by 10,000 
and divide by 3048 ; which latter part, 
with the assistance of the table, is 
nothing hut inspection and subtr.action, 
as follows : — What is 867-41 metres 
in feet ? 

867-41 X 10000 = 8674100 
3048 >86741 00 (2845 -83 
6096 
25781 
24384 
1 . 39 ^ 

1219 2 

177 ^ 

15240 

25400 

24384 

10160 

The' advantage of this method is, 
that with the table it is less liable to 
error than multiplication, and the 
figures of the result which arc most 
wanted are first found. 

We shall proceed in the next treatise 
to the use of I-ogarithms. 
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OF ARITHMETIC AND ALGEBRA. 


Skction 6. Meaning of Logarithme. Rulet, Arrangement of Tablet in 
common ute. Method of taking out Logarithms, and Numbers to Lo- 
garithms. 


In the precedine treatise (page 2.3) 
we have said that ifo* = c, then 6, which 
is the exponent of a, is called the loga- 
rithm of c or of a*, to the base a. Thus 
10”= 1000, whence 3, the exponent of 
10, is called the logarithm of 1000 to 
the b.ise 10. Hence it follows that 3 
may be the logarithm of all .sorts of 
numbers, according to the base chosen. 
Thus : 

2’ = 8 3 = log. 8 (base 2.) 

.3^ = 27 3 = log. 27 (base 3.) 

4' = G4 3 = log. 04 (base 4.) 

Sic. See. &c. 

But as, in the practice of logarithms, 
no other base is used, except only 10, 
we shall, in this treatise, suppose no 
other base ; and logarithms to tnis base 
are called common logarithms, tabular 
logarithms, or Brigg's logarithms. And 
because we have nothing to do with 



or 10'° 

or 


Ml 


'"i/io^ 

or 10^ 

or 


MIW 



or 10''^ 

or 


So that we may get a result as near to 
2 as we please ; that is, we may find a 
decimal fraction x, which shall, as 
nearly as we please, satisfy the equa- 
tion 10* = 2. The answer is x = "30103 
nearly. And in the same way we may 
find an approximate logarithm for any 
other number or fraction. These ap- 
proximate logarithms are arranged m 
tables, with certain modifications de- 
rived from the following fundamental 


the method of constructing logarithms, 
but only with the use to be made of 
them when they have been found, we 
shall refer to works on algebra for the 
former part of the subject, and proceed 
to the latter, after we have stated m 
what the difficulty of finding them 
consists. 

According to the common language 
of algebra, if we raise the mth power 
of 10, and extract the nth root of the 

result, we have what is called the 
])ower of 1 0, or 

m 

L'To" = lo"* 

We shall now simply write down 
some results, not expecting the student 
to verify them ; because, though that 
might possibly be done by ordinary 
arithmetic, yet the process would be of 
very great length and trouble : 

I o’ = r 9932623150 nearly. 

•Ml 

10 = 1-9998618696 nearly. 

*S010S 

10 = 2" 0000000200 nearly, 

rules, which arc proved * in works on 
the subject. 

1. 'The logarithm of a product must 
be the sum of the logarithms of the 
factors. Thus, 6, 8, and \0, multiplied 
together, give 4 80; the logarithms of 
6, 8, and to, added together, give the 
logarithm of 480. The following in- 
stances may be immediately verified 
from any tables : 


2 X 5 = 10 

Log. 2 -|-Log. 5 = Log. 10 
Ixig. 2 = "3010300 

Log. 5 = "6989700 

Log. 10 = 1-OUOOOOO 


4 X 7 = 28 

Log. 4 -f- Log. 7 = Log. 28 

Log. 4 = "6020600 

Log. 7 = .8450980 

Tx)g. 28= 1-4471580 

subtract the logarithm of the divisor 


2. To find the logarithm of a quotient 
from the logarithm of the dividend. Thus. 20 divided by 5 gives 4 ; the logarithm 
of 20, diminished by the logarithm of 5, is the logarithm of 4 : 


3. 


100 -t- 40 = 2 5 
Ix)g. 100 = 2-0000000 

Log. 40 = 1-6020600 

Log. 2" 5 « "0^3979400 


fi4 -4- 16 = 4 
Ix)g. 64 = 1-8061800 

Ix)g. 16 = 1-2041200 

Log. 4 = 0-6020600 


The logarithm of a power, root, or combination of power and root, which is 


* The reader muit rocoUecl Ibruugbout, that w« here lay down rolee oaly. Dot deroonatriUoDo. 

D 


Digitized by Google 




34 EXAMPLES OF THE PROCESSES 


denoted in algebra by a fractional exponent, it found by multiplying the loga- 
rithm qf the number given by the exponent in question. The following «qua- 


uicai Cl 1 

Log. aa 

or 

Log. (P 

- 

2 Log. a. 

Log. aaa 

or 

Log. 0" 

= 

3 Log. 0. 

Log. »fa 

or 

Log. a* 

- 

i Log. a. 

Log. Vo 

or 

lx)g. a* 

= 

i Log. a. 

Log. 

or 

I,0g. 0* 

= 

i Log. a. 

Log. Vo" 

or 

Log. a- 

= 

= Log.o. 


What is the logarithm of the square 
root of 156? 

Log. 156 = 2-1931246 

J Log. 156 = 1-0965623 Ans. 

What is the logarithm of the fifth 
root of the fourth power of 2097 ? 

Log. 2097 = 3-3215984 

4 

5) 13-28639.36 

2-6572787 Ans. 

4. The logarithm of 1 is 0 ; that of 
the base (which is here 10) is 1 ; that 
of the square of the base (here 100) is 
2 ; that of the cube of the base (here 
1 000) is 3 ; and so on ; or 

Log. 1 — 0 Log. 1000 = 3 

Log. 10=1 Log. 10000 = 4 

Ug. 100 = 2 Log. 100000 = 5 

&c. 

5. As the number increases the loga- 
rithm increases, and the greater the 
number the greater the logarithm ; but 
the rate at which the logarithm in- 
creases is perpetually diminishing as 
the number tncreases. Thus we see 
that, as the numher passes from 10,000 
to 100,000 (through ninety thousand 
units) the logarithm passes from 4 to 
5, receiving no greater increase than 
takes place while the number passes 
from 1 to 10 (through nine units only). 

6. In any logarithm (4-6183 for in- 
stance) the whole number (4) is called 
the characteristic, and the remainder 
(-6183) the decimal part qf the loga- 
rithm, 

7. In any number (368-414 for in- 
stance) the figures which precede the 
decimal point (the 3, the 6, and the 8,) 
are called integers, atid those which fol- 
low the point are called decimaXs. And 
figures, when opjoosed to ciphers, are 
called significant. Tlius, in 864000, 
4 is the last significant figure ; in 
•000193, 1 is the first significant figure. 


8. A fraction less than unity (-5 for 
instance) has none but a negative lo- 
garithm : but that students may use 
logarithms who have not studied alge- 
bra, we affix a meaning to the terra 
negative, for this subject only. The 
term multiplication is extended m arith- 
metic to whole numbers and fractions, 
so that multiplication, in its extended 
meaning, includes the first meaning of 
division: thus, to multiply by i is to 
divide by 10. Ilut from the connec- 
tion which exists between multiplica- 
tion of numbers and addition of loga- 
rithms, and also between division of 
numbers and subtraction of logarithms, 
we cannot use! the word multiplication 
in anj extended sense, which includes 
division, and keep rules (1) and (2) at 
the same time,* unless we also use the 
word addition in an extended sense, 
which includes subtraction. And this 
is done as follows : by 1 we mean a 
unit, with a warning, that in all opera- 
tions performed upon this 1, we are to 
subtract where we should have added 
if the bar had been absent, and to add 
where we should have subtracted. And 
with this we say, that 1 being the loga- 
rithm of 10, 1 is the logarithm of L; 

2 being the logarithm of 100, 2 is the 
logarithm of -jjjjj : the following are in- 
stances of the use of this sign, with 
the corresponding real operations : — 
Multiply Divide 

1 000 by i 1000 by 10 

I^g. 1000 = 3 Log. 1000 =3 

Log. =1 Log. 10 = 1 

Add 2 Subtract -2 
And 2 is log. 1 00 

1000 X = 100, 1000 -r 10 = 100 


• The choice K naklD^ two rule*, an.! utiii;; the word, of one rule in a *cu.o which w|U make 

that ODO meludfl WUi. rU« UtUr U tho more difficult at lint, but the more convenient in the eoi. 
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Divide 


1000 by 
Log. 1000 = 3 

Subtract i 

And 5 is log. 


OF ARITHMETIC 
Multiply 
1000 by 100 
Log. 1000 = 3 
Log. 100 = 'i 
Add T 
100,000. 


AND ALGEBRA. 


33 


1000 -:-— = 100,000 
• loo 


1000x100=100,000 


When a subtraction appears wliich 
is impossible, invert the subtraction, 
and place the bar over the result. The 
following are instances, with the cor- 
responding operations, the first line of 
each set containing logarithms, and the 
second the numbers and operations cor- 
responding: — 


3-5 

1000 100,000 = 


100 


2-3 
100 -= 1000 

0-3 
1 -f- 1000 


= 1 

_ £ 

“ 10 

= 3^ 

~ iooo 


In all other cases, combinations of 
the preceding rules may be used: and 
it must be considered that T and 1 
added make 2, and so on : the follow- 
ing instances will contain all the 
cases : — 


1 = 2 
\ _ 1 
10 " 100 


3=5 

1 




no '' 

lioo ^ 1000 
2 - 3_or 
or 3 -f 2 or 

100 ■ 1000 
■ 2 - 2 or 2 


100,000 

2-1-3 


3 - 
= 10 

’ + 2 
1 


2 = 1 


What are the results ofthe following, 
and what are the corresponding opera- 
tions in the numbers to which the 
terms are logarithms ? 

4 -f 3 - 2 - 7 
2 - 3 -t- 5 - 1 
What is the logarithm of ' 5 ? 

Log. 5 = -69897 

Log. 10 = 1 -00000 
Subtract. Impossible, there- 
fore invert the subtraction, and place 
a bar over the whole; as follows, 
-30103 

What is 20 X '5? 

Ix)g. 20 = 1-30103 
^g^-5 = -30103 

Add 


1-00000 
What is 100 -j. -5? 

Log. 100 = 2 -00000 
l3)g. -5 = -30103 


Am. 10. 




200 . 


Subtract 2 '301031 
which is log. 200 I 
But the necessity of using decimal 
places with a negative sign, can always 
be avoided, and the characteristic only 
made negative, as follows: for 
log "5 or log. ^ or log. 5 — log. 10 or 
•89897 - 1 write -69897 + 7 
or 7-69897; 

in which the first figure only is to be 
used as a negative quantity. We re- 
peat the preceding instances. 

What is 20 X ■ 6 ? 

Log. 20 = 1-30103 
Log. -5 = 7-69897 

Add 1-*0000 Ant.\0. 
Here the 1, which is carried after 
adding 1, 6, and 3, (where we have 
placed an asterisk instead of a cipher 
to mark the place) instead of increas- 
ing the 1, destroys it. 


,100 • 10,000 

What is 100 -5: 

' 1 + 2 + 3 = 1-2-3 = 4 
1 1 1 

Log. 100 = 2-2)0000 

, * 100 lOOO 10,000 

Log. ‘5 = 7-69897 

4-4 =0 

Subtract 2-30103 as before. 


To make any logarithm which is 

10,000” 10, 6w ~ ^ 

entirely negative, negative in the cha- 

'O _ 3 =3 

racteristic only, make that characteris- 


tic greater by 1, and subtract the 

decimal part from 1. 

D 2 


Ui 

1 10,000 • 
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EXAMPLES OF THE PROCESSES 


Whatis40-413?2? 

I - -4I372 = ‘58028 
Answer 41 '58628 

0^ = r7 r^ = 2'79 ^=T'9 
r0141^ = 2-3858018 

Jn the practice of logarithms, it will 
he necessary to appear to subtract the 
greater from the less, which is done by 
subtracting in the usual way till we 
come to the last place, inverting the 
subtraction which there occttrs, ami 
placing the negative sign over the 
result. 


From 1-6936 

20-414 

Take 3-0177 

29-666 

Ans. 2-6759 

To -748 

6-4 12-8 

6-6 O'OO 

7-9 14-4 

6-7 4-28 

2-5 2-4 

T-9 5-72 

O'OOOO 

0-00000 

2-1896 

0-12345 

3-8104 

T- 87655 


In the following; examples the nega- 
tive chsu-acteristie is treated in the 
manner already described, namely, as 
to be subtracted in addition, and added 
in subtraction. The figure carried is 
always to be added, and, therefore, 
makes a negative characteristic less : 
thus 2 carried to 5 makes it 3. 


Add. 

Add. 

Add. 

1-48 

9-83 

2-18 

2-56 

r-47 

6-00 

3-41 

4-66 

9-14 

3-45 

5-96 

1-32 


From 1-616 

8-413 

4-17 

Take 2 -929 

7-097 

5-28 

4-687 

9-316 

0-89 

From O'OOO 

0-00 

2-66 

Take 2-147 

7-42 

3-44 

1-853 

0-58 

1-22 


As the difficulty lies entirely in the 
line of characteristics, we give some 
examples of that line only, the figure 
carried from the preceding line being 
written in Roman figures at the top. 


I I II IV III 

Add 1 2 3 2 r 

3 10 8 6 2'1* 

7 5 7 9 3 

_4 _8 _3 _4 

4 4 T 6 1 

O I I I 

From 2 0 3 1 

Take _3 _2 _2 

5 10 2 

To multiply a logarithm with a nega- 
tive characteristic by a whole number, 
proceed in all respects as in common 
multiplication, except only in subtract- 
ing, instead of adding the figures 
which are to be carried, so soon as the 
characteristic comes to be multiplied. 


1-61 

4 

2-55 

3 

4-1 

8 

4-6 

2 

2-44 

5-65 

32-8 

7-2 


When the multiplier exceeds 12, and 
the process is not performed in one line, 
the better way is to omit the charac- 
teristic altogether, at first, and sub- 
tract the product arising from it after- 
wards, as in the following multiplica- 
tion of 2-136 by 15. 

•136 

15 

680 

136 

2-040 

4 X 15 = 60 

Subtract 58-040 

To divide a logarithm with a negative 
characteristic by a whole number, 
begin by increasing the characteristic 
until it IS divisible by the whole num- 
ber, make the quotient a negative cha- 
racteristic for the result, and use the 
augment which was found necessary, 
as if it had been a remainder. Thus, to 
divide 1'4 by 2, increase the first 1, 
and make it 2 (necessary augment.^l) 
and 2 being contained in 2 once, 1 is 
the characteristic of the quotient. 
Then, taking the augment 1, prefix it 
to the 4, giving 14, which contains 2 
seven times. Therefore 1 ’ 7 is the 
quotient. 
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OF ARITHMETIC AND ALGEBRA. 


2)3’ 010 

4)‘i’ll 

10)6 ’52 

2’ 505 

T’78 

I’45 

7)8’ 10 

3)9’ 12 

4)4’ 13 

2’87 

3 ’04 

1’03 


As divisions by higher numbers 
rarely occur, we shall only give one 
instance, that the student may exercise 
himself in reconciling the process as it 
here appears, with the rule given. The 
asterisks mark where the process dif- 
fers from common division. 

l.Di65-6I(73M5... 

13 

~35 

♦ 39 ^ 

* ~46 

39 

71 

We can now give a logarithm, by 
help of the tables, to any number or 
fraction, and can, by the above conven- 
tions, make the rules marked (I) (2) 
and (3) include all cases of logarithmic 
operations, by help of the following 
rules. 

(a) An alteration in the position of 
the decimal point, alters only the cha- 
racteristic, and not the decimal part of 
the logarithm, if the significant figures 
remain the same : thus all the follow- 
ing numbers and fractions have the 
same decimal part in their logarithms, 
with diflerent characteristics. 


’000256 

2’56 

25600 

•00256 

25’6 

256000 

■0256 

256 

2560000 

•256 

2560 

25600000 


(A) In every whole number, let a 
decimal point be understood after the 
unit’s place. Thus 58 is 58', or 58 '0, 
or 58 ■ no, &c. 

(c) when there are figures before the 
decimal point, let the characteristic he 
one less than the number of places of 
those figures. Thus the logarithm of 
2G861'5 has the characteristic 4; so 
also has that of 26861 (or 26861 •). 

The decimal places of the logarithm 
of 2 1 925 are ’3409396 ; hence 


Log. 

21925000 


7 ’3409396 

Log. 

2192500 


6 ’3409396 

Log. 

219250 


5 ’3409396 

Log. 

21925 

= 

4 ’3409396 

laig. 

2192’5 


3 ’3409396 

Log. 

219’25 


2 ’3409396 

Log. 

21 ’925 

= 

r 3409396 

Log. 

2-1925 

= 

0’3409396 
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(rf) When there are no figures (or 
only ciphers) before the decimal point, 
let the characteristic be negative, and 
let it tell in what place following the 
decimal point, the first significant 
figure is found. Thus, in ’0000136, the 
first significant figure being in the fifth 
place following the decimal point, the 
characteristic of the logarithm is 5. 
The decimal places in the logarithm of 
324 being ’510545, we have 


Log. 

’324 

= 

1-510545 

Log. 

’0324 

= 

2-510545 

Log. 

’00324 

= 

3’510546 

Log. 

’000324 

= 

4-510545 

Log. 

’0000324 


5-510545 


The decimal places in the logarithm 
of 1 being 000, ate., we have the follow- 
ing logarithms, which consist entirely 
of characteristics ; 


Log. 

1000 

= 

3 0000... 

Log. 

100 

= 

2-0000.. 

iMg. 

10 

= 

I’OOOO 

Log. 

1 

= 

O’OOOO 

Log. 

-1 

= 

T’oooo 

Log. 

.01 

= 

2-0000 

I-og. 

-001 

= 

3-0000 See. 


and these are the only numbers to 
which logarithms can be exactly found ; 
the decimal places of all others being 
approximations only. 

Tables of logarithms (generally) con- 
tain the decimal part of the loga- 
rithm, which is evidently all that is 
necessary, as the characteristic can be 
found by the preceding rule. Being 
approximations, they are more or less 
correct according to the greater or 
smaller number of places which they 
give. Modern tables never have fewer 
than four, or more than seven decimal 
places. The following is the rule by 
which the power of a table of loga- 
rithms is to be judged. 

The number of places of figures 
which may be obtained in a result de- 
rived from any table of logarithms, is 
the same as the number of decimals to 
which the logarithms are carried. But 
towards the end of the table, the last 
place thus obtained cannot always be 
depended upon within a unit. 

We shall proceed to the description 
of the arrangements of several tables, 
such as are most likely to fall in the 
reader's way. 
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EXAMPLES OF THE PROCESSES 


I. The fables which run to seven one form, of which the following is a 
places of decimals are all arranged in specimen. 


No. 

0 

1 

2 

3 

4 5 

C 

7 

8 

9 

4550 

6580114 

0209 

C305 

0400 

0496j0591 

0687 

0782 

0877|0973| 

I 

1068 

1164 

1259 

135^ 

1450|I545 

1641 

1736 

1832 

1927 

2 

2023 

2118 

. 

2213 

-2309 

2404|250e 

2595 

2690 

2786 

2881 

9 

8696:8791 

8886 

8982 

9077 9172 

9267 

9363 

9458 

9553 

4560 

9648|9744 

9839 

9934 

0029|0125 

0220 

0315 

0410 

0506 

1 

6590601 0696 

0791 

0886 

0982 1077 

tl72|1267 

1362 

1458 




95 


The first column contains the first 
four places of the number, and over the 
head of the page is the fifth place of 
the number. The first three places of 
the logarithm (which throughout the 
specimen are either 658 or 659,) are not 
repeated with every logarithm, but only 
inserted at (or as near as may be to) 
the place where a change of the third 
figure takes place. But the best way 
to explain this table will be to destroy 
arrangement and abbreviation, and be- 
gin to write it down at full length. The 
student must account for every figure 
of the following out of the specimen. 
The characteristic need not be inserted, 
as what we here take out is merely the 
decimal part of the logarithm. 

Log. 45500 'OOSOIM 

Log. 45501 -6580209 

Log. 45502 -6580.305 

Log. 45503 -6580400 


Log. 45509 
Log. 45510 
Log. 45511 


-6580973 

-6581068 

-6581164 


Txig. 45602 
Log. 45603 

Log, 45004 
Log. 45605 


-6589839 
-6589934 

-6590029 
-6590125 

It would break the page to show that 
658 becomes 659 in the middle of it; 
and various methods are useil to remind 
the computer that the change has 
taken place. In different works, the 
line 4560, after the chmige, is varied 
thus : — 

o029 I ol25 1 &c. 
or 0029 I 0125 | &c. 

or 0029 I C125 | &c. 


all serving to remind that the first three 
places must be looked for immediately 
below, instead of more or less above, 
the line of the last four. 

The column marked Diff. (for differ- 
ence) shows how to find the logarithm 
of a number of six or seven places of 
figures. For instance, what is the lo- 
garithm of 4551132? Take out the 
decimal part of log. 4551 1 : to this add 
what comes opposite to the tilth place 
in the column Diff. ; (the sixth place is 
3, and 29 is opposite to 3 in column 
Diff.) ; add the nearest number of tens 
in the number opposite to the seventh 
place (the seventh place is 2 ; opposite 
to 2 in col. Diff. is 19, nearest number 
of tens, 2 tens) and the result is the 
decimal part of the logarithm required: 
thus — 

Log. 45511.. -6581 164 

3. 29 

2 2 

Log. 4551132 -6581195 

Log. 455-2008 = 2-6582031 
Log. 45603-97 = 4-6590027* 

Log. -4560444 = 1-6590071 
In the earlier part of the tables, 
where columns of differences occur 
more thickly, several for the same line 
of logarithms, it is almost immaterial 
which is used ; but for safety, take that 
column of differences which is headed 
by the difference between the logarithm 
taken out and the next following it. 

To find the number corresponding to 
a given logarithm, look in the table for 
the decimal places, which are nearest 
below those of tlie given logarithm ; 
take out this logarithm, and the Jive 
places of the number, subtract the lo- 
garithm taken out from the given loga- 
rithm. Look in thesecond column of the 


* Ths cbaDge in Iho third figure take* pUce in the prueva 
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OP ARITHMETIC 

differences for the number next below 
the result of subtraction just found, 
opposite to it will be found the siTth 
place of the number. Subtract the 
number used in the second column of 
the differences from the result of sub- 
traction above-mentioned, annex a ci- 
pher, and repe.at the process with the 
column of differences, taking the near- 
est this time, whether above or below ; 
the result is the seventh place of the 
number. For instance, what is the 
number to the logarithm 1 ‘6582551 ? 

•6582554 

Nearest log. below 

No. 45525 6582500 


AND ALGEBRA. 

Subt. and annex 0 60 

0pp. to 6 is 57, the nearest. 

The first five places are 45525, the 
sixth is 5, and the seventh is 6, so that 
4552556 is the number required ; and 
because 1 is the characteristic, there 
must be two places before the deci- 
mal point; that is, 45’ 52556 is the 
answer. 

The following useful numbers are 
mostly taken from the list at the end of 
Mr. Babbage’s logarithms. They will 
serve as exercises, either in taking the 
logarithm to a number, or the con- 
verse. 


54 

Opposite to 5 is 48 

No. 


Circumference of circle (diam. being I) 



3-141593 

Area of circle (do. 

do.) 



■7853982 

Content of sphere (do. 

do.) 



•5235988 

No. of seconds in 360“ . 




1296000 

No. of arcs of 1" in the radius 



‘ . 

206264-8 

No. of arcs of 1' in the radius 




3437-747 

No. of arcs of 1° in the radius 




57-29578 

Base of Naperian logarithms . 




2-718282 

Modulus of common logarithms 




■4342945 

Metres in a toise .... 




1-94904 

Yards in a toise 




2-131531 

Feet in a toise 




6-394593 

Yards in a metre .... 




1-093633 

Feet in a metre 




3-280899 

Inches in a metre .... 




39-37079 

Feet in a French foot . . 




1-065765 

Acres in an are (French) . . 




•02471143 

Lbs. troy in a gramme . . 




•00268098 

Lbs. avoir, in a gramme 




*00220606 

Cwts. in a kilogramme . . . 




*0196969 


Gallons in a litre 

Seconds in 24 hours 

Diurnal acceleration of stars in mean solar) 

seconds j 

Common tropical year in mean solar days 
Grains in a cubic inch of water (barom. 30) 

inch, therm. 62, Fahr.) J 

Inches in the pendulum, which vibratcsi 
seconds in a vacuum in the latitude ofr 
I/ondon J 


■2200969 

86400 

235-9093 

365-2422 

252-459 

39-1393 


W- 

•4971499 

1-8950899 
1-7189986 
6‘1126050 
5-3144251 
3-5362739 
1-7591226 
•4342945 
7- 6377843 
•2898200 
•3286916 
•8058129 
•0.388716 
•5159929 

1- 5951741 
-0276616 

2- 3928979 

3- 4282928 

3- 3436173 
2-2943993 

1 - 3426139 

4- 9365137 

2- 3727451 
2-5625810 
2-4021891 

1-5926130 


II. The second set of tables, which difference to find a fifth. We have not 
it will be worth while to describe, has described logarithms of six places, 
five places of figures in the logarithms, partly because they are arranged much 
and four places in the number, with a in the manner of those which have 
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EXAMPLES OF THE PROCESSES 


seven places, and partly because tables 
of six places are of comparatively little 
use. For most practical purposes out 
of astronomy, and for very many of the 
details of calculation connected with 
the latter science, five places are amply 
sufficient : and where five are not suf- 
ficient, seven are much more frequently 
wanted than six ; besides which, the 
arrangement of most tables of six 
places which we have seen Ls so de- 
fective, that those of seven are, in our 
opinion, more easily used. 

The best tables of five places (though 
with a very singular and awkward de- 
fect, presently to be noticed), are those 
of Lalande*. The following is a spe- 
cimen : — 



0. 2P 30” 


Nomb. 

Logarlt. 

I>. 

1290 

3-11059 

34 

1291 

3-11093 



33 

1292 

3-11126 

31 

1293 

3-11160 

33 

1294 

3-11193 

34 

1295 

3-11227 

34 

1296 

3-11261 



M 

1297 

3-11294 

33 

1298 

3-11327 



The defect alluded to is the charac- 
teristic, which is inserted as if the lo- 
garithms of whole numbers of four 
places were always required, to the 
exclusion of all others. Thus, though 
the characteristic above given is cor- 
rect for the logarithm of 1292, it is 
not so for those of 129 '2, 12 '92, &c. 
The best way for the student who 
uses this work, is never to think of the 
characteristic as anything but an addi- 
tion to the boundary line ; that is, to 
look uixin the numbers as separated 
from the decimal part of their loga- 
rithms by a fanciful boundary, like 

13 I 

3 instead of simply 


To find the logarithm of any four 
places, simply look in the table and 
choose the right characteristic. Thus : 

I/)g. •1295 = T- 11227 
To find the logarithm of • 12956, take 
the difference which comes next under 
11227, namely 34; multiply it by the 
new figure 6, but instead of writing 
down tlie first place, carry the nearett 
number of tens to the next place. 
Say, 6 times 4 is 24, carry 2 ; 6 times 
3 is 18 and 2 is 20. So that 


Log. •1295- = 1-11227 

6 ^ 

Log. -12956 = T- 11247 

Log. -1295- = T-11227 

7 ^ 

Log. -12957 = T- 11251 


To find the number to a given loga- 
rithm, take out of the table the decimal 
part next below the given decimal part, 
and the four places opposite to it. An- 
nex a cipher to the difference, and 
divide by the number in the column of 
differences, taking the nearest quotient 
of one figure. That one figure is the 
fifth figure of the number. For in- 
stance, what is the number to the loga- 
rithm 2- 11 178 ? 

2-11178 
1293 -11160 

33) 180(5 
Ans. -(112935 

Given Log. 8-11153 

1292 11126 

34) 270(8 

Ans. 129280000 nearly. 

We cannot fill up the remaining 
places out of this table, and must place 
ciphers instead. The real number to 
the log. 8 - 1 1 153 is 

129279600 09 fery nearly. 

The numbers given in page 39 may 
be made exercises; but the nearest five 
significant figures of the number must 
be taken, and the nearest five decimal 
figures of the logarithm will be found. 
Example. What is Log. 3-1416 
Log. 3-141- 0-49707 

6 8 

Log. 3' 1416 0-49715 Ans. 


• -The tillD-p>ge of tho lw«t otlhimi i> fnllowa “ Tnblr$ drt Li.garMidet ptmr Iri nomWrt rt pow In 
Ac. Ac. Ac. Bdifion Stereotype graree furndme et impriuer, par KimilN Didot« 
A Pari»> Ac. 1005. {tirage de 1831).” The lut four «roiu •hould bo particular^' looKt-tl at. 
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OF ARITHMETIC AND AIXJEBRA. 


III. There are lopcahthms of four 
places on the table given in the Trea- 
tise on Arithmetic and Algebra, which 
are sufficient for many purposes. 
These tables are arranged somewhat 
after the manner of those of seven 

Log. 16'8 •• = 1-2253 

4 n 

Log. 16-84 1-2264 


places, with the exception of the co- 
lumn of differences being placed hori- 
zontally, with a common heading. A 
few examples of the method of taking 
out logarithms will suffice ; 

Log. 1-69 •• = 0-2279 

^1 3 

Log. 1-691 = 0-2282 


The number to a logarithm might be 
found by the reverse process. Thus : 

Given Log. 1-2687 
183 •• 267 2 

6 or 7 15 

Ant. -1856 or -1857 

But these tables are accompanied by 
an anti-logarithmic table, in which the 
numbers and logarithms change places; 
so that a number is found from its loga- 
rithm by the same process as that 
which finds the logarithm from the 
number. For instance, in the preceding 
example, 

268 •• 1854 

7 3 

1-2687 isLog.of -1857 

The table of anti-logarithms is more 
trustworthy than the inverse process 
with the table of logarithms. 

Given No. 16-3 
Log. 16 •■ = 1-204 D 26 

3 8 

Log. 16-3 = 1-212 

Given Ix)g. 2-308 
30 •• 200 D 4 

_8 3 

2-308 -0203 


IV. We subjoin a table of logarithms 
and anti-logarithms to three places 
only ; partly because there is considera- 
ble power in such a table, and partly be- 
cause it will be a guide to the beginner 
in consulting larger tables, as he may 
thus (while new to the subject) find out 
to what part of the larger table to 
turn, in either of the operations of 
taking out logarithms or numbers. 

In the following table the differences 
between successive logarithms are 
placed in smaller figures in the inter- 
mediate space. As these tables are 
only an abbreviation of those already 
described, the first gives the log. of two 
places to three places ; the second gives 
the proportional parts of the differ- 
ences ; the third gives the number of 
a log. of two places to three places. 
When the difference is 12 or under, the 
proportional part can be found at once 
by the process described in speaking of 
tables of five places : 

Given No. 109 
Log. 10 .. = 1-000 D 41 

9 37 

1-037 

Given Log. 1 - 496 
49 •• 309 D 7 

6 4 

1-496 31-3 


V. Finally, we recommend the student to commit to memory the following 
table of logarithms to two places : 


No. 

i Lob- 

No. 


No. 

1 

00 

1 

4 

60 

7 

o 

' 30 

5 

70 

8 

3 

< 48 

6 

78 

9 
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LOGARITHMS. 


1 


■ 


S 


4 


5 


6 


7 


8 


9 


0 

000 

0 301 

0 

477 

0 

602 

0 

699 

0 

778 

0 

845 

0 

903 

0 

954 


41 


fit 


u 


11 


9 


7 


8 


1 


0 

1 

041 

1 

322 

1 

49] 

1 

6131 1 

708 

1 

4.0 

GO 

1 

8ft] 

1 

90S 

1 

959 


«» 


<0 


u 


10 


8 


7 


• 


c 


5 

2 

079 

2 

342 

•2 

50ft 

2 

623 

2 

716 

2 

792 

2 

857 

2 

914 

2 

964 


u 


•0 


u 


10 


8 


7 


• 


5 


4 

3 

1)4 

3 

362 

3 

519 

3 

633 

3 

724 

3 

799 

3 

863 

3 

919 

3 

968 


M 


18 


It 


10 


8 


7 


0 


* 


A 

4 

146 

4 

3S0 

4 

531 

4 

r>43 

4 

732 

4 

806 

4 

869 

4 

924 

4 

973 


•0 


u 


13 


10 


8 


7 


8 


5 


5 

5 

176 

5 

398 

o 

544 

5 

653 

5 

740 

5 

813 

5 

875 

5 

929 

5 

978 


M 


17 


II 


10 


8 


7 


0 


3 


4 

C 

•204 

6 

415 

6 

55C 

6 

663 

C 

748 

6 

820 

6 

881 

6 

934 

6 

982 




le 


II 


9 


• 


• 


> 


8 


5 

7 

2i0 

7 

431 

7 

5G8 

7 

672 

7 

756 

7 

826 

7 

886 

7 

940 

7 

987 


« 


18 


11 


• 


f 


7 


0 


4 


4 

8 

26.'> 

8 

447 

8 

580 

8 

681 

8 

763 

8 

833 

8 

892 

8 

944 

8 

991 


u 


15 


u 


D 


8 


c 




5 


A 

9 

•279 

9 

462 

9 

591 

9 

690 

9 

771 

9 

839 

9 

898 

9 

949 

9 

996 


a 


15 


11 

L_ 

» 


7 


8 


& 


» 


4 


PROPORTIONAL PARTS. 
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38 35 

32 

30 

28 

26 

25 

24 

22 

21 

20 

19 

18 

n 

16 

15 

14 

13 


1 

4 

4 

4 

3 

3 

3 

3 

3 

2 

2 

2 

2 

2 

2 

2 

2 

o 

1 

1 

1 

2 

8 

8 

7 

6 

6 

6 

5 

5 

5 

4 

4 

4 

4 

4 

3 

3 

3 

3 

3 

2 

3 

12 

11 

11 

10 

9 

8 

8 

8 

7 

7 

6 

6 

6 

5 

5 

5 

5 

4 

4 

3 

4 

16 

15 

14 

13 

12 

11 

10 

10 

10 

9 

8 

8 

8 

7 

7 

6 

6 

6 

5 

4 

5 

21 

19 

18 

16 

15 

14 

13 

13 

12 

11 

11 

10 

10 

9 

9 

8 

8 

7 

7 

5 

6 

25 

23 

21 

19 

18 

17 

16 

15 

14 

13 

13 

12 

11 

11 

10 

10 

9 

S 

8 

6 

7 

29 

27 

25 

22 

21 

20 

18 

18 

17 

15 

15 

14 

13 

13 

12 

11 

11 

10 

9 

7 

8 

33 

30 

■28 

26 

24 

22 

21 

20 

19 

18 

17 

16 

15 

14 

14 

13 

12 

11 

10 

8 

9 

37 

34 

32 

29 

27 

25 

23 

23 

■22 

20 

19 

18 

17 

16 

15 

14 

14 

13 

12 

9 


41 

38 

35 32 30 

28 26 

25 

24 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 



ANTI-LOGARITHMS. 


•0 

•1 

•2 

•3 

•4 

*5 

■c 

■7 

•8 

•9 

0 100 

0 l -.<6 

0 158 

0 200 

0 251 

0 316 

0 398 

0 501 

0 631 

0 794 


8 

4 

4 

8 

8 

P 

11 

lA 

IP 

1 102 

1 129 

1 162 

1 204 

1 257 

1 3‘24 

1 407 

1 513 

1 646 

I 813 

3 

a 

4 

A 

0 

7 

10 

IS 

lA 

IP 

2 105 

2 132 

2 166 

2 ■zoo 

2 263 

2 331 

2 417 

2 52.5 

2 661 

2 832 

I 

s 

4 

A 

« 

8 

to 

It 

lA 

IP 

3 107 

3 135 

3 17(1 

3 214 

3 izeo 

3 339 

3 4*27 

3 537 

3 676 

3 851 

a 

3 

4 

A 

6 

fl 

10 

la 

10 

80 

4 no 

4 13'< 

4 174 

4 219 

4 275 

4 347 

4 437 

4 550 

4 692 

4 871 


3. 

4 

A 

7 

A 

)(• 

11 

16 

SO 

5 1L2 

5 14) 

5 178 

5 2'24 

5 282 

5 355 

5 447 

5 662 

5 708 

5 891 

3 

4 

4 

A 

e 

8 

10 

13 

16 

tl 

6 113 

6 14.5 

6 182 

6 229 

6 2S8 

6 363 

6 4ft7 

6 575 

6 724 

6 912 

t 

n 

4 

A 

7 

9 

11 

14 

17 

II 

7 117 

7 14S 

7 186 

7 234 

7 295 

7 372 

7 46S 

7 589 

7 741 

7 933 

3 

a 


o 

7 

8 

11 

u 

lA 

a 

8 120 

8 151 

8 191 

8 240 

8 302 

8 380 

8 479 

8 603 

8 759 

8 955 

a 

4 

4 

A 

7 

P 

11 

u 

17 

u 

9 1'3 

9 1.55 

9 19.-) 

9 245 

9 309 

9 389 

9 490 

9 617 

9 776 

9 977 

a 

3 

& 

6 

■ 

P 

II 

14 

lA 

ta 
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OF ARITHMETIC AND ALGEBRA. 

SicTiON 7. — Application qf Logarithm) worked at Length. 


In most of the following'examples, 
we sliall use the tables of seven places ; 
those who employ smaller tables can 
produce the same result, as far as their 
tables go. The following is an instance 
of the way in which the same question 
must be treated, according to different 
tables: 

AVhatis M2345G7 X 2681 3 '92? 

1 . With tablet of aevtn placet : 


Log. -12345.. = 

6 

7 

1-0914911 

212 

25 

Log. -1234567 = 

f-0915148 

Log. 26813.. 

4-4283454 

9 

146 

2 

3 

Log. 26813-92 = 

4-4283603 


1-0915148 

Add 

3-5198751 

33103.. 

5198674 


77 

5 

66 

8 

no 

Ans. 3310-358. 

2. With Jive placet 

.- or what 

12346 X 26814? 


Log. -1234. = 

1-09132 

6 

21 

Log. ' 12346 = 

1-09153 

Log. 2681. a= 

4-42830 

4 

6 

Log. 26814 = 

4-42836 


1-09153 


3-51989 

3310* 

51983 


13)60(5 

Ant. 3310'5. 

3. With four places : M235 X 26810: 

Log. ‘123 r-0899 

^ 17 

Log. M235 1-0916 

Log. 26800 4-4281 
1 2 

Log. 26810 4-4283 
1-0916 
3-5199 


•519‘ 3304 

9 7 

•5199 3311 Ant. 

4. With three places ‘123 x 26800; 
Log. '12- T-079 D 35 

3 11 

Log. - 123 1-090 

Log. 26000 4-415 
8 13 

Log. 26800 4-428 
T-090 
3.518 

51 •• 324 

8 6 

3-518 3300 Ant. 

In ftiture we shall give the logarithms 
to seven places, but without going 
through the detail of using the table of 
differences to find the sixth and seventh 
places, either of a number to a loga- 
rithm or of a logarithm to a number, 
except in a few particular cases. 

Question 1. Find 

Log. 1 = 0-0000000 
Log. 1084'9 = 3-035389 7 

•000921744 '4-9G46103 

Question 2. Find V'l and V97. 65625. 
Log. • 1 2) 1 -0000000 

!• 5000000 
31622 4999893 

107 

7 _96 

_8 no 

or Vl = '3162278 
Log. 97-65625 5 ) 1-9897000 

2-5 Ans. -3979400, 


Digitized by Google 



44 


EXAMPLES OP THE PROCESSES 


In the last result, the exact coinci- 
dence (to seven places) of the answer 
with 2*5 may induce a supposition that 
97'6.')S2S is the exact fifth power of 
2 ■ 5, which is really the case ; but no- 
thing can be inferred from the tables, 
except that the fifth root of 97'65625 
lies between 2*4999995 and 2 ' 5000005. 
It might be 

2*499999576 

or 2-500000214 

and the answer of the tables would still 
be 2*5. 

Question 3. V(32*92416 X 10-27251)* 
1084*9 

Log. 32*92416 1*5175147 

Log. 10*27251 1*0116766 

2*5291913 
6 

5) 15*1751478 
3*0350296 
Log. 1084*9 3*0353897 

Ans. *9991712 7*9996399 

Question 4. Find a fourth propor- 
tional to 1234, 2345, and 3456 ; or find 
2345 X 3456 -J- 1234: 

l4)g. 2345 3*3701428 

Log. 3456 3*5385737 

6*9087165 
Log. 1234 3*0913152 

,4nr. 6567*5 1 8 3*8 1 74013 

We shall hereafter give a more expe- 
ditious way of solving this question. 

Question 5. What is the thousandth 
power of 2 ? 

Log. 2 = *3010300 

1000 

Multiply 301*0300000 

Now, this is the logarithm, as nearly 
as our tables will tell, of 

107151900000 

the number of ciphers being 294 ; that 
is, apparently, the thousandth power 
of 2 is a number of 302 places of figures, 
the first seven of which are 1071519. 
But it must be recollected that a thou- 
sand times *3010300 is 301*0300, and 
that we only annex four more ciphers 
because we do not know with what 
figures to fill up the vacant places. 
We cannot, therefore, depend upon 
more than four places of the result, and 
should say that 2"** is a number of 
302 figures, of which the first four are 
1071. I f we would have the first seven 


places' correct, we must go to a table 
of ten places at least. This gives 
Ix)g. 2 = *3010,299957 

Log. 2'"*= 301*0299957 

1071508 0299922 

35 

so that the first seven figures are 
1071508. 

Let us here observe, that by mere 
inspection of a logarithm, we answer 
questions which would take years of 
calculation. For instance, from the 
above logarithm of 2, we see that the 
tenth power of 2 has 4 figures (3-1-1) ; 
the hundredth power has 31 figures 
(30-1-1); the millionth power has 
301,030 figures, and so on. Hence the 
simplest method in theory, of calcu- 
lating a logarithm to seven places, is 
by the following formula: — 

( No. of fig. in ten- 1 _ j 
- (millionth power of arj 

Log. X = 

ten million 

but this, of course, would be practi- 
cally impossible to use. 

Question 6. What whole number is 
that which has 256 places of figures in 
its 70th power. The logarithm of that 
70th power must be between 

255*000 and 255*999 

that is, the logarithm of the number 
itself must lie between 

255*000 ^ 255*999 

and 

70 70 

or 3*6428571 and 3*6571428 
Answer: All whole numbers between 
4394 and 4540, both inclusive. 

Question 7. What is the value of 



Log. 138 .3) 2*1.398791 

*713*2930 
Log. 5 *6989700 

Log. s'^^Tsi 1*4122630 

Log. *01 5)2*0000000 

7*6000000 
1*4122630 
2)1 *812*2630 
Ans. 8 * 056224 *9061315 

Operations with logarithms may be 
divided into — 1. Those in which a num- 
ber need never be found to a logarithm 
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until the end of the process ; 2. Those 
in which numbers must be found to 
logarithms as a subordinate part of the 
process. All the instances hitherto 
given, and all which involve only mul- 
tiplication, division, raising of powers, 
and extraction of roots, fall under the 
first case ; while all which contain ad- 
dition or subtraction fall under the 
second. For instance, to find 


we must first find "''^5, then then 
make the addition indicated, and find 
the square root of the sum. 


Log. 4 . 

Lof. 5. 

3) -6020000 

3)* 6989700 

-2006867 

-2329900 

1-587401 

1-709976 

1-709976 

3-297^... 

2)-5151686 

Ans. 1-809607 

-2575843 

Question 8. 





Log. '01 10)2 -0000000 

1-8000000 

2-0000000 
10) 3-8000000 
1-/800000 


2-0000000 


10) 3-7800000 

/4nj. -5997911 1-7780000 

Repeat the process until the tenth 
root has been extracted seven times, 
and show that the result will then be 
very nearly equal to the ninth root 
of -01. 

Question 9. Supposing the earth to 
be 7916, and the moon 2160 miles in 
diameter, how many times does the 
bulk of the former contain the latter ? 
[Spheres are to one another as the 
cubes of their diameters : that is, if 
one diameter contain another x times, 
the sphere on the first contains that on 
the second x xx times.] The question 
is, what is (7916-^2160)*? 

Log. 7916 3-8985058 

I/Og. 2160 3-3344538 

0-5640520 

3 

Ans. 49-22163 1 6921560 

Answer — About 49i times. 


Question 10. What is the number of 
cubic miles in the earth and moon, the 
diameters being as in the last question ? 
[To find the cubic miles in a sphere, 
multiply the cube of the diameter by 
the cubical content of a sphere of one 
mile in diameter, page 39.] 


Log. 7916 
3-8985058 
3 

11-6955174 

1-7189986 

11-4145160 

259726400000 


Log. 2160 
3-3344538 
3 

10-0033614 
1-7189986 
9-72-23000 
J 5276671000 


(Answers 
I nearly 


Question 11. To how much will 
15/. 7s. 3i<J. amount in fifty years, at 
3 per cent, compound interest ; or 
what is 

£15 7 3J X (l-03)*> 

The sum mentioned is £15-364. 


Log. 1 - 03 

Log. 15-364 
67-354 
Answer — £67 7 


-012837-2 

50 

-6418600 
1-1865043 
1-8-283643 
1— very nearly. 


Question 12. How many feet are 
there in 867-41 metres [page 39, log. 
No. of feet in metre = -5159929.] 
Log. 867-41 2-9382244 

Log. (feet in metre) -51 59929 

3-4542173 
Answer — 2845 - 885 


Question 13. Taking it for granted, 
as is proved in a higher branch of ma- 
thematics, that when x is a large num- 
ber, the product 

1X2X3X4 X (X-1) X X 


is very nearly equal to 
^6-2831854 X X 

what is (nearly) the product of the first 
thousand numbers ? is it greater or less 
than would be obtained by substituting 
the average for every one of the num- 
bers, and how many times does the 
greater contain the less? Also how 
many figures are in each product ? 

[The average of 1, 2, 3 1000 is 

500-5, and the products to be com- 
pared are therefore 

1X2X3X X 1000 & (500-5) >•*] 
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Lo|?. 6-283185 -7981799 

Ix)g. 1000 3-0000000 

2)3-79 81799 

1- 8990899* 

Log. 1000 3-0000000 

Log. 2-718282 -4 342945 

2- 5657055 

1000 

2565-7055 

1-8991* 

mr-6046 

Hence the product of the first thousand 
numbers contains 2568 figures, of which 
the first four are 4023 ; and the best 
approximation we can make is — 
4023000 , . . .(2564 ciphers). 

Log. 500-5 = 2-6994041 
1000 

2699-4041 

2567-6046 

131-7!m 

It appears that the second product 
has 2700 figures, the first four of which 
are 2535: itis incomparably the greater 
of the two, and contains the first a 
number of times, hping 132 figures, 
the first four of which are 0302. As 
some further examples of the preceding 
formula, let [i-] signify the product of 
all the numbers up to x inclusive ; 
then — 

Log. [1010 = 2697‘6284 

I,og. [1020' = 2627-6952 

laig. [1030] = 2657-8046 

Log. [1040l = 2687-9561 

Log. [1050] = 2718-1493 

Log. [lino] = 2860-7278 
Log. [1 150] = 30-22-2933 

Log. [1200] = 3175-8028 

Question 14. What whole power of 2 
isnearerthan any other to 100,000,000? 
That is, how many times does the lo- 
garithm of 100,000,000 contain the lo- 
garithm of 2 ? 

Log. 2 Log. 100,000,000 

-30103) 8-00000 (26-57 

Ans. — The 27th power. 

To get examples by which the student 
may ascertain whether he has acquired 
the highest degree of accuracy in 
taking out logarithms, &c., the veri- 
fication of cases such as those in page 
27 (rule 2) will be useful. For in- 
stance : — 

Question 15. Verify to seven places 


of figures, (if the logarithms to seven 
places will serve) the equation 

vTi + vn = 

Log. 13. Log. II. 

2)1-2552725 2)1' 0 4 13927 

•6276363 -5206964 

4-242641 3-316625 

3-316625 

7-559266 Sum i its log. _-8784795 
0-926016 Diff. I its log. 1 '966618 5 
0-8450980 

which is correctly the logarithm of 7. 

At the beginning of the tables 
(1000. . .) an alteration of a unit in the 
seventh figure of the number makes an 
alteration of 4 units in the seventh 
figure of the logarithm ; so that two 
logarithms, which differ only in the 
seventh decimal, by less than 4, 
are for every practical purpose the 
same. But in the last half of the 
tables, a unit of difference in the 
seventh figure of the number causes 
less than a unit of difference in the 
seventh place of the logarithm, which 
renders the tables not so safe in the 
latter part as in the former. To illus- 
trate this, we form the following 
table from the extreme end of the 
table to seven places, repeating only 
the figures which change. 


No. Dec. PEFt of Log. 

9999900 'ooooga? 

1 57 

2 58 

3 58 

4 59 

5 59 

6 60 

7 60 

8 60 

9 61 


From this it appears that -9999960 
nmy belong to 999990, followed either 
by 6, 7, or 8, so that the number can- 
not be found within two units in the 
seventh place. But this is the extreme 
point ; and, generally speaking, the re- 
sults may be depended upon within one 
unit in the seventh place, which is 
always more than sufficient for prac- 
tical purposes. 

Question 16. What is the value of x 
in the equation? 

( 20 )* = 100 


* It ii tu rcUili more than four places of this. 
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This is the same as asking, what is the 
logarithmof lOOtothebase 20? Taking 
the logarithms of both sides, we have 

Log, 20^^ or a: X Log. 20 = Log. 100 

Ix)g. 100 2 

~ Log. 20 ~ 1-30103 
= 1-337244 

Queslioti 17. At what rate of com- 
pound interest will money double itself 

No. 

10023 
10030 
10073 
lOlOO 
10125 
10130 
10175 
1 0200 
10225 
10250 
10275 
10300 
10325 
10350 
10375 
10400 
10425 
10450 
10475 
10500 
10523 
10550 
10575 
10600 

Question 18. What is the amount of 
one farthing, for 500 years, at 3 per 
cent, compound interest? 

One farthing is £.-001041667, and 
the quantity to be found is 

£. (1-03)*“ X -001041667 
Log. 1-03 -0128372247 

500 

6-41861235 

Log. -001041667 3-0177286 

2731-121 3-4363410 

Arts. £2731 2*. 3K 

Question 19. Given the common 
logarithm to find the hyperbolic or 
Naperian logarithm. 


in ten years ? That what is the solu- 
tion of 

(1 + a-)'" = 2 

X = ‘"V 2 _ 1 = -071773 
or 7-177 per cent.; that is £7 3 64 
per cent. 

In working questions of compound 
interest for long periods of time*, it is 
sometimes necessary to have certain 
logarithms to more than seven places. 
The following will be sufiicient. 


Dec. part of Log. 

Rare per cent, in 
wbicli (hit Log. 

00108 

43813 

ii used. 

i 

00216 

60618 

4 

00324 

50348 

i 

00432 

13738 

1 

00539 

50319 

li 

00646 

60422 

14 

00733 

44179 

13 

00860 

01718 

2 

00966 

33107 

2* 

01072 

38634 


01178 

18305 

23 

01283 

7224 7 

3 

01389 

00603 

3 i 

01494 

03498 

3* 

01398 

81054 

33 

01703 

33393 

4 

01807 

60636 

43 

01911 

02904 

44 

02015 

40310 

43 

02118 

92991 

5 

02222 

21045 


02325 

24.596 

4 

02428 

03760 

53 

02530 

58653 

6 


This may be done by the following 
table : 

1 023 025 851 

2 046 051 702 

3 069 077 553 

4 092 103 404 

5 115 129 253 

6 138 155 106 

7 161 180 957 

8 184 206 807 

9 207 232 658 

This table is intended to abbre- 
viate the operation of multiplying by 
2-3025831, and its use will be evident 
flora the following examples. What is, 
first, the Naperian logarithm of 56 ? 


* Such, (or exsmplc, as Dr. Prict'a celebrated problem about a fattblBu put out to compouiul iatcraat at 
the beginoiiig of the world. 
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Common Log. 56. 

In table, we 


find oppo« 
■lie to 

1- 7 

4 

8 

1 

8 

8 

0 


1 

0 2 

3 

0 

2 

5 

8 

5 

1 

7 

1 

6 

I 

1 

8 

0 

9 

6 

4 


0 

9 

2 

1 

0 

3 

4 

8 



I 

8 

4 

2 

0 

7 

1 




0 

2 

3 

0 

3 

8 





1 

8 

4 

2 

8 






1 

8 

4 


4 

0 

2 

5 

3 

5 

I 

7 


Make seven decimal places, and the 
answer is 4'02S351T, the Naperian 
logarithm of 56. 

What is Nap. Log. 9828 ? 

Common Log. 9828. 

3-9 9 2 4 6 5 1 

0 69077553 
20723266 
2 0 7 2 3 2 7 

0 4 6 0 5 2 

0 9 2 1 0 

13 8 2 

1 I 5 

_0 2 

9 1 9 2 9 9 0 7 

Ant. 9-1929907. 

Examples for practice : 

Number. Ntp. Lop. 

3-141593 1-1447299 

2349 7-7617450 

156-3 5-0517778 

When there is no characteristic, use 
one place less, and make seven places. 
When there is a negative character- 
istic, neglect it, and proceed as in last 
sentence ; but subtract at the end the 
number opposite to the characteristic 


in the table with all its places, attend- 
ing to page 35. 

What is Nap. Log. -008 ? 

Common Log. -008. 
3-9030900 
' 20723266 
069078 

2072 

20794416 

069077553 

’5_I716863 
Alls. 5 -1716863 

[N. D. As a check upon this rule, 
remember that the Naperian logarithm 
must be something more than twice the 
common logarithm.] 

Question 20. To reduce the Naperian 
logarithm to the common logarithm, 
use the following table in the same 
manner : 

1 0434 2945 

2 0868 5890 

3 1302 8834 

4 1737 1779 

5 2171 4724 

6 2605 7669 

7 3040 0614 

8 3474 3559 

9 3908 6503 

The Naperian logarithm being 
9- 1929907, what is the common loga- 
rithm ? 

9-1929907 

39086503 

0434295 

390865 

08686 

3909 

391 

3 

39924652 
Ans. 3-9924652 


Section 8. — Examples of the Application of Logarithms for Practice. 


Before proceeding to give any exam- 
ples, we shall explain why we have 
deviated from the usual practice, and 
in a manner which some of our readers 
will consider rather singular. In work- 
ing rules by examples, which are pre- 
sumed to be quite correctly answered 
in the book, the student is apt to work 
by the answer — that is, to look at the 
answer from time to time, and judge, or 
at least guess, whether he is proceeding 
correctly. Very few have the resolu- 
tion to shut the book, and not look at 
the answer until they have produced 


their own. The consequence is, that 
no confidence is gained, and the student 
has to learn how to be independent 
after he has left his elementary trea- 
tise, and has to solve questions which 
occur in practice. To give no answers 
at all, would he depriving him g>f an 
assistance which, to a certain extent, 
is useful, and even necessary. W’e have 
therefore made some figure or figures, 
or positions of the decimal point (per- 
haps many or all, but the student must 
find this out), intentionally incorrect ; 
so that while there will be enough to 
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assist the student who is disposed to tlie answer are found to differ from 
learn how to shift for himself, there those here piven, let the process be 
will be enough to perplex the one who thoroughly re-examined, until the stu- 
has no assurance of being correct, ex- dent is satisfied that he has obtained 
cept what he derives from the printed the correct answer.* 
answer. When a figure or figures of 


441-5059 

89-72584 

= 4-921610 

1 

6-729 

•1486105 

13052-62 

= 13169-25 

1 

•01927535 

■9914449 

51-88 

6115-27 

79122-35 

= *0772889 

1 

291-2 

•003444066 

7-466382 

= -1122380 

1 


66-523W 

•1-230 

8 071020 


•932C154 


= ri91631 


1 - C4663077)* 

VlOU -)- (S- 09784)* = 12-86759 
s/(629-3203)* + <777-144)> = 999'9998 
V-00001215 = -003483685 
^C027 = -1653168 = -5196162 

V 4-335 = 1-633137 V 436 = 7-582787 


(13-22869)!’ = 48-11445 
•018594 X 763i? 


‘V6 


1-0181 


000002337 


7054-3 X 794 
Vi = 1-3859 VFw40 = 1-371 179 
V172S = 1-904169 
■ r9V‘ 


(s) 


11-87322 


/I67V' 

\ 53 

(52072)‘> X VC000734)' 




‘V 3348 

569 

/643Y® 

\637/ 

or- 


1-146156 

31-69104 

•982093 


(255608)" 
c 765 


= 9930-834 


/'4-206r,\'" . , 


" •■214695 

V(-26 


V(-26 V3) = -596544 
C3425 Vl36j 


•00034 
233 = 

V V2 

^^132 (7-356)" 


V(3-25)" 


88-94619 
2016-014 
= 144-5972 


• Mflny of the pxaroples nre tnkpo. mutamdit, from Meier iMnch’e Sammlung roa Beispielen, For- 

metn, kc., bvrliii, mi6 } otliere from trignaometrieitl Utdea» &c. 

K 
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(466871)? X (.1S76)T ^ 

(996003) X C007l)J 
V(21 + Vl9) = 1-470075 
Vs -03 + V'2) = 1-792929 
V(9-921 - 3V5-02) = 1-201866 


* - -9659258 

V(5 H- s/i) _ 


2 V2 

’ +/^V5 -M) - . 

~ *V(5 - V5) - -6293204 

8 V2 

8 


’V(5 + V5) - -9980293 


v/( 


43 + SV278\ 
V17 ) 


= 1-264848 




OlV(-U2V-03) = -4640088 


What is the diameter of the sphere 
which shall have the same content as 
a cube of 21- 16 yards in length ? Ans. 
20 - 25 yards. 

Find the number of cubic feet in a 
culie of 13 inches long. Ans. 1 ■ 953. 

What is the diameter of a circle 
whose circumference is 25000 miles ? 
Ans. 7958 miles nearly. 

What is (he circumference of a circle 
whose diameter is 7958 miles? Ans. 
26000} miles. 

What is the area of a circle whose 
circumference is 22 feet ? 38 • 5 1 7 

square feet. 

What is the area of a circle whose 
diameteris 15-25 inches? /frw. 20-2949 
square inches. 

The surface of a sphere being four 
times the area of its largest circle, 
what is the surface of a sphere of 4-5 
feet in diameter? Ans. 63-61 74 square 
feet. 


A sphere of six feet in diameter is 
painted at the rate of a halfpenny per 
square inch, what is the cost? Ans. 
£33 18*. 7(1. 

The diameter of a sphere being 7 feet, 
what is the side of the cube of equal 
solidity? .In*. 5-64228. 

' If a sphere be 3 feet in diameter, 
how long is the side of a square of the 
same surface? y(n*. 5*31736 feet. 

The squares of the times of revolu- 
tion of different planets being as the 
cubes of their mean distances from the 
sun, and the mean distances of Saturn 
and Jupiter being in the proportion of 
9538786 to 5202776, and the time of 
revolution of Jupiter 4332*585 days, 
what is that of Saturn? Ans. 10759*22. 

The diameter of a sovereign Ireing 
•87 of an inch, how many miles would 
600,000,000 sovereigns extend, if 
placed side by side ? 8238*04. 


Section ^.—Arithmetical Complement. Trigmometrical Tables: their Use in 
common Calculations. 


The arithmetical complement of a 
number is the number by which it falls 
short of the unit of the next higher 
denomination. It is abbreviated into 
Ar. CO. Thus : 

Ar. CO. 6 =10 — 6 =4 

Ar. CO. 893 = 1000 — 893 = 107 
Ar. CO. -669 = 1 — -669 = -331 

Tlie lowest denomination considered 
is the unit. Thus : 

Ar. co. -0094 = 1 - -0094 
not -01 - -0094 
The most exwditious way of finding 
the arithmetical complement is as fol- 


lows : — Begin from the left, subtract 
every figure from 9, up to the lotrest 
si^nijicant figure, which subtract from 
10. Repeat the ciphers at the end, if 
any. 

No. 156-142 -0013754 

Ar. co. 843-858 -9986246 

No. 1798000 4009000 

Ar. CO. 8202000 5991000 

When there is a negative character- 
istic, add it to 9, instead of subtracting 
it from 9. 

No. 1-439 2-33 3-108 

Ar. CO. 10-661 11-67 12-892 
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The student should now practise 
taking out from the tables, not tne loga- 
rithms there written, but their arith- 
metical complements, without first 
taking out the logarithms themselves. 
The operation above described can be 
correctly performed in the head, with a 
little practice. For instance, looking 
in the table, and seeing •6123180, he 
should say — 6 and 3 make 9, put down 
3 ; 1 and 8 make 9, put down 8, &c., 
up to 8 and 2 make ten, which will give 
•3876820. 

To subtract a number, acid its arith- 
metical complement ; the result will be 
too great by a unit of the hind which 
was used in making the arithmetical 
complement. Thus, 9-4 may be thus 
found : 

9 -H Ar. CO. 4-10 

and subtractions may be reduced to the 
subtractions of single units from the 
results of an addition. In the following 
examples, the first is the common me- 
thod , t he second the one j ust described. 


From 9-66813 
Take 3-44210 

9-66813 

6-55790 

6.22603 

16-22603-10 

From 2-30746 

2-30746 

Take 3-42815 

12-57185 

4-87931 

14-87931-10 

Froml-21769 

I-2I769 

Take 2-30999 

11-69001 

0-90770 

10-90770-10 

The better way will be always to 
write, after an arithmetical comple- 
ment, the unit which must be sub- 
tracted, after addition has been substi- 
tuted for subtraction by means of that 
complement. 

What is 1835 -t- 
21048-9763- 144? 

968 - 1036, and 

1835 

968 

8964 - 10,000 

21648 

237- 10,000 
856- 1000 

11707 

10000 

22741 

IIOOO 

1767 

11741 


Required a fourth proportional to 
117-1097, 17-36482, 9310-565: 

Log. 9510-565 3-9782063 
Ix)g. 17-36482 1-2396702 

Ar.co.Log. 117-1097 7-9314071 -10 
13-149-2836- 10 
Am. 1410-209. 

The student may now try any of the 


preceding examples, with addition of 
arithmetical complements instead of 
subtraction. But we recommend him 
rather to avoid this method, which is 
very subject to error, except in the 
hands of a practised computer. 

The trigonometrical tables have al- 
ready been described (for trigonome- 
trical purposes) in the treatise on that 
science (page 51). The logarithms 
there given are generally made too 
great by ten ; that is, instead of the 
subtractive characteristic 1, we have 
the characteristic 9, &c. ; or, instead of 
subtracting 1, we add 9, which makes 
the result too great by 10. Intrigonome- 
trical operations this is convenient ; but 
principally because the extraction of 
roots very seldom occurs. If we had, for 
example, to extract the square root of 
the sine of 46°, which we find in the 
tables to be -7193398, and the tabular 
logarithm of which is 9-8569341 (but, 
in reality, T -8569.341), the following 
process will be wrong in the charac- 
teristic : 

2) 9-8569341 
4-9284671 

for the dividend being 10 too much, the 
quotient will be 5 too much; or, rather, 
the addition of the dividend being in- 
tended to be followed by a subtraction 
of 10, the addition of the quotient must 
be followed by a subtraction of 5. In 
extracting the cube root, the following 
process gives characteristic and decimal 
part both wrong : 

3) 9-8369341 
3-2836447 

for, the dividend being too great by 10, 
the quotient is too great by 3J, or 
3-3333333, and must be set right by 
subtracting this. But, to reduce the 
result to the tabular logarithm, the 
logarithm should be made 20, 30, 40, 
&c., too great before dividing by 2, 3, 
4, &c., as in those cases the results will 
severally be 10 too great. But, per- 
haps, the better way is to restore the 
proper negative characteristic, and pro- 
ceed in the way already described 
(page 37). 

What we have here to do with the 
trigonometrical tables is to observe that 
they may be eonsidered as registers of 
the value of certain expressions, which, 
being already calculated, may be re- 
ferred to, and thus the trouble of fresh 
calculation saved. We shall proceed 
to explain the following table ; 

£ 2 
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EXAMPI.ES OF THE PROCESSES 


Slue. 

Cosiue. 

Taofent. 

Cotangent. 

Secant. 

Cosecant. 


^r^g"' 

a 

'v'l-g* 

1 


a 

•Jl-a* 

a 

'^i-g* 

a 

r 



a 

1 

1 

V 1 - yS 

a 

a 

Vi_g. 

a 


a 

vr+o» 

1 

a 

1 

“ a 


a 

I 

a 

1 


v' 1 -) ,7* 


v'rf^ 

1 + g« 

a 

a 

a 

v'rp? 


1 

.rz — : 

1 


a 

a 

a 

1 

'^g*— i 

a 

u* 

1 

a 

V'a"- 1 
a 

IT 


a 

a 


By this we mean, that if a he the sine 
of an angle, or if we cun find a in the 
faille of sines, we find “'^1 — n* in the 
corresponding line of the table of co- 
sines, in that of the table of 

VI _n* 

tangents : if a be found in the table of 
tangents, we have opposite to it 
« . , 1 
■ m that of smcs, and ■■ 

V i-|-a* VI +u« 

in that of cosines. If the tables only 
give logarithm's* of sines, &c„ we must 
look for the logarithm of a, and we 
find the logarithms of the above quan- 
tities. 

To use this method with great accu- 
racy would give very nearly if not 
quite as much trouble ns the common 
logarithmic process, but by mere in- 
spection a few places of any result may 
be obtained ; so that when very con- 
siderable accuracy is not required, cal- 
culation is altogether saved. For in- 
stance — a 

a being •0346, what is Vi-j-ui 

if the first be a tangent, the second is 
the corresponding sine : we look in the 
table of tangents (Hutton’s), and find 
as follows, under 32“ 24', that the 
tangent being *0346193, the sine is 
"5358208, so that "5358 will be very 
near the answer. To get a nearer 
answer, we must use the method which 
we proceed to describe. 


Definition. When a number is to be 
found in a table opposite to another 
number, the second, by means of which 
we know where to go in the table, is 
called the argument. Thus, in finding 
the logarithm of 50, we enter the 
column of numbers with the argument 
56. In the last example, we e/iter the 
table of tangents with the argument 
•6346. The result obtained we shall 
call the resultants. 

Let a be the given argument not 
exactly to be found in the tables. Let 
M and m (M being the greater) be the 
arguments in the tables, between which 
a IS found to lie. Let R and r be the 
corresponding resultants to M and m. 
Thus, 

Column of orgumenU. Column of reoullanU. 

M R 

a f 
in r 


or the following — 


m 

a 


M 


r 

f 

R 


according as the arguments decrease 
or increase ,the resultant of the argu- 
ment a is 


(o-m) (R-r) 
M->« 


when arguments and resultants both 
increase or both decrease together; and 
(g-m) (r-R) 

M-m 


• HuUoD'fl tablci, which jjWe tiMff, he., as well as their losarlthms. are decidedly the best of which 
we know for the engineer or mechnnlc. There are more useful table* for the astronomer, to which we 
need not here allnde. Pur loj^arlthma of number* only, we believe those of Ur. Babbai;e to be best for 
general use. of all those which contain seven places. 

t There I* no cwrreiaiWe to nrymme^t In common use. The reader may take his choice of resuUoMt, 
U/ernee, he . ) either of which would be better than Do word at all. 
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when one of the two increases and the 
other decreases. This process is called 
interpolalion. 

In the above example, we are to find 
the sine to the tangent '0346000 (the 
argument). Looking in the tables, we 
find as follows — 


Arjumenta. 
Tangfnta. 
m = 0342113 
a = 0340000 
M = 6346193 


Kesultanti. 

Sinrit. 

5335812 = r 
9 

5358208 = R 


Arguments and resultants increase to- 
gether. 

M-m=4080 a-m=3887 R-r=2456 
3887X2456 

■ = 2340 (nearest whole No.) 

4080 

5355812 

2340 

•5358152 Anncer. 

This is within a unit, in the last place, 
ol the truth. 

An unlimited number of examples 
of the preceding process may be ob- 
tained by taking an argument and re- 
sultant from the tables themselves, and 
finding the latter by means of those 
which come before and alter. Sup- 
pose, for instance, that the cotangent 
of 19° 31' had been erased or blotted so 
as not to be visible, and that it were 
required to fill it up by using the table 
of tangents, the process would be as 
follows : — 


Tangents. 

m - 3541186 
a S 3544460 
M = 3547734 


BMolUnti. 
Cotangents, 
28239129 c t 
9 

28187003 = R 


Arguments increase and resultants de- 
crease. 

M-m = 6548a -jn = 3274r-R=52126 
3 2 74 X 52126 

— = 26063 

6548 

2*8239129 

26063 

2-8213066 Am. 


which is incorrect by a unit in the 
sixth decimal place. 

This process may be applied to tables 
of logarithms ; or, in fact, to any tables. 
It is substantially what is done in find- 
ing the logarithm of a number inter- 
mediate to two numbers in the tables, 
or vice vena, and also in finding the 
logarithmic sine, &c. of an angle inter- 
mediate to two angles in the table, as 
the following examples will prove, if 
the student compare them with the 
usual process. 


Required log. 6416958. We shall 
only consider the decimal part. 

ArgumrnU. RtiuUanti. 

Numb^ra. Logarithms. 

m = 641G900 8073253 = r 

rt = 6416958 T 

M = 6417000 8073320 = R 

Arguments and residtants increase to- 
gether. 

M-m=100 a-m = 58 R— r=67 

— — = 39 (nearest whole No.) 

8073233 -f 39 = 8073292 
Amicer '8073292 

Required the logarithm of the sine of 
36° 18' 47"'0. 

Argumtnta. ReaultonU. 

Aiiglea. Log. lines. 

m = 36°18'0" 9-7723314 = r 

(I = 36° 18'47"'6 9 

M = 36°19'0" 9'7725033 = R 

Arguments and resultants increase to- 
gether. 

M-m = 60" a-m = 47"'6 R-r=l719 

47;6_x_2m _ (nearest wh. No.) 

GO 

9'772.3314 

1304 

9'7724G78 Anncer. 

What is the angle whose logarith- 
mic sine is 9 ' 9475008 ? 

Arguments. KeiuUanta. 

Liig. iinea. Anglea. 

m = 9-9474674 62° 23' 0" = r 
0 = 9-9475008 9 
M = 9-9475335 62° 24' O" = R 
Arguments and resultants increase to- 
gether. 

M-ffi = 661 a —m = 334 R-r=60 

^ _ gjo.g (nearest tenth) 

66 1 

Answer 62° 23' 30" -3 
What is the logarithm of the cosine 
of 57° 3' 9" -8? 

ArgnmenU. Resultants. 

Angles. Log cosines. 

TO = 57° 5' 0" 9-7351345 = r 

o=57°5'9"-8 9 
M = 57°6'0" 9-7349.393 = R 

Arguments increase and resultants de- 
crease. 

M-to = 60" a-m = 9"-8 r-R = l932 
= 319 (nearest wh. No.) 

60 

9-7351.345 

319 

9 '735 1026 Answer. 
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EXAMPLES OF THE PROCESSES 


What is the anele whose logarithmic 
cosine is 8' 8852331 ? 

ArgumenU. 

Log. covinei. 
m = 8*8849031 
a = 8*8852331 


M = 8-88(i5418 


RcaulUntp, 

Aiigtei. 

85° 36' 0" = r 
? 

85° 35' 0" = U 


Arguments increase and resultants de- 
crease. 

M-m>=16387 a-m 3300 r-R=60" 
3300 X GO 


16387 


■ = 12"’ 1 (nearest tenth) 


85° 36' - 12"- 1 = 85°35'47"-9 
The accuracy of the preceding method 
depends upon the tabular differences 
continuing the same, or nearly the 
same, for the resultanis of several suc- 
cessive arguments. This is the case for 
the most ]>art throughout the tables ; 
but where it is not so, a small error is 
committed. For instance, in the last 
example, if we look at the table, we 
6nd — 


Log. cos. 85° 34' - log. cos. 85° 35' = -0016325 
Log. COS. 8.5° 35' - log. cos. 85° 36' = -0010387 
Log. COS. 85° 36' - log. COS. 85° 37' = -0016450 


An error of some tenths of a second 
in the answer is the consequence. In 
the tables of sines and tangents of 
angles under 2°, or of cosines of angles 
above 88°, the disparity of the differ- 
ences is so great, f nat it is useless to 
apply the above process ; and it is 
usual, therefore, to give a separate 
table of sines and tangents for the first 
two degrees, in which the angles in- 
crease by seconds. 

In all other applications of the trigo- 
nometrical tables to calculation of com- 
mon algebraical formulae, no very great 
advantage is gained, where much ac- 
curacy is required, by any tables which 
give the logarithms to minutes only. 
The reason is the length of the pro- 
cesses of interpolation. Where ex- 
treme accuracy is not required, the 
common tables, which go to minutes, 
arc often advantageous, as in the fol- 
lowing instance : — 

To find Vfli + let tan < = * then 


Vu* -f. 6« = 


a 

cos^. 


Exauple. What is 

^(62-736)* -f {64- 018)*? 

lA)g. 64-018 = 1-8062343 
Log. 32-736 = 1-96724 84 
Log. tan. 34° 37' 9 - 8389859 * 

1-9672484 

Log. COS. 34° 37' r 9153846 + 

Ant. 112-68 2-0518638 


The more exact process, beginning 


from the third line of the above, is the 
following : — 

Ixig. tan. 34° 36' 51"-8 9-8389859 

1-9672484 

Log. cos. 34° 36' 51"-8 T-9153965 

Ant. 112-6813 2-05TmT9 

The following method of verifying 
any term in a fable may be useful when 
an error is suspected, and no other 
table is at hand for comparison. 

Let 2 be the suspected term, and let 
A, 1), C, &c., lie those which precede, 
and o, b, c, &c. those which follow ; so 
that the table proceeds thus : 

■ - - D, C, B, A, 2 , a, 6, c, cf- - - - 
When the tabular differences appear 
uniform in the neighbourhood of the 
term 2 , use the first of the formulae 
at the head of next jiage ; but where this 
is not the case, count the number of 
places of the difi'erencos which alter at 
each step, and use the formula opposite 
to that number in the next page. 

For instance, suppose we wish to 
verify the logarithm of the sine of 
1° 12', we have — 

A = 8-3149536 
a = 8-327 0163 
16-6419699 

15 

249-6295485 
16-6412989 
266-2798474 
99-8503104 
20 ) 166-4205370 
8-32102685 

8-3210269 in the tables. 


II 

= 8' 

-3087941 

h 

= 8- 

■3.329243 


16- 

6417184 



6 


99- 

■8503104' 

c 

= 8- 

■3025460 

c 

= 8- 

■3387529 


Tg' 

'6412989 


*■ 6y 10. a. ,rc all the logarithm. In the t.hlc at 
i It more cooreuient lier« to rcitore the real characteritUc. 
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0. « = 4 (A + a) 

1,2 s = J {4 (A + a) 

3, 4 3 = 4s(l5 (A + a) 

5, 6 2 = islSG (A + u) 

The trigonometrical tables may be 
made to furnish a solution of equa- 
tions of the second degree*, in cases 
where the coefficients are too com- 
plicated to admit of easy multipli- 
cation and division. The rules are as 
follows : — 
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6 (B -t- 6 ) -1- C -f c} 

28 (B -b 6 ) -f 8 (C -b c) 


= 81 , 2 ^^ 

^„}Letsm<= — 


t a^* -b A® -b c = 

2 oa:* — bx + c 

3 aai' + bx - c = 0\. . 2-^ 

4 OX--6X -c=0pttan< = -^ 

Then the two numerical values of x 
will be 


(D -b rf)} 

3i* - 8 x -b 4 = 0 
Log. a 0-4771213 
Log. c O' 6020600 
Log. lie 2) 1-079181.3 

Log. Vac 
Log. 2 
Ar. Co. log. b 
Log. sin 60° 0 ' 0"'0 


•5395907 
■3010300 
90969100 - 10 
9-9375307 — 10 


ac , i 
— tan- 
u 2 


and 


[■' 


< = 60 ® 0 ' 0 " -0 
4 < = 30° 0' 0" '0 
Log. tan4_^= 9-7614394 - 10 
Log. Vac = -5395907 
Ar. CO. log. a — ■ 9-5228787 — 10 
6666667 19-8239088 - 20+ 

2 Log. tan 4 « 19-5228788 - 20 

2 


0-3010300 


] 


formula 




tan 4 <; and which is 


-6666667, as far as seven places of 
decimals. [In fact, the real root is 4 .] 
It remains to hnd the second root from 

V oc 

the formula cot 4 so that, in like 

a I 

manner as we found the first root from 
the calculation of 


Vac ,4 

cot- 

a 2 

and the signs will be as follows : — 

1. Both negative, 

2. Both positive. 

3. Greater numerical root negative. 

4. Lesser numerical root negative. 

The instance on the opposite side will 

admit of easy verification in the com- 
mon way. 

The process which we have put 
in brackets is one of those little 
artifices of calculation, which occur in 
hundreds, but which it is impos- 
sible to reduce to rule, and which 
nothing but practice can teach. We 
have got the first root by means of the 

Log. tan. 4 ^ "b Ar. co. log. a — 10 

we should proceed to find the second from 

Log. cot. 4< + log- + Ar. CO. log. o — 10 

But since the tangent and cotangent we have 
of the same angle are reciprocals, or log. cot. 4 < = - log. tan. J < 

1 consequently the second formula is the 

tan. 4 ^ same as 

log. Vac -b Ar.co.log. a - 10 - log. tan 4 4 
which, calling P the result of the done by the usual method. But the 
first, is following is a case in which much 

P - 2log. tan. 44 trouble will be saved by the trigono- 

and it is thus that we have proceeded, metrical method. 

The preceding example, given merely a b c 

for the sake of dlustrating the rule, is ^.t + 6'4347a: - 2-4566 = 0 

one which might have been more easily 

* In ihi« proceM we ipppoee the stodeiit lo andentend algebra. a« far at the solution of equation^ of 
the second degree. 

1 19— ao gives the cbaracterijllc 1. 


cot. 4 4 
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Ix)g. a 0-0035467 

I-Og. c 0-3 903344 

Log. ac 2)0-3938811 

Log. 0-1969406 

Log. 2 0-3010300 

Ar. CO. log. 6 9-1914717-10 

Log. tan. 26°3' 56"1- 9-6894423-10 

# = 26“ 3' 56* - 1 
i 4 = 13° 1' 58" -1 
Log. tan^^ 4 9-3644973-10 

1.0g. ■^oc 0-1969406 

Ar. CO. log. a 9-9964533-10 
•3613193 ' 19-5578912 — 20 

18-7289946-20 
6-743675 0-8288966 

The numerical roots being therefore 
•3613193 and 6 - 74 3675, we find, by the 
rule of signs before given, that the real 
roots are 

•3613193 and -6‘743675. 

To form examples of this method, let 


the student proceed as follows; choose 
any two numbers for roots ; for instance, 
1 -308 and - -486, and any value of a, 
for instance, 2-709. Take the alge- 
braical sum and product of the roots ; 
that is 

1-308 - -406 = -902 

1-308 X - -486 = - -635688 
Multiply these by 2-709, the chosen 
value of a, giving 2-443518 and 
-1-722079. Change the sign of the 
first ; then the roots of 
2-709 - 2-443518X-1-722079 . 

should be 1 • 308 and — - 486. 

The only way to obtain any security 
in the use of logarithms is to work many 
examples, beginning with simple cases. 
Repeated failures will take place at 
first ; but the student will finally ac- 
quire that sort of habit which suggests 
the right method independently of rules. 

We shall now proceed to examples 
of algebraical operations. 


Section 10. Divition of Algebraical Operaiione. Algebraical Reduction, Ad- 
dition, and Subtraction of Integral Quantitiet. 

The operations of algebra may be di- length. Among the infinite number of 
vided into two classes : — l.Thosewhich classes of examples which might be 
present no forms distinct from the re- chosen, we shall confine ourselves to 
suits of ordinary arithmetic. 2. Those those which it is most necessary the 
which require tne use of the negative student should be able to perform, in 
or other symbol in the manner peculiar order to read any work on the higher 
to algebra. parts of algebra, or on the differential 

The operations of algebra may be calculus. We supptMe the student to 
subdivided again as follows : — I. Those gain the demonstrations of the rules 
which are usually left to the student in here exemplified from some other 
the higher parts of the subject. 2. source. 

Those which are usually inserted at 

I. Questions illustrative of the meaning of the fundamental symbols + and 
to be answered without rules. 


1. By how much' does a + ft exceed 
a ? By how much does a ft exceed 
o - 1 ? By how much does o + ft 
exceed a — m, a - b, and a — 2 ft ? 

2. On what does it depend whether 
a ft or a + c is the greater ? When 
a 4- 6 is greater than a + c, by how 
much does the first exceed the second ? 
By how much does a -f- 2 ft exceed 
a -(- ft ? 

3. On what does it depend whether 
a + ft - c is greater than, equal to, or 
less than a? By how much does a + ft 
— c fall short ofa -1- ft 1, and ofa -f 
ft -h c? 


4. On what does it depend whether 
a — 6 is greater than, equal to, or less 
than a - cl 

5. If a lie between ft and c, c being 
the greater, what must a be in order 
that c — a and ft -t- a may be equal ? 

6. If a be greater than ft, and x less 
than y, which of the following must be 
true, which must be false, and which 
may be either true or false ? 

a -h X is greater than ft -f y 
a + y . . . . 6 + x 

o — X . . . . ft — y 

a + X is less than ft -t- y 
o -i- y . . . ft -1- X 
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II.— 0/J the Ute nf Brackets. Distinguish between the meaningsof— 


n + (A + r) and a + A + c 

a - (b + c) and « - A + c 

a — (b - c) and a — b — e 

(a - A) - c and a — (A — c). 

2 (a + A) and 2 a + A. 


,a - {A -{c - d) } 
la — b — c — d. 

|a — (A — c) — d and 
'a — (A — c — d). 


How is an expression altered if 8 o, and afler- 
Answer, 13 a is added to it, which is thus ex- 


III. — Simple Beductions. 
tersvards 3 a be added to it ? 
pressed — 

P + 8a + 5a = P+13a 
Establish the following, and express 
the question asked, in words, as above. 
P + o + o = P + 2a 

P + a - a = P 

P - a + a = P 

P + 2a — a = P + a 
P — 3n + 4a = P + a 
P - If. a-3a = P-19a 
P + lBa-20a = P — 4a 

P - 21 a + a = P - 20 a 

Give all the ways of expressing P + 
3 a derived from the preceding. 


P+o + o+ a P— a+4a 
P + 2a + a P — 2a + .5a 
P + a + 2a P— 3a + 6a &c. 

P + 4a — a 4a + (P — a) 

P + 5a— 2a 5a + (P — 2 a) 
P+6o-3a 6a+(P-3o) 
See. Sec. 

4a — (a - P) Sa-(2a-P) &c. 

In the last two sets of the pre- 
ceding, point out the cases in which 
they are possible, or impossible, and 
why. Repeat the whole process with 
P - n, P 6 a. See. 


IV . — General e.rpressions derived from the preceding. 

P-)-ma-hna = P-f(CT-hn)a V - m a + na =P — (m — n)a 
P-i-mo-na = P-f(m-n)a or =P-|-(a-m)a 

or = P - (n — m) a 


V. — Simple Reductiom including Fraction*. 


2 3 4 12 

1,1,1 13 

-a -h-a-H-a =-aor 


2 3^4 


13a 

12 


1 17a? 
® + 6a? — - a? + 2x = 8ix=» — 

2 2 


3 qA — aA + - oA 
7 


20 a A 


It 


X* + 2x* + 3x* — ix“ = -^x* 
xys-ixy2+lxyx = ixyx 


W.— Reductions in cases where the arrangement of the terms makes the opera- 
tions appear impossible. 


a — 2 a is impossible, but a-2a-(- 
3 a is to be considered as a misplace- 
ment of a -1- 3 a — 2 a, which is 2 a. 
6a — 10a + 4a = 0 
2a — 9o — 3a-H 16a=;6a 


xy — 4xy-hl0xy = 7xy 

i/ -P' + IP’ = ip* 

a*c - 3 a*C -i- 100 a*c = 98 a’c 

m + 4 m —Dim+ 12m = -^OT 
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EXAMPLES OF THE PROCESSES 


VII . — Oeneralization of the two preceding Articlet. 


m a + na = (m + n)a mx + nx — px^{m + n-p)x 

ma — na = (m — n)a _ !1£ I’ _ x 

ma + na + pa = Cm + n + p)a n q s ~ \t‘ q s/ 

VIII. — Additions in which subsequent Redaction is impossible. 

Add together o + A, c — d, e — f f, cf + 6 d, and p + (/*. Answer, a — 
and a b — e f. Answer, a + b + c — h + c + ac— \+/+c/+6d + 
d+e—/+ab — c/. P+9*. 

Add together a — A + c, ac - 1 + 

IX . — Additions in which subsequent Reduction is possible. 


Add a — b, a — c, c — 7, and c-j- 6 . 
Answer, a— b + a— c + c— 7 + 
c + 6 , or 2 a — A + c — 1 . 

Add o + A and a — b. Answer, a + 
A + a — A, or 2 a. 

Add 

oAc- a + ary+12 — p’ —q’ 
2abc — 4 p' — xy - 7 * + 20 + a 

10 p* - 100 + 40 a - 14 xy 
4 (/“ — 4 p* + a A c 
4 o A c + 40 a — 14 X y — 68 + p“ + 2 y* 

X.—Rule 0 / Addition, 

Let the first term of each expres- 
sion be considered as having the 
sign + 

Annex all the expressions with their 
signs. 

Make such reductions as are prac- 
ticable. 

XI . — Subtractions in which 

From a take b - c. Ans. a — b +c. 

From 2 o — c take 4 A — d. Ans. 
2a + d — c -4 b. 


Add 

13 x« + 20 X* - 45 X + 4 
4x» - X* + 50 X + 31 
30x* — 5x*-t- 15 X — 8 
2 X — X* + X* — 10 
94.r*+ 48x“+ 22x - 14i 

Further examples are deferred for 
the present. 


Rule qf Subtration, 

Let the first terms of both expres- 
sions have the sign + 

Change the signs in the expression 
which is to be subtracted. 

Annex the expressions, and make 
reductions. 


Reduction is impracticable. 

From p — q + r — s take z — p q. 
Arts, p — q + r — s — z+pq. 


XU. Subtractions in which Reduction is practicable. 


From a take a — c. Ans. o - a + 
c, or c. 

From a + A take a - A. Ans. a + 
A — a + A, or 2 A. 

From p — a take q — a. Ans. p - 
a — q + a, or p — q. 

From aA + 3a-4A+16 - z 
Take 6 aA- 12a-5A + 12 c -8 

Ans. 15 o — 5 a A-l-A+24 — 13 s 

From 6 a* A - 12 a + i - 3 z — 22 a b 
Take o'A + 100 — 40aA + a- 3s 

Ans.ba'b— 13a - 99i + 18 a A 

From 3x* - 18x* + 6 x - 150 
Take 12 x* - 40 x* + 5 x + 40 

Ans. 22X* - 9 X* + X — 190 


From a — A + c — d+c— /+ g —h 
Take a — 2 A-f-3 c+4d-5 e+/+g-- 8A 

Ans. A — 2 c- 5 d -f 6 e— 2 / 4 - 7A 
(la + A) - (a + ^A) =\b—\a 
(4 a - A) - (a — A) + c= c - 4 a 
(2 a + A) — (a — 3 A) = a + 4 A 
Let there be any series of quantities, 
o. A, c, d, e,f, &c., and let another se- 
ries be obtained by taking the first from 
the second, the second from the third, 
the tliird from the fourth, and so on. 
Let this process be repeated with the 
second series, giving a third, with the 
third series, giving a fourth, and so on. 
lYhat will be the several series ? 
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Itt Sertei. Sad Serlea. 3rd8«rlM. 

a 

b — a c - 2 b + a 

A 

c —b d — 2 c + b 

c 

d —e e - 2 d + r. 

d 

e —d f - 2 e + d 

e 

J - e g~2f -4- e, 

g - f Tt - 2% Arf 

f 

&c. 

&c. &c. 

4th Serif*. 

Slh Seri... 

d — 3c + 3b — a 

e - 4rf-(-6c — 4A-I-U 

e — 3d + 3c — b 

y— 4c + 6(/ — 4c + A 

f-3e+3d-c 

g— 4f -4 b e - 4 d + c 

g -3/+ 3e-d 

h— 4g + 6/ — 4 e + d 

&c. 

&c. 

Itt term of 
the Series. 

6 / 

-fie-l- iOd - 10 c + 5b - a 

1 X 

- 6/ 4- \5 e - 20 d + 15 c- 6 b 

See. 

&c. 


One way to form results which shall 
give examples of addition and subtrac- 
tion combined, is as follows : — Take any 
number of quantities at pleasure, sub- 
tract each one from that which follows, 
add all the differences and the first of 
the quantities together; ,the result 
should be the last of the quantities. 

For instance, let the quantities be 
a - b, 2a+b — c, 3a + 2b— 4 c, 
and 7 a + 6 b. From the second take 
the first, which gives a + ib —c • from 
the third take the second which gives 
o + 6 — 3 c; from the fourth take the 


third, which gives 4 a +4 b + 4 c. 
Add together the follow ing— 

a - b 
a -t- 2 i — c 
a + b —3c 
4o-t-4A-)-4c 


which gives 7 a 4- 6 b, the last of the 
quantities first mentioned. 

As questions of mere addition and 
subtraction arc of little use by them- 
selves, we shall now proceed to another 
point. 


Section 1 1 . Exercises in the use of the Algebraical symbols -f- and — as distin- 
guished from Arithmetical* symbols. 

In whatever way the symbols -(-a -f- (-)- u) is -|- a -|- (- a) is - a 

and - a maybe explained, the method - (— a) is -{- u — (-t- a) is — a 

of using them is as follows: — or, lihe signs produce unlike signs— . 

a -f (— b) = a - b = — A-h (-1- a) 

a-(-b) = a-i-b= b ~ - a) 

+ { + {+«}}=+“ 

a - h = — (.b - a) ^ — b - ( — a) 

1_2 = — 1 2 — 3= — 1 a-2a = — a 

6 — lS=-9 4 — 7 — 8 = -ll 

X — (x+y)=^x-ti: — y = - y 
(2 a + 36) - (4 a + 76) = - (2 o -1- 40) 

a — b + 3c — d = — (b + d — a - 3c) 

— 7a — 12 0 = - 24 a 
3a - 7b — 4a + 5b = — a — 2b 
+ ax-i-b=+ab -)-aX-A= — oA 

— ax — b=+ab — ax+A=.— oA 

-1-aX -t-Ax — cX + d = -abed 

— ax - Ax — c X + d = —abed 


* 'fbe •tud«Dl m»y omit Uut lectkm uatU bo has rood an explanation of ibo negatife tigii. 
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EXAMPLES OF THE PROCESSES 


- 3 X — 4 
a A X — c = 
a 


- + 12 — 3 X + 4 = — 12 

OCX — b = AcX — a 


\ II 

n 

ii 

T = 

a = — 

p - q 

- (P - q) 

q~ p 

X — y 

- (X — y) 

y —X 


a —a 

b ^ A 

1 


a + b 

A ~b 

1 

*« 

1 

1 

- (q -p) 

q - 


y 

P - <7 ^ 

X 


•r - y 


a: — y 

P - Q 
y - X 


- (b - r) + 


y -iy - X) 

a-b + c = u-(h-c) = a + (c-b) 

= - (b - a - c) = - (h - a) + c ^ 

= - (- a + 6 - c) = « + (- i> 4 . c 

What suppositions will make the following expressions iJentically the same? 
»x' + bxy + c^ + dy + e ax-hy + cz 

3 x‘ - 4xy - 2 ,/ + 7 y - 6 3a-+ «+ z 

Ans. a = 3 A = _ 4 c = - 2 a = 3 bt^lc 

d = 7 e = - 6; 
and the following — 

px* + q X + r 
i x' — X + I 

Ant. p = i q = - I r = I 
IC X = — y X* = 

X' = y' a:» = 

y* a* = 


1 


y* 

y” 

y* 


a^ = _ a-7 

a:” = v" 
•r9 = - ys 


x^ = — 

Which of the following pairs are the same, and which differ in sign ? 
— x> and (— a")* — x" and (— a-)>* 


and (- a^)» x’ and '(- x'y 

X" X (- yy X (- z)i and (- x)* x (- y)4 x 

of?x?and +TinMead^f'’-'^^^^ ^ i«tead 

a + Ax + cx* + dx>_I 

X 

it becomes o + A (- .r) + c (- x)« + d (_ xp L 

— X 

_or, a-Ax + cx*-da:* + i 

1. a + A X + Lr^ - X* (1 + x=) 

. 1 + .r 

a - Ax + _ a^t (j _ 


2 . 


a X (X - x") + A X* (x* - x») + fLli^-32 

A + a* 
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T* M + 

a X (X — x’) + 4 j;’ (I* + a:’) — — — 

4 + x^ 

3. (2 a X + 4)’ + 4 a c — 4> + ^ ~ ° f |x + o yl 

1 + a* I ) 

(2 a X — 4)* — 4 a c - 4* + ^ f jx — a yl 

1 + a* I, ) 

4. a — 4x + cx“ — </x* + - — T+i 

X X* ar 

a + 4x + cx’ + dar* — - — 4; — -3 


When the sign.? of two or more let- 
ters are changed, the general rule is, 
every term changes sign in which an 
odd number of factors changes sign. 
Thus, in 

o’-t-a4c— at44 — 4’c* 
if 4 and c both change sign, that is, if 
— 4 be written for 4, and — c for c, 
&c., the term which changes sign is — 


o o’ 4, or, a c c 4, (in which" an odd 
number of factors, c, c, 4, change their 
signs) and the expression becomes 
a* -I-a4c + oc*4-4’c’ 

In the following examples one or 
more letters have their signs changed 
in the second and succeeding ones of 
each. The student must ascertain 
which letters they are. 


a + b a — a’ 
u — 4^4 — a4 
b — a _ a + a* 
a + b b + ab 


-t- ab*c — axy 


+ ab‘c axy 


„ a — 4-t-c a-l-4— c a — b + ^ 

" a> - 4' -t-T* ’ a* - 4' -1- c" ’ a* - c* 

Observe, that no even power of a expression become thethird by changes 
(a’ a* tfi &c.) changes sign when a of sign only ? 
changes sign ; how then can the first 

3. (p + q) (q + r) (r + p) . (p -b q) (7 - r) (r - p) 

— (p + 7 ) (7 + r) (r +p) , (p - 7 ) (9 + *■) (P ~ ’’’> 

4. (4* — 4 a c) (a — b) (b — c) , — (b' + 4 ac) (a + b) (b — c) 

(4* -b 4 ac) (a -b 4) (c — 4) , — (4* — 4 a c) (a -b 4) (4 -p e) 


Section 12. Multiplication and Division of Single terms, 
ab c a* b a b' a' b' 


a b = b a = 

c 

abxac = a' be 
p* 7* X 7’ = p' 7'° 
Q» X a’ = o'* 


a 4 a 4 
3a4 X 6ac = 18 a’ 4c 
a X a X a* = a* 
a'”X a" = 0 '" + " 


2(a-b4) = 2a-b24 3(a-4) = 3a-34 

2a (a + b + c — d) = 2a“-b2a4-b2ac — 2ad 
3o4(4a— a4-bx) = 12a*4 — 3a’4’-b3a4x 

lfia- 24 ) = ia-4 l(la-i ab)^ia-lab 
2\2 J 4 sV-l 5/2 15 

4 o4 c^2 a 4 -b 2 4 c — 6 a =z 8 a’ 4* c -p 6 a 4* c’ — 24 a* 4 c’ 
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EXAMPLES OF THE PROCESSES 


3 a* z ( 2 * y - o’ = + 2 - 1) = 3 a*z* y - 3 a* 2 » + 3 a' z« - 3 u* z 




X - + - X - 
d y f 


~ by dx"^ fy 
6 a b m 2 m* 


3 a* b" 



2 m* V t 
xy(x + y)* _ 
,x* (X + y)’ 
m a + n a 


x(x + y) 


ip - <!'>* ~ 
fx(p - q)* 



m + n 


= m a — n 


6a»’ + 3ati’ — \2a/‘ V 


3av 

1 2 ir* — 9 a:* + 3 O'* — 3 a ,T* 

YT* 


2 I) + k’ — 4 0* 


= 4 a'* — 3a^ + l — a 


2m n’ + 8a»in — 6 a* m’n' — 2mn 
2m n 


= n+ 4a — 3a*mn — 1 


2 a + 2 _a + l 3a* — 6a'_a^ — 2 3 I 

4 2 3 a x^ ;a 3 + Fa ” 1 + a 

p* + 2 p X _ p + 2 X a* b — a b* __ a — b 

p* + 2 p y p + 2 y a* b* + ab ab + \ 

y* - y + 3 av y _ y - 1 + 3 a p a-* _ x 

y — V y + 2 amy 1— r + 2am x y ^ x ~ y + f 

a a* y* - a* a* y« + a* a:* y _ a” y* - a X* y + a* x 

2aa*y*+3a*a*y*-2a»x”y* 2 a* y* + 3 a.r* y* - 2 a* x* y 

1 ° + i ft _ (i_a + ib) 12 _ 6a + 4i 

2 a — jb (2a—ib)I2 ~ 24 a - 3 b 

a+* 

2 ^ ^ ^ 2 a + A 8 a 

&+£. 2 6 + c 3A 
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ac + b 
ac — b 


2ax + \ _ 4 g* z + a 
X 1 i X — a 

a ~ 2 


_J 

1 + a; 


X 


I 


X 

1 + X 


\ — X — X* 
I + X — X 


— T — ar* 


Section 13. Separation of Factors. 
g + 6=g(l +^) 0=“*G'^0 

When any expression A is to be put in a form of which m shall he a factor, 
then — must be the other factor; for 



A = m 

A 

X — 
m 


— 4 g c = i* 1 


■b' \ 

gel 

.* J 

a/c 
c\ a 

— 2 X y = .X 1 

e-«o-5( 

X y — 2 y“ 

It 

xy g-2) 



-¥) 


ax + i = g(x + ^) =x ^g + y = * + l) 

x' + xy + y' = x'[x +| + g.) = y. g+f +i) 

a^ — 3x*y + 3xy* — y* = a;*|l— 3^ + 3^ ~ ^ 1 

^ X JC J 

+ 6). - c = (g + i) (g + 4 - = (g + t). ( M- ^,) 

y(- + l) - + 1 — + X 

'J *(i --) 1 - - ^ ^ - y 

g6 + ie+co=a^6+c + "***(*"^”^0 

x + y-c = .-^(^^_l) =rr-y(l-^) 

= X + y + z (\ = X — X ( ~y~ — 1 ^ 

\ a: + y + xy \x — x J 


fa 


X + y 

X — 
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EXAMPLES OF THE PROCESSES 


p + , = p-.(l +1^9) =p+.(l 

= rrz (i +^) = P + 9-- (i 

o’ + 2 o 6 =a* + 6’ ^ = o* — 6" ^1 + 


) 

) 

(2 a + fi) i\ 

o* - 6' J 


o’ + 2a4 + 4’ = a’ + aA + ai + i‘ = (a + A)(a + 6) 

a’ — 2 a 6 + 6* = o’ — a 6 — (o 6 — A') = (a — A) fa — A) 

o’ — A’ = a* — a b + a b — b* = (a — b) (.a + b) 

o’ + A* = 0 * + a* A — o’ A— oA* + o A’ + A'* 

= a + A fa’ — a A + A’) 

o’ — A> =c^ — a' b + a' b — a b' + ab* — b' 

= a — A fa’ + a A + A'; 


Section 14. Example! of Multiplication. 


+ 1 
- 3 


a:* + a; 

— 3 * — 3 

— 2 o: — 3 


X — 1 
X — 3 
X* — X 

-3x + 3 
X* — 4 X + 3 


X — 1 
X + 3 
X* — X 

+ 3 X - 3 
X* + 2 X — 3 


a4 — 2ox + 3a’ 

x* + 3Ax — 2A* 

X* — 2ax* + 3a’x* 

+ 3Ax‘— CoAx* + 9 o’ Ax 

— 2 A* ■t’ + 4 fl A* X — 6 o’ A’ 

x< - (2 a - 3 Aj x’ + (3 o’ - 6 o A - 2 A-'J ;c“ + a A (9 a + 4 A) x - 6 u* A' 


o + A 
u + A 
o’ + o A 
+ o A + A’ 
o' + 2 o A + A’ 


a — b 
a — b 
a' — ab 
— o A + A* 
o’ - 2 oA + A' 


o + A 
a — b 
o* + o A 
~ ab-b' 
o’ - A* 


(o + A + c)’ = a’ + A' + c’ + 2oA + 2Ac + 2co 
(o + A— r)' = o’ + A‘ + c' + 2oA — 2Ac — 2eo 
(o — A — c)’ = o’ +A’ + c’ — 2oA + 2Ac — 2co 
(7 o X + 12 A .t’)’ = 49 o’ X’ + 168 o A X* + 144 A« x’ 



(a + A + c)(o + A — c) = o'+A’ — c'+ 2 oA 
IfP = A* — 4oc, Q = A(i-2of, R = (i’_4 af 


Q t uTj A tit A \ ^ ^ ~i' a “ b tl e \ 

’ — P R = 4 o (A’ - 4 o c) ( r- + / 1 

\.-A’ — 4oc J 

and (A X + rf)’ - 4 a (c x« + e X + /) = P x’ + 2 Q x + R 
(2 o X 4- A)’ + 4 o c - A’ = 4 o fox’ + A X + c) 
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(in' — n')’ + 4 m* n* = (m* + n')' 

(ac - q') (a ft — ;’) - (qr - ap)* , „ , ■ . . 

a 

If A = ft c — ;>"1 iV = qr — ap 

B = ca — Q*> and <Q = rp — ft^ 

C = oft — r*J l.R = pg — cr 

then the following six quantities arc equal : show this by multiplication. 

BC - P» CA - Q» AB - R« Q R - A P RP -BQ P Q - CR 
a b c p q r 

We give the formation of one of them at length. 

Q = r p — b q A = ftc — p* 

R = pq— cr P = gr — ap 

QR = p'qr—pbq'—rpr'-i beqr AV = beqr —p'qr — abep+ap^ 
AP = bcqr — p'qr — abcp+ apf 
QR — AP = ab cp + 2 p' qr — a}^ — bp q' — epr' 

— — = ahc + 2pqr — a p' — bq' — cr' 

(o* + ft* + c*) (p* + q* + r’) — (n p + 6 7 + c r)* 

= (a q — b p)' + (b r — cq)' + (cp — a r)* 

(a p + ft 7 + cr) (o * + ft < + c r) — (o* + ft* + c*) (p 4 + 7/ + rv) 

= (cq — b r) (bv — c 0 + (ar — cp) (c s — av) + (bp — a q) (at — b») 

IfP = n + ft + e Q = a + ft — c 

R=ft+c — a S = c + a — ft 

PQRS = 2a*ft* + 2ft*c* + 2c*a>-a‘_ft*-c« 

QR + HS + SQ=2ftc + 2ca + 2aft-o*-t*-c* 

P* + Q* + R* + S* = 4 o* + 4 ft* + 4 e* 

Q R* + RS* + S Q* = a’ + 6 a ft c - 5 0 ft* + 3 ft a* 

+ ft* -5*c’+3cft* 

+ c* — 5ca* + 3ac* 

{a* + 0 A + ft’) (o - ft) = o’ - ft* 

(o’ + u* 6 + o A* + 6’) (o — ft) = a* — A* 

(o‘ + o" A + 0* A* + n ft* + ft*) (o — ft) = a* — ft’ 

(o* — a ft + ft*) (o + 6) = o’ + ft* 

(o’ — o’ A + o ft* — ft*) (o + ft) = o* — ft* 

(o* — o’ A + o* ft* — o ft’ + ft*) (a + ft) = o’ + A’ 

(x — a) (X — b) = T* — (o + ft) a: + o A 

(X + a) (X + b) = a-* + (o + ft) X + o A 

Examples of Division, when the divisor has more than one term, are of lillle 
or no use in the elementary part of algebra. 


Section 13. Operations on Fractions. 

The leading rules of arithmetic, which relate to simple fractions, are embodied 
in the following formulae : — 

F 
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EXAMPLES OF THE PROCESSES 


a m a 



b _ b — ac 
c c ’ 


h a c + b 
o + - = — - — , 
c c 

a 6 _ a + & 

X m ~ X ' 



a c ad + bc a c ad — be a ax 

b d b d * b d TH * b b * 


a 

b 


X 


a - a c a e a , c 

b x' b ^ d ~~ b d’ b ' d 



a d 

Tb' 


The reduction of fractions which 
have fractional numerators and deno- 


minators, is exemplified in the follow- 
ing formula) : — 


a 

X 

y 


ay 

b X 


a 

b 


e 

d 


-d+- 


(a d — b c) c 
(ac + b d) b 


P +- , 

q _ pq t + a I 

^ b q r t — b q 


m X am 

n y _ mb qy — bnq x ^ ^ ^ amqy 

p a~ bnpy—anqy p x bnpx 
q ~ b q y 

a m p X anqy + bmqy + bnpy — bnqx 

6 ^ « q y bnqy 


X + 


] 

X 


x» + 1 

X 



1 « i 

X y X y 


a X a c + b X x a x* — a’ 

_ 4- — = — = _ _ _ sx 

qb eq be q a X ax 

1 1 1_ _ x' + X — 1 y ^ 

® ^ ~ S' ' X X* 



a+A 0 — 6 2«* + 2 6* S X 

o— 6*^o + 6 a* — 6* X — 1 


1 -X ^ 1 + or I -X* 
X x' af 

_ y* _ X* y + xy* - y* 

X* X* 

+ E = P* + 9* 

q pq-q‘ 

_ 2 _3x* — 2x+2 
X ~ X* — a: 


1 - 1 _ 

n’ — n 

_n — 1 « — 2 «• — 3n*-l-2fi 

2 

2~ 

"■2*3 6 

n — 1 

n - 2 

B — 3 B* — 6n* + nn* — 6n 

'■ 2 

3 

4 24 


n -1- 1 
"• 2 

+ n-l- 1 = n -1- 1 

ft + 1 

2 

2 n + 1 
3 

— pp* — » + 2 2n + 3 

+ B + 1 =„-H ^ . 3 

X + 0 

X + c 

_ (a + e — c — b)x + ae — be 

X + b 

X + e 

a^+(b+e)x+eb 


X + a 
X — 6 

X — a _ 2 (a + b) X 
X + b ar* — 4* 
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1 ^ 1 ^ 1 _ 3 . 1 * + 2(o + 4 + c)3:+ai + i c + ca 

x + a x + b x + c + (a + b + c)x' + (ab + be + ca)x + abe 

a X — 6 x + 1 _ ia + b) m' — 2 a X — (a — b) 
a — bx j: — 1 {a + b)x — a — bx^ 

_J !_ 3 + 1 

I + X _ 1 — X 1+X’_ 2 X X _ 3 ar + 1 

1 + * ~ J ^ 1 x ’+2 2 — ^ 2x — 2 

X 1 — X 1 + X X 

We shall find Turther examples of these operations in the next section. 


Skctiox 16. Solution qf Equations qf the first degree, or Simple Equations. 

Buie 1. Both sides of an equation may be removed from one side of 
may be increased, diminished, multi- equation to the other, if the sign 
plied, or divided by the same quantity, changed from -I- to — , or from 
Buie 2. Any term of an equation to -f*. 

Let X — 2 = 7 — X What is the value of X? 

X + X = 7 + 2 
2x = 9 


Verification H — 2 = 2J 7 — 4} = 2i 

Let X — a = b — X 
2 X = a + b 
X = i (a + b) 

Verification i (o -h i) — a = J (4 — o) 

4 - i (o -t- 4) = i (4 - a) 


Let 


Verification 


3 X 
9 


— 4'=12x — 9 

— 4 = 12 X — I X 
5 = 9 X 

5 




Before reading the theory of the ne- this negative result as showing that 
gative sign, the student must consider the equation should have been written 


4 — 3x=9-12x 

5 

which gives ^ ^ verified arithmetically. 


Let ax — b-cx— d 
ax — cx = b — d 
(a — c) X — b — d 

b-d 

X = 

a — c 

F 2 
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Verijfcalion 


b — d ^ _ ab— ad — ab + lc 
a — c a — c 

b c a d 


a — c 

b — d , be — ft d 

c rf = 

a — c a — c 


Let 



XX X 

12- + 12- =48-12- 
2 3 4 


Verification 


6x + 4a? = 48— 3x 
6x + 4x + 3ar=48 

9 48 

13X = 48 :r = 3-or - 

x x_40_ _i 

2 3 “ 13 ~ 4 


Let 



Verijication 


ttbd^-}-abd~ = <ilfcd — abd — 
a b d 

bdx + adx = abed — abx 
bdx + adx + abx — abed 
{b d + a d + ab) X = a b c d 
abed 


bd + ad + ab 

X bed X 

a bd + ad+ab b 



b cd + a c d 
bd+ad + ab 


X — 1 X — 4 



a ed 

bd + ad + ab 

X 

’ d 

X 

6 


Multiply by 30, the least common multiple of 3, i, and 6. 
10 X - 10 — (6 X — 24) = 30 - 5 X 
lOx — 10-6x+ 24 = 30 — 5x 
16 

9 X = 16 ^ 


p’erification 



]_ 

27’ 


1 + - = — 

7 9 ~ 27 ■ 


X — 4 


S 


4 X _ 19 ^ 

9' ~ 6 “ 27’ 27 


(- 


The negative sign in the verification shotvs that the equation should have 
been written 

X — 1 4 — X X 

3~ 5 “ ~ 6 

which gives the same value of x. 


Let 


X — a 


6 


X — c 


d 


X 
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Multiply both sides by b df. 

df X — a df — bf(x — c) = bedf— bdx 
df X — ad f — bfx + bfc=bedf — bdx 
dfx— bfx + bdx = be df + adf— bfe 
b e df + a df — b cf 
^ “ df - bf+bd 
x — a edf—ef+af—ad 


x — c bef+af—cf—bc 
d~ df~bf + bd~ 

x — a X — c _ e df — bef— ad+ be 

b~~ ii df - bf + bd 

bed + ad — be 


df-bf + bd 


Let 


b X — a 


1 +? 


Multiply both sides by o b. 

abx — b'— abx-^ a' = a b + b x 


bx — a* — b* — ab 


X = 7 b — , 

o 


ax — _ b 

a b a 


bx — a 
b 

a X — b b X — a 
a b 


a' , a 

b 


Let 


X a b a b 

1 + 1= i+“"_l=- - - 

a b a b a 

x — a, X — b^x — a b_^ 
~b~ ab 

ax — a" -\-bx — b' + x— ab = ab 

a* + 2 a 6 + 6' 

" “T+X+ 1 


x — a 

V~ 


a + b — j 
b 


a + 6 + I 

X — ab 


X — b 

a 
a 


a + b — 
a + 6 + 1 




a b 
a- — 6 


+ 2 + - 

aX-‘= 


X — ab 
a b 


2 g + 26 + 2 
a +T+ 1 


-1 = 1 


In the succcedinR examples, we (five assumes when the yalue of x is sub- 
only the solution, or value of x, and the stituted. 
value which each side of the equation 
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Let 


X + 



c + ,T , X — e 

— 7 — ~ a — 

ao a 


The value of x will be found to be 


fl*+aftrf+&e+c 
aA + a+6 — 1 


which will give 


X — a 


abd— tfib — ab + a + be+c 
A (a A + o + 6 - 1) 


c + X _ o* + a6<l + aAc + ac+Ac + Ae 
a b ~ ab{ab + a+ b— 1 ) 

X — e a* + abd — abe — ae + c+e 
a ~ a(a6 + a + A— 1) 


and the common value of the first and second sides of the equation is 
a' (b d + d — \) + a (b e + e — d) — (c + e) 

0 (a A + a + 6 - 1) • 


Let 



a 



ax ~ cfi 
A c 


the value of x, and the value of each side of the equation, are as follows 
_o + c + l a* a + A + c— 1 
2 - A Ac i — A 


Let (a + a:) (A + x) = (c + x) d + x) 

This a.ppears at first sight to be an equation of the second degree, but it is not 
so, owing to the occurrence of x* on both sides of the equation. 

a b — c d 

X A ■ ■ 

c + d — a — A 


c — a, c b. a d, b ~~ d 

(a + X) (A + x) = (c + X) (d + X) = __ — _ — 

c + d — a — A 


In verifying equations, and in alge- 
braical operations generally, remember 
that addition and subtraction seldom 
or never take place in denominators, 
so long as they remain denominators, 
and only occur when, by the rules 
for fractions! operations, denominators 
have been incorporated with nume- 
rators. Also remember that, except 
for the purpose of incorporating two ex- 
pressions, the indication of the multi- 
plication is simpler than the actual 
result. For instance, we form a better 
idea of a A taken a -|- A times, which 
involves one multiplication, and two 
additions of the most simple character, 
than of its equal a* 2o A -1- A* in- 
volving two additions and three mul- 
tiplications. Hence, the most conve- 
nient plan will be, to let the indications 


of multiplication remain in denomi- 
nators, without performing the opera- 
tions, until, in the course of the process, 
those denominators become numerators 
or factors of numerators. Thus, 

(a -p A) (c -b rf) 

(e +/) (g + A) 
should be written 

ac-bad-l-Ac-l-Ad 
(« +/) (g + A) 

When a denominator occurs which 
will be written several times in the 
course of a process, the better way will 
be to substitute a single letter for it, 
restoring the original denominator only 
when the chosen letter comes to appear 
in a numerator. The following exam- 
ple is worked at full length in every 
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respect, oonttuning eveiything which the student would find it necessary to 
write : — 

X - b X a _ (a + 4)ar 
a b ^ a b 


bx - - a{x - a) = abx- (a +6) x 

b X — If — a X + a' = ab X — ax - bx 
— lf=abx — 2bx 

X = ^ Let ab - 2b = P 
ab - 2b 

o' - 6’ . a* - ** - o6' + 2i* cfl + bt-ab* 

X - b = — ^ ft = = p - 

a*— ft* o’— ft* — a*ft+3oft 

x-a = — p a = p 

X ~ b X - a o’ + ft^-oft* cf - If - a* b + 2ab 
a A ~ aP “ ftp 

g«ft + ft» -aft* Q»-aft*-o»ft + 2a'ft 
a ft P a ft P 


a*ft + ft* — aft* — a*+aft* + a*ft — 2 t 


Again, 


aftP 

ft* — aft*— fl* + aft* + o*ft — a* ft 

^TftP 

(a + ft) a; 


(1st side) 

aft - a — A 


^ ” s 

a 6 

o*-ft* oft — a — ft 
“P oft 


c / a + ft\ aft — a 

o*ft — aft* — o* + aft* — a*ft + ft* 
oTp 


(2nd side) 


Multiplication* should always, unless 
where they are more than one and 
complicate^ be performed as in the 
last line of the alx>ve, without armng- 
ing the multiplier and multiplicand 
under each other. 

When it is evident that the nume- 


rator 6f a result is the product of cer- 
tain factors, that result should be 
written toth with the multiplications 
indicated and developed. As in the 
following example ■ — 

X , , 

— cd:=bx-ae 

A — c 


_ c (b — c) (d - a) _ 

^ ~ a* - A* + be ~ 

the sides of tlie equation become 
b*cd — b<fd-ofe 
a' — b‘ + b c 

In the following examples we shall 
discuss the cases in which are presented 
what have been called the critical 
values of the solutions, namely, 

A 0 

the forms 0, - , and -, which are 

treated in all algebraical works, and 
which are here considered only as con- 
nected with the following theorems, 
which the student is to verify, each 
as it occurs, upon the examples given. 


cbd — (f d — oAc-pac* 

a* - ft* + be 

1. ic =s 0 indicates an equation of the 
form ax-Vb = ex+b, in which a 
and c are not equal : or an equation 
which may be reduced to that form. 

A 

2. x= — , indicates an equation which 

either has or may be reduced to, the 
form ax + b = ax + c in which A 
and e are not equal ; and which cannot 
be tiue for any value of x. 

3. X = ^, indicates an equation which 

either has or may be reduced to, the 
form ax-hft = ax-i- ft, w hich is true 
for all values of x. 
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X — b p X q which is in the form given in the first 

= + “ theorem. 

c a 

• c* — a 6 If «.t the same time c-a-ap = 0. 


a c CO 

c g + c* ^ a b If «.t the same time c-a-ap = 0, 

3? — ^ — 

c — a — ap _ o •“ c ^ j ^ ^ 

The sides of the equation become ^ a a* 

ajl p -a’ ^+c^q-acq = 1 _ i «hich call A. 

a c (c — a — ap) c c a 

If c 9 + c* - a 6 = 0, that is. if Theeqnation isAx + B = Ax + B, 
^ a 6 - C* solution becomes which has the form given in the third 

^ c ’ theorem. 

X = 0, unless it happen that we have If (he latter only he true, the solu- 

also c-a — 00 = 0, in which case , j. „h 

n e eg T c — au , 


it takes the form -. Let us suppose 


tion has the form ■ 


the first only, and not the second. The the equation itself corresponding to 


equation itself is the same as t 

Vo c) ~ c a c a ~ 


But if g = 


a b — 


which call B. Then the equation is 


e-i) 


x + B='-x + B 
c 


this case is (A meaning as before) 

Ax+-— -=Ax+- 
c o a 

which has the form given in the second 
theorem. 

The student should now go through 
the various examples which have been 
given, and should show that the same 
suppositions which reduce the value 
of X to either of the forms 


will, when applied to the equation itself, reduce it to the form 

A,x + B = Cx+B Ax+B = Ax + D Ax + B = Ax + B 

Equations should also be solved, de- , b px an s 

ferring all reductions until the result or - - - + — - = - - — — ; 

has been obtained in the form of a “ a-t-c a ■ 

complex fraction, as follows. The 

' . X V X X a c 

equation or - 4- — 4 — = - 

a ' ac a + c ■- 


1/ p x\ ac - X " 

c \ a ) ~ a + c 

/I , p , 1 \ a e ^ b 

gives I - + H ; ) X = ; — + - 

“ \a a c a + c J n4-c c 


a c ^ b 
a + c c 


a c b 

a + c c 

a a c <1 4- c 


a X — h 


This should now be reduced by mul- 
tiplying both the numerator and deno- 
minator by a c (a 4" c). which gives 

a’ c’ a* 6 4" n * 

X = 1 ! 

(c 4- p) (a 4" 


a — b X 
a b 


* 4- _P ' . 

c c a + b b ia + b) a (a + b) 


= 1 -* + ? 
a a 
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b b p 1 

' a"*”c a + b 6(u + 6) 

« + _• i 

c a (a + b) a 


a b c (a + b) — b' e (a + h) + a b' ( a + b) — a b cp + a c 
a' b (a + b) + b c — b c (a + b) 


One of the things which the student 
must observe is, that an equation may 
be, in particular cases, intelligible in 
some forms ami not in others, though 
the intelligible forms arc direct deduc- 
tions from the unintelligible. For in- 
stance suppose 


X — a 


c 


+ b X ■= 


^ — X 


e 


( 1 ) 


ex — ae-t-6c«x=c — cj: (2) 


X 


c -f a e 
b c e + e + c 


(3) 


If we suppose c = 0, the equation 
assumes the unintelligible form 


X — a 


0 




b X 



while (2) assumes the form 

ex — a« = 0, orx=a 

which is also the result of the solution 
(3) in the case where c = 0. We have 
here nothing to do except with the 


following circumstance, that the rules 
for the solution of an equation give 
solutions to unintelligible as well as 
intelligible cases, which the stmlent 
must connect together by means of the 
usual exjilanation of the former cases. 
At present, let all the examples be 
looked at, and let the following theo- 
rem be verified in each case. 

When such suppositions are made 
as lo the values of the letters repre- 
senting known quantities as will make 
bne denominator only equal to nothing, 
then the same suppositions applied to 
the solution will give such a value of 
the unknown ouantity as makes the 
numerator of tliat denominator equal 
to nothing. 

It is usual to accustom the student 
to the solution of various problems 
producing equations of the first degree : 
these are ol no use whatever in them- 
selves. but may be made to furnish 
illustrations of the several algebraical 
peculiarities of the results. To these 
we shall therefore proceed. 


Section 17 . — Interpretation of the cases of a Problem producing Equations of 
the first degree. 


We shall solve one problem in ge- 
neral terms, that is, by expressing the 
known quantities by letters whose va- 
lues are supposed to be given ; and shall 
then proceed to inquire what particular 
values of the known qiiantities will give 
critical or other peculiar solutions, and 
what is the meaning of the problem in 
the cases thus formed. 

It is supposed that the student is 
already acquainted with the usual me- 
thod of treating the negative sign, and 
the following examples are for exercise, 
not for primal^ instruction. 

Problem. There are two pieces of 
stuff, of I and /'yards in length; of 
these the owner sells the same number 


of yards at p and shillings a yard, 
and afterwards selling the remainders 
at q and q' shillings a yard, finds the 
same receipts from both pieces. What 
was the number of yards first sold of 
each ? 

Let X be that number of yards. Then 
p X + qtl — X) 

is received from the first piece, and 
pi X + q' (P — X) 

from the second. The equation of 
these expressions requires that xshould 
be 

q 

(// - q') - (p - q) 


p:x + qil-x)= p'x + q't/' - X) 


It is usual to write algebraical ex- 
pressions in some form which shows 
symmetry, even where cases may occur 
in which combinations thus introduced 


are negative. The rules for the nega- 
tive sign render such cases as manage- 
able as any others. 
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Let us first suppose that j/— q' ■= 
p — q.oT that the first and second prices 
of each stuff exceed each other by the 
same sum. The solution then takes 
the form 

0 

and the equation becomes X = jf — 
q(=p -q 

Ax + ql = Kx-\-(^V 

which is never true when q I differs 
from q' I'. Nevertheless, it may be 
made to approach as near as we please 
to the truth by taking ar sufficiently 
great. For it must be remembered, 
that X + a and x + b, for instance, are 
nearly to equality the greater, x is 
taken. Thus, 1000 + I and 1000 + 2 
are more nearly equal * than 4-1-1 and 
4-1-2. But at first it cannot be sup- 
posed that ir is greater than the least 
of I and Consequently, keeping the 
literal meaning of the problem, it is 
here impossible. But we will now 
state another problem, of which the 
one just given is a particular case, and 
which leads to the same equation. 

Problem. A man has two pieces of 
stufi', of / and f yards in length ; he 
engages to furnish the same number 
of yards of each at p and p/ shillings a 
ard, and having made this bargain, 
e finds the prices in the market to be 
q and q' shillings a yard. He makes 
such new bargains as enable him to ful- 
fil the first, and leave him without any 
stuff of either sort. He then finds his 
receipts (or deficits if he have lost) to 
be the same from both. What number 
of yards of each did he first engage to 
supply ? 

Tilts is the problem in its most ge- 
neral terms. It meets the case that he 
may first have engaged to supply more 
than he has got of one orlroth; and 
also that in making up the stipulated 
quantities, he may be obliged to buy at 
such a price, that on the whole he will 
lose instead of g.ain. 

Let us first take the case that he has 
engaged to supply more than he has 
of either (t yards). Then he has to go 
out and buy x - I and x — F yards of 
the two .sorts at q and q’ shillings a 
yard. This costs him q(x —1) and 
o' (X — /') shillings, and he then sells 
his X yards of both sorts for p x and 

* For • complrtr explanatian of thU poiol tho 
iihidcut may rt-fer to the flnt chepterof the Treatiu 
cn the Diffrreotial Calculus, which cootaini noUuDg 
mor« than a itutfent might here read. 


f/ .T shillings respectively. If the se- 
cond be greater than the first he re- 
ceives 

p X — q (x — t) and p'x — q' (x - F) 
shillings for the two, and 
p X — q (X — 1) = p! X — q' lx — F) 

by the problem : but if the second be 
less than the first, he loses 

q (X — 1) — p X and q' (x — P) — pi x 
shillings by the two, and 
q (x — 1) — p X = q’ ix — F) — p' X 

by the problem. Both these last equa- 
tions give 

X = 9 

y - 9' -(p-q) 

the same as in the first case. 

I.et l> F, and suppose he can fur- 
nish the stipulated quantity of the first 
stock, but not of the second, that is, 
X is less than l, and greater than F. He 
has then by the problem to dispose of 
his remainder I — x and to make up 
the deficiency x — F, at q and q' shil- 
lings a yard. Consequently, he re- 
ceives from the first p x + q U — x), 
and from the second ne receives p' x 
and has to pay (x - l') wliich leaves 
him p' X — (/ (X— /'). The first must 
be greater than the second, for by the 
problem he has the same (receipts or 
deficits) from both, and from the first 
he clearly receives; therefore he does 
so from the second. And the equation 
is 

px + qll — x'j<‘ pf X - qf {X - I') 

giving the same value of x as before. 

I>et us take another possible variety 
of the same question. He does not 
engage to furnish, but to take, the 
same number of yards of both, at p 
and pi shillings a yard. He then oun- 
cludes such a bargain as rids him of 
his whole stock at q and q' shillings a 
yard, and finds his receipts or deficits 
the same from both. It is plain that 
he then first buys x yards of both for 
px and p'x shillings, and sells his 
I -1- ,r yards of the first, and F + x 
yards of the second at q and q' shil- 
lings a yard. If he gain by this, the 
equation is 

q(l + x) - px = q' (V x) - pi x\ 
if he lose, it is 

px - qil + x) =p'x - qf (F + x) 
and both give 
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(f P — q I not as g ^ — g' I 
p/ _ ^ _ (p_;,) before j/ ^ cf - (p - q) 


but these latter only differ in the sif^n 
of the numerator, that ia, only differ in 
«ign. 

We shall now return to the general 
problem, and the case where p' - 9 ' = 
/ = 20 I' = 40 p = 10 


p — q. Say that the lengths of the 
two pieces are 20 and 40 yards, the 
first and second prices of the first 10 
and 8 shillings, those of the second 6 
and 4 shillings, or 
pf=8 9 = 6 9' = 4 


P'-9'=P-9 = 
If we suppose x yards (more than 
either 20 or 40) to be first bought, the 
equation is 

lOx - 6 ( 4 ; — 20) = 8 X — 4(x — 40) 
Or, 4 X + 120 — 4 X + 160 
which cannot be, for the second side 
always exceeds the first by 40 (shil- 
lings). But this excess of 40 may evi- 
dently be made as small a part of the 
transaction as we please, by sirpposing 
X sufficiently great, and if two quan- 
tities be called nearly equal which have 
a very small difference when compared 
with their own magnitude, (which is 
the usual meaning of nearly equal,) 
then (Study of Mathematics, p. 41) 
this problem is said to be solved when 
X is infinite ; that is, may be as nearly 


4 

solved as we please by taking x suf- 
ficiently great. 

If in the general problem we sup- 
pose ql = q' P, and also p' — q' 

0 

p — q, the value of x takes the form -, 

and the equation becomes of the form 
Ax + B = A X -I- B. Any value may 
Be given to x. If in the preceding in- 
stance we suppose P to be 30 instead 
of 40, all the rest remaining the same, 
the equation becomes 

4 X -h 120 = 4 X -h 120 
which is true of all values of x, or any 
quantity cut off or added to the stocks 
mentioned in the problem, satisfies the 
equation. The following are other 
cases of this problem : — 


I. 

1 

P 

P 

P' 

? 


a? 

Receipts 

so 

25 

6 

6 

8 

9 

- 175 

750 

II. 

20 

20 

3 

9 

10 

6 

8 

144 

III. 

70 

8 

3 

8 

10 

5 

€fl 

238 

IV. 

64 

36 

1 

9 

9 

16 

0 

576 


The student must remember that the 
answers to this problem will not al- 
ways be whole numbers, but that these 
cases have been so contrived, in order 
to avoid fractions, and render the point 
we are now considering the only diffi- 
culty. 

I. The negative sign of the answer 
shows a diametrically opposite mean- 
ing to that which was supposed in the 
equation. We supposed that the owner 
began by engaging to furttith a quan- 
tity of each ; the answer shows that 
the problem cannot be solved in that 
way, but must be solved by supposing 
him engaged to buy 1 75 yards of each, 
both at 6 shillings ; or, if it seems more 
clear, the problem proposed is not pos- 
sible, but the corresponding problem 
which supposes him to begin by buy- 
ing in possible, and the quantity so 
bought must be 175 yards; this is 
an outlay of 175 x 6, or 1050 for each ; 
but the stocks of 175 + 50 and 175 -|- 
25, or 225 and 200 then in hand, sold 
at 8 and 9 shillings give 1800 and 1800 


shillings, so that the receipts for each 
arc 750 shillings. 

II. Is altogether within the limits 
of the first supposition. 

III. Shows that he will have to buy 
58 yards of the second to make up the 
66 yards which the answer to the pro- 
blem shows he is engaged to furnish. 
This costs 58 X 5, or 200 shillings, 
and the whole 66 at 8 shillings yields 
528, giving, as the balance of receipt, 
238. Of the first stock he sells 66 yards 
at 3 shillings, yielding 198 shillings, 
and the remaining 4 at 10 shillings, 
yieldinz 238 shillings in all. 

IV. Shows that he must not cut off 
any of either piece in the first bargain, 
for selling the remainders (which in 
this case are the wholes) at 9 and 16 
shillings, he just gets the same from 
both. 

Let the student reconsider this ques- 
tion again and again, taking additional 
examples, and explaining them in the 
preceding manner. In every subse- 
quent question (particularly in geo- 
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metry) he must always be on the watch 
to explain the three forms, namely, ne- 
A ^ 0 

galive quantity, — , and 

1. When the value of an unknown 
quantity appears to be negative, look 
back at the problem, and consider the 
negative quantity as unmeaning and 
unexplained, until it has been shown 
that the problem requires the unknown 
quantity to be of tt e kind diametrically 
opposite to that which it was at first 
supposed to be. 

2. Consider the form — as unniean- 

0 


ing until it is shown that the greater 
the value given to the unknown quan- 
tity, the more nearly is a solution pro- 
duced to the problem ; then, and not 
before, use the abbreviated form of 
speech that the unknown quantity is 
infinite. 

0 

3. When - ts the result of an equa- 
tion of the first degree, let it be clearly 
ascertained ihat any value of the un- 
known quantity is a solution of the 
problem. Wh.rt it means as to an 
equation of the second degree, we shall 
afterwards explain. 


Section 18. On Equations which are required to be solved in whole Numbers. 

This subject, though of very little sors of 360 are represented by a case 
practical use, will lend to impress on of one or other of the sets 
the mind of the student some consi- 2”. 3”. 5 2™. 5 3“.5 2“.3“ 2“ 3“ 5 
derations connected with whole niim- ' ' ’ . ' 

hers which will make him more expert where m is not > 3 n is not ^ 2. 
in common arithmetic. 8. Ifa number represented by its prime 

The following theorems and defi- factors, be a'“ A" cp, the number of di- 
nitions are necessary : — visors does not at all depend upon a, b, 

1. A prime number is one which ad- and e, but entirely upon m, n, and p. 

mits of no divisors, except 1 and itself: Thus, 600 bein^ 2 .5’. 3' has the same 
such as 7, 29, 31. number of divisors as 360, or2’.3’5'. 

2 . All italic letters in this section The number of divisors (unity and the 

signify whole numbers, and Greek let- number itself included) is (m -t- 1) 
teis whole numbers or fractions. (n -h 1) (p -h 1). Thus, 360 and 600 

3. All numbers divisible by a are both have (3 -I- I) (2 -t- 1) (1 -1- 1) or 

contained in the formula a b. Thus, 2-1 divisors. We exhibit those of 360. 
all numbers divisible by 6 are con- 1, 3, 3’, 2, 2.3, 2.3’, 2’, 2’. 3, 2’.3*, 
tained in the set 6 X 1, 6 X 2, 6 X 3, 2’, 2*. 3, 2’. 3’, 5, 5.3, 5.3’, 5.2, 5.2.3. 

6X4, &c. 5.2.3’, 5.2’, 5. 2’. 3, 5. 2’. 3’, 5.2’, 

All numbers which divided by a leave 5. 2’. 3, 5. 2”. 3’. 
a remainder c, are contained in o 6 -h c. Give the reason why the number of 
Thus, all the numbers which divided divisors is here (3 + I) (2-1- 1)(1 -1- 1), 
by 13 leave a remainder 4. are con- and try to give a general demonstration 
tained in the set 13 x 1 •+• 4, 13 X 2 -f- of the theorem. 

4, 13 X 3 -|- 4, &c. It is required to solve the equation 

5. All numbers are either prime 1 1 x' 7 y = 108 in whole numbers, 

numbers, or arc made by multiplying or to find all the values of x and y ? 
prime numbers together. 20 is 2.2.5 Or it is required to divide 108 into two 
64 is 2. 2. 2. 2. 2. 2, 2420 is 2. 2 .5.1 1 . 1 1, numbers, one a multiple of II, the other 
2310 is 2. 3.5.7. 1 1, and so on. That of 7, in as many different wajs as pos- 
is, every whole number may be repre- sible. The process is as follows : — 
sented by Since y is a whole number, or|(l08 — 

a” X A" X c4 X 1 1 a-), or 15 - a: -I- V (3 “ 

where a, b, c, ... are prime numbers, which 15 — xis a whole number; it 
and m, n, q, &c. are whole numbers, follows that | (3 - 4 a-) is a whole 
prime or not. number. Let it be <; then 3 - 4 a: = 

6. No number can be resolved into 7 t, or a: = — 1 -|- J (3 — 3 /)• This 

prime yi/c/ors (the process of the last) algebraic fraction is to be a whole num- 
in two different ways. Thus, if a A e ber, let it be then 3 — 3 f = 4 l', or 
= d e/, it is impossible that all the six, / = 1 - ^ P, so that ^ t' must be 

a A, &c., can be prime. a whole number. Let t” be this whole 

7. If a divide 6, the prime factors of number ; then t'=3 t" 1=1-3 t” - 

a are all among tlie prime factors of A. 1" = 1 — 4 ; x = — 1 -|- 4 1" -f- i 

Thus, 300 is 2’. 3'. 5, and all the divi- (3-3-1- 12 <") = 7 — 1 
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+ 119 
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11 X + 7y = 77/" - 11 
77 /" = 108 
This result beins: independent of /", it 
would seem that we have thus an in- 
finite numlier of answers. And so we 
have if we consider algebraical answers, 
that is, positive or negative whole num- 
bers ; but if we restrict ourselves to 
arithmetical whole numbers, that is, to 
positive algebraical answers, we must 
so assume t" that 7 /" is greater than 1, 
and 1 1 /" less than 1 7. The only value 
of /" which satisfies both conditions is 
1 , which gives x = 6,y = 6, or 11.6 + 
7.6 = 108, which is the only arith- 
metical answer. 

As these questions are entirely for 
exercise in numbers, we shall give no 
rule, but only a method. It is reemired 
to find a set of numbers, which being 
divided by 4, 5, and 6, give remainders 
1, 2, and 3. Let us consider the two 
first conditions: let x and y be the 
quotients (rejecting remainders) of this 
number when divided by 4 and 5 ; 
hence, since the remainders are to be 
1 and 2, we must have 4x-+ 1, and 
S y -j- 2, both equal to the required 
number. Consequently 
4 x-|- 1 = 5 y +2, or 4.T - 5 y = 1 
must be solved in whole numbers. We 
might find this as follows : we want to 
find a multiple of four which exceeds a 
multiple of five by 1. A case is evi- 
dently found where x = 4, y = 3 ; add 
to these any multiples of 5 and 4, such 
as it and 4 /, and we have 

x=4+3/ y=3 + 4/ 

4(4 + 5/) - 5 (3 -1- 40 = 1. 

But the preceding, though it shows 
that these forms satisfy the conditions, 
does not show that they are the only 
forms which do so. To show this, pro- 
ceed as before : we have x = y + i 
(y + 1), therefore y + 1 must be of 
the form 4 / or y of the form 4 / — 1. 
The preceding gave 4 /+3, which does 
not appear at first to be the same ; 
but it is so in reality : for though 
4 / - 1 is not the same as 4 / + 3, for 
any one value of /, yet it is plain that 
I less than one multiple of 4 is the 
same as 3 more than another. And 
the value of / may be any whole num- 
ber. Taking y = 4 / + 3, then the 
number 5y + 2 is 20/ + 17, which 
formula contains all such numbers as, 


being divided by 4 and 5, will leave 
remainders 1 and* 2. But this divided 
by 6 is to leave a remainder 3, by the 
last clause of the problem. Divide 
by 6 algebraically, giving 3 / + 2 + 

J (2 / + 5), but 3 / +2 is awhole num- 
ber, therefore the remainder 3 must 
come from 2 / + 5, which must there- 
fore be of the form 6 /' + 3. But 2 / + 

5 = 6 /' + 3 gives / = 3 /' — t, and 
20 / + 17 = 60 /' — .3, which is the 
form required. For example, let /'= I, 
then 57 satisfies the conditions; let 
/' = 2, then 117 also satisfies them; and 
so on. The student may make abun- 
dance of examples for himself, the test 
of correctness being obvious. 

Theorem. Show that o x + /' y = c 
cannot be solved in whole numbers if 
cither two of the three, a, b, and c, 
have a common measure which the 
third has not. 

We shall now suppose it required to 
solve the equation 

X* + y* = s* 
in whole numbers. 

Always in such a case endeavour to 
write the equation so that both sides 
may be reducible to a pair of factors. 
In the present instance write 
x’ = 2 * - y*, 

or x.x = (2 - y) (2 + y) 

1, Suppose neither of the three to be 
given. Assume 

2 + y = w X, then 2 — y = - 


Assume* any even number for x, and 
let 2 0 be any divisor of x. Or assume 
X any odd number, and v any divisor 
of if. For example, let x = 9, w = 3, 
then 2 = 15, y = 12, and 9* + 12’ = 
81 + 144 = 225 = 15’. This also con- 
tains the case where x is given, for it 
must then be assumed as given. 

2. If 2 be given, the preceding equa- 
tions give 

Op- f* — 1 

X = -rr-T-T y = ■ - - : *• 


+ 1 


u’ + 1 


Write - for v, wliich gives (m ;> n) 
n 


1m n z 

m’ + n’ 


^ m* + n» “ 


• Any proof that may be waiumg is left for the 
student. 
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EXAMPLES OF THE PROCESSES 


Prove 1. (hat if m and n be whole 
mimbers with a common measure, the 
preceding can be reduced, and other 
numbers, which have no common mea- 
sure, sutetituted for them without al- 
tering X or y. 2. That in the latter 
case m n and m* »' cannot have a 
common measure. 

Hence, prove that when x and y are 
whole numbers, the problem is impos- 
sible except when z or one of its fac- 
tors is the sum of two unequal squares. 
Thus, when z = 5 or 4 + 1, let m' = 4 
n* = 1, and x = A y =■ Z. But when 
z = II, the problem is impossible. 
When z = 10, or 9 + I, then m = 3 
n = 1 gives x = Zy ='8. But 5, afac- 
tor of 10, is 4 + 1, and m = 2 n = 1 
gives X = 8 y = 6, which is only a 
reversal of the former. 

Show the following, I. Ifmbe greater 
than n, and both be integers, then 

i = — »• y = 2m n a = »e*-(-n* 


satisfies the preceding problem. II. The 
square of an even number is divisible 
by foUr, and that of an odd number 
must leave a remainder one. III. A 
prime number divided by S, must have 


y = 


2 m n + n* 
ni" — n* 


X 


g 


And from a preceding part show that 
the following are solutions, x = m* — n’, 
if = 2Tnn-l-n* z=m*-f-mn-(-n*. 
For instance, let m = 3, n = 2, then 


a remainder 1 or 5. IV. One more 
than a square may be a prime number, 
but one more than a cube cannot. 

Problem. To find two numbers, of 
which the'sum of the squares added to 
the product gives a square, or to solve 
X* + X y -I- y* = z* 
show that, if x, y, and z, satisfy this 
equation, any of the same multiples of 
the three also satisfy it ; and hence 
prove that any real fractional solution 
gives a solution in whole numbers. 

Show that, in this problem, either of 
the following equations is a conse- 
quence of the other. 

g+yrzv{x+y) z-y=? 

From these deduce 

_ »*— I X o* — t; -I- I X 

^ 2-o‘p* 2—0 V 

Show that V must be greater than 1, 

and less than 2, or that if c = — — — ’ 

m 

n must be less than m. Substitute 
this value of v, and thus obtain the 
results 

_ m’ -j- m n + n* 
m* — n“ * 

X = 5, y= 16, z = 19. Verify this, 
and find other instances. 

Show that if n be greater than m, 
then 


* X = n* - m' y = 2m n + g = m' + m n n' 
satisfy X* — X y + y’ = z* 

1. By the theory of the negative 2. By an independent process simi- 
sign applied to the preceding. lar to the above. 

Apply a similar process to 

ax*±6xy-l-y* = z’, ax'±,bxy + cy' = cz' 


a, b, and c, being given whole numbers. 
And, finally, apply the same process to 

a X* -j- 6 xy -f- c* y* = e’ z* 

Problem. Required two numbers, of 
which the sum of the squares shall be 
a given number of times the sum. 

Let m be the given number of times, 
so that 

X* + y* = m (x -b y) 

Assume x •= - y, which gives by 
substitution 

_ mplr + q) 
p* + -h 9* 

If possible, take p and q so that 


OT = p* -|- 9*, or m = c (jp* -1- 9*), where 
c is a whole number. Then 

y = C9(p-t-9) x = cp(p-f9) 
for instance, if m = 2S = 5 (4 -(■ 1) 
X = 15, y = 30. 

Problem. Required triangular num- 
bers which are also squares. A tri- 
angular number is any number which 
results fVom making x a whole number 
in i X (X + 1). show that this must 
give a whole number. 

We have Jx(x-bl)=y* 

Assume X = — y then X -b 1 = 2 -y 

Ti m 

m n 2 n* 

or (/ . X = 

* m* - 2 m* - 2 n’ 
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If we can now pet m and n two 
whole number* such that m* — 2 «* = I, 
we have a solution in y = m n, x = 2w*. 
Let one set of values of m* — 2 «* = 1 
be found, say p and q, we shall show 
how by this one to find another. 

Assume m + I ^ - n 

9 

whence m - 1 = 2 - n 
P 


giving n = 


p«-2y- 


p* + 2 q‘ 

p« - 2 


let p and q be the instances which 


satisfy the preceding ; hence it follows 
that ;<* - 2 g' = 1, and n = 2 p 5, 
m = p'+ 2 q’, which give m' — 2 n*= 
p* — 2 p* q' + 4 9* = (p* — 2 q’)‘ = 1 : 
and X = 8p’ q’ y = 2p ij (p* + 2 9*) 

For instance, if p = 3 y = 2, and 
p* — 2 y* = 1, which gives from the 
first method x = 8 y = 6, and we have 
4.8.9 = 6x6: and from the second 
X = 288 y = 204, and i 288.289 = 
204.204. 

Observe, that we are not sure of thus 
getting all solutions ; for it is not ne- 
cessary that m* - 2 n' should be 1, it 
is sufficient that it divide m n and 2 n*. 


Section 19. Permutatiom and Combinatiom, 


Let [n,p] be the abbreviation of the 
product of all numbers between rs and 
p, both inclusive. Thus 

[4 , 9] means 4x5X6x7x8x9 
Let r n stand for the product of all 
numbers from 1 up to n exclutive ; 
thus 

r 8 means 7X6X3X4X3X2X1 


Now show the following : 

. r (n -H m 4- 1) 

[n , n + m] = 


r n 


[n + m,n] _ r (« -h »i + 1) 

[m + 1 , 1] “ rn X r (m + 2J 

Show that must be a 

[n,n -I- y] 

whole number, if p be greater than q, 
and m -I- p greater than n + q. Take 
instances, and show this proposition : 
for example, 

6.7.8.9.10.11 

2 . 3 . 4 . 5. 6 

and from the instances endeavour to 
collect a general proof. 

If there be n counters marked C, C, 

C, C4 .... C„ and if p be less than n. 


the number of different ways in which 
p counters can be drawn, one after the 
other, counting every two orders, how- 
ever slightly they differ, as different, is 
[n , n - p 4 1 ]. These are permu- 
tations or p out of n. But the number 
of different ways in which p can be 
taken out ofn at once, is [n,n — p4-l] 
divided by [1 , n]. These are combina- 
tions or selections ofp out of n. 

Question. How many different 
hands can be held at the game of 
whist, or how many combinations are 
there of 13 out of 62 ? 


Answer. 

or 635,013,559,600 

How many different choices of 5 may 
be made out of twelve persons ? 
Answer. 


12.11.10.9.8 __ 1.11.1.9.8 
1. 2. 3.4.5 1. 1.1.1. 1 


or 792 


this method of abbreviation must be 
learned by practice: the 3.4 in the 
denominator is equivalent to the 12 in 
the numerator, and the 2.5 in the de- 
nominator to the 10 in the numerator. 

In how many orders may four be 
drawn out of 20 ? 

Ans. 20.19.18.17, or I162S0. 

Question. There are four boxes, con- 
taining a, b, c, and d balls. In how 
many ways may 4 balls be drawn, one 
from each ? 

Ans. From every ball in the first 
arises b methods of drawing Aom the 
first two ; there are c times as many 
ways of drawing from the first three ; 
for every way of drawing from the first 
two may be followed by any of the c 
ways of drawing from the third. There- 
fore a A e is the number of possible 
drawings from the first three; and by 
similar reasoning, abed is the num- 
ber of drawings from all four. 

In the preceding question, how many 
ways are there of drawing three from 
three of the four boxes ? 

Ans. The first thing to be done is the 
selection of the three boxes to lie drawn 
from: this may be done in (4.3.21-4- 
(1 . 2 . 3) or four different ways (an abbre- 
viation of this sort might be used : in 
so many ways as three can be taken, 
in so many ways can one be letl ; that 
is, the number required must be four.) 
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EXAMPLES OF THE PROCESSES 


Callinc; ABC and D the four boxes, 
the selections may be 

A B C, A B D, A C D, or B C D. 

and the drawings from each set may 
be done in a £ c, a b d, a c d, or b cd 
ways ; whence the total number is 

abc+abd + acd + bed. 
There are 3 boxes, with four, five. 


and six counters. In how many ways 
may 4 balls be drawn, not taking more 
than 2 from either? Firstly, consider 
how many ways 4 can be composed out 
of three numbers not greater than 2 (0 
being included) ; this gives only 0 + 
2 + 2 and 1 + 1 + 2. 

This gives as follows, since tliere are 
three different ways of varying the 
cases : — 


Hali« arr taken out of Number of wM'a of Ukiug them. 

A (4) B (5) C (6) 


0 

2 

2 

5.4 C.5 

X — or 130 

2 2 

2 

0 

2 

4.3 C.5 

— X — or 90 

2 

2 

0 

4.3 5.4 

X or 60 

2 2 

1 

1 

2 

G.5 

4 X 5 X or 300 

2 

1 

2 

1 

5.4 

4 X — X 6 or 240 

2 

1 

1 

4.3 

— X 5 X 6 or 190 
2 




In all 1020 


If there he n counters, all of a differ- 
ent mark, the total number of different 
orders in whicli they can be arranged 
is What case is this of a 

preceding theorem? If there be n, 
counters marked C,, n, marked Cp and 


n, maiked C„ then the total number 
of different arrangements is 

_ [« I + "i -f n, . 1] _ 

K . •] [«j. 1] [«i. 1] 

Deduce this from what precedes. 


Section 20. On Expressions (if the first and second Degrees. 


The following points contain tlie 
summary of the theory of expressions 
of the tirst and second degrees, w hich 
is one of the most important parts of 
algebra, and without which ttie mere 
solution of equations is of little use. 

First degree. Let m x n be the 
expression of the first degree with re- 
spect to X. Let R be its root, or the 
value of X which makes m x + n = 0\ 
then 

fl 

1. R the root is . 

m 

2. m X + n = »n (X - R) for all 
values ofx. 

3. When x is ^eater than R, m x-(- 
n and m have the same signs ; when 
X is less than R, m x -t- n and m have 
different signs. 


Example. To verify these rules in 
3 1 

the case of 2 a? — 7 and - - x . 

2 6 

7 

In2a"— 7 R = -, m = 2n =— 7 
2x - 7 = 2 ^x - ^^z=2(x-R) 
7 

Let X be greater than - say = 5 : 

then 2 X — 7 = 3 and is of the same 

sign as 2. Let x be less than say * 

— 1 : then 2x — 7 = — 9, and is of 
a different sign from 2. Again, let x 

7 

be positive, but less than -, say = 3, 

then 2 X - 7 = — 1, and differs in 
sign from 2. 


* Studf of MathcmAticf»poge 49. 
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. 3 1 „ 2 3 1 

In X , R= , VI ~ - n = — - 

2 i 15 2 .5 




I..et X be greater than — — • 


1. Let X = — 


I 


15’ 

2. Let X = 0 


3 3 

2 ^ “ S ~ “ 10’ “ 2 


3. I.xt X = 1 


17 

10 


Let X be less than - — . 


1. Let X 

15 


2. Let X = - 


3 1,1 3 

-X + — ,m= - - 

2. 5 10 2 

1 

20 


Verify these assertions ii)xin other 
expressions, such as x + 1, Jx - 3, 
&c. 

Show that the root of m x + n + 
m' X + n' must lie between the roots 
of m X + n and m' X + n', by several 
instances, and by algebraical reasoning. 
Show also that the root of the first is 
greater than, equal to, or less than, the 
average of the roots of the second and 
third, according as n m'* + n' m* is 
greater than, equal to, or less than m m’ 
(n + n') if m vt' im + m') be |X)sitive : 
or according as n m' • + n' m* is less 
than, equal to, or greater than, m m' 
(n + n'), if mm' (m + vt') be negative. 

m X* + n X + ri 

— n a* - n X - rj 
m X* - n X + ri 

— m X* + n X — rj 
General properties. 1. If 5* — 4ac 

be positive, there are two different roots: 
if i* - 4 a c = 0, these two roots are 
both the same : if 6* — 4 a c be nega- 


-6 + V6*-4ac 


either of these substituted for x makes 


Second degree. Let a x* + 6 x + c 
be the given expression of the second 
degree, where «, b, and c mav he seve- 
rally positive, negative, or nothing : and 
let m n and r be the absolute numbers 
in a 6 and c, wi'hout signs ; so that if 
a and b be positive, and c negative, we 
mean that a is -f- m, 6 is -1- n, and c is 
— r. 

In making a summary ofkthe pro- 
perties of the expression above given 
which are most useful, we distinguish 
1, those which are common to all 
cases; 2, those which distinguish the 
eight following cases from each other: 

m x'* -t- n X — rr 
- m X* - nx + r\ 
m .X* - n X — ri 
-mx^+nx+r) 

live, there are no possible roots what- 
soever. 

2. The roots of the expression ax* + 
b X + c, when they exist (call them Ri 
and Hj) are 

„ — b — ijb'^iac 


a .1* b X + c = 0. 

3. Between the roots and the co-efEcients the following equations exist : — 

Ri -1- Ra = - - Ri R-a = -. 

a a 


4. The following equation is true for every value of x(when there are loots). 


ax'-t-4x-hc = a(x — Ri) (.c - Rj). 


G 
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5. When llie two roots nre equal, that is, when 4* — 4 a c = 0 j then 

Hi = R.^ = — JL- a ,i’ + 6 X + c = a (,r - Ui)* 

2 a 

ami u x’ + 4 X + c is then a perfect square with respect to x, giving 
X* + 4 3- + c = ± '^^x + 

fi. Tlie following equation is always true, and shows (see 1, preceding), that 
(ii ,r* + 4 X + e) a is the sum of two positive quantities when 4* — 4 uc is 
negative. 

. , . , (2 a X + 4)* 4 4 a c - 4« 

a . 1 * 4- 4x + c = • 

4 a 

7. a .rv + 4x + c and a never differ in sign, exnejH when the two roots of the 
former are possible and different, and X is taken so as to lie between them. 

8. When there are no roots, the least numerical value ofax*4-4x4-c 
happens when 

2ox-|-4=0, orx = — — 

2a 

a • ** 

and IS c . 

4a 

The preceding properties occur so bra, and particularly in geometry, that 
continually in all applications of alge- the student should know them perfectly. 
Example 1 . What arc the properties of 

-2x*44x4-3 

a=-2 4=4-4 c=4-3 

1. 4’ — 4 a c = 40 ; there are two different roots. 

2. These roots are 

— 4 4- v^40 1 e — 

* Ki = ~ ~ 2 (oeg.) 


R. = 


- 4 - 0^40 


= 1^4- ^ '^10 (pos.) 


3. 

4. 


R,R, =_:? 

2 


- 4 

Ri + Rg — 2 

-2;r* + 4x+3 = — 2 ix — Ri) ix — R*) 
= -- 2 (X - 1 + 4 ) (X - 1 - i '/To) 

( - 4x 4- 4)' - 40 


5. Does not apply to this case. 

6. -2x»4-4x4-3 = 


— 8 


= - 2 (X - !)■ 4- 5, 
1 X -t- 

1 - i ''io 


7. -2x’4-4x-t-3is negative for every value of x, except those which lie 

between 


_ or -1-5811389 nearly 

1 4- 4 '^lo or 2-5811.389 „ 

in which cases it is positive. Show that it is positive when x = 1, 1-5, 
or 2 • 5. 

8. Does not apply. 

Example 2. 3x*- 12x4- 12. 5 3 .x* — 12 X 4- 12 = 3 (x — 2)* 

a - 3 4 = — 12 c= 12 expression is always positive, 

. .. , ■ except only when x = 2 (0 is neither 

1. 4*-4ac = 0; there are two q. nor -). 

equal roots. Example 3. 2x* 4- x 4- 1 

2. These roots are both = 2. a = 2 4=1 c = i 
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1. fj* — 4 a c = — 7 ; there arc no 
rents. 


6. 2ar» + j:+l 


(4 J f 1)« + 7 
8 


7. This expression is .always positive. 


8. Its least value is-, which is when 
8 



When thcco-efficienis are fractional, 
reduce the whole to a common deno- 
minator ; for instance, reduce 


1 

2 


X 

3 


3 6a^*-f-8T— 9 

4 12 


then from the properties of the nume- 
rator, those of the fraction may be ob- 
tained. 

Particular j/rnperlics. The pairs 
bracketfed together in page 81, present 
no distinction whatever except differ- 
ence of sign. Each one is the other 
of its pair with all the signs changed. 

1. When a and c have the same 
sign, the roots may be impossible, and 
we have 

H‘ — i a c is less than A’ 

-7 4 a c „ „ „ A, numerically. 

2. When a and chave different signs, 
the roots cannot be impossible, and we 
have 

A* - 4 o c is greater than A* 

^ — 4 ac „ „ A, numeri- 

cally. 

3. In -f ») a* -f n iT -(- nl -)- -|- -{-1 
and — mx* - n X - rj — - -) 

the particular distinction is, that the 
roots, >/" any, are both negative. 


4. In + mx' - n r -b r1 -1 (-1 

and - m x^ + n X — r\ 1 ) 

the roots, if any, arc both positive. 

5. In -b m .t' -b n a; — rl -(- -t- — 1 

and - mx'-nx + r)~ bj 

There must be two roots of different 
signs, the numerically greater root 
being negative. 

6. In -b nix' — nx ~ r1 -b \ 

and — mx' + nx + r]- -b -bj 

There must be two roots of different 
signs, the numerically greater being 
positive. 

These may all be contained in one 
rule, as follows : — there may be as 
manjf positiveroots as there are changes 
of sign from term to term of the ex- 
pression, and as many negative roots 
as there are continuations of sign ; and 
according as the first term and the 
second present change or continuation, 
the greater root, numerically, is posi- 
tive or negative. 


Show that ^A*-4ac — A = 


and from hence that 

Ri = 


— 2c 

A-b '^A*-4 oc 


— 4 a c 

V^A* — 4 ac + h 


R, = 


- 2c 

h — '^b' — i ae 


and also that if n be supposed to vary. Why cannot this be 'made clear in 
becoming smaller and smaller, - hath cases, when the first forms are 

g used ? Also show from the preceding 
Ri continually approaches to - that when a is very small, 

Rj increases without limit. ''^A* — 4 a c = A - nearly. 


If the roots of a -b A a; -b c be R, and Rj, 

those of c X* + A X -b a are and -i. 

Ri Ry 

Show this by actually forming the roots. 


Show that a change of sign in A 
changes only the sign of the roots, and 
not their numerical magnitude. 

Example. A number 2 pis divided 
into two parts, whose product is q'. 


What are those parts ? 

Ans. The roots of - the expression 
X* - 2 p X -b 9*, or the solutions of the 
equation 

X* — 2 p X -b 9* = 0 

cr 2 
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namely, p + ^p‘ — 
Prove from this that it is impossible 
the product of the two parts into which 
any number is divided should exceed 
the square of the lialf: for instance, 
that no two numbers or fractions which 
added together make 10, can have a 
product exceeding 25. 

(X - 4) (T - 1) = 12 



Example. What are the solutions of 
(X — a) (I — A) = cl 

Ant. ^ + 4 c 

2 

What are the conditions of possibiliti/ 
of this equation? Of the two follow- 
ing, which is possible ? 


(X - 1) (X - 2) = - 100. 


What do the roots become when c = Example. When is the following ex- 
0? How does this appear from the presiion possible? 
equation itself? 

— 4ae)aj* + (1 b d — i a e) x + d‘ — A af . , , . (1) 

The roots of the expression where square root is shown are 

1 a e — b d -jz >^4 a { (c rf* -4- a e* — fe rf e) + (6* — 4 « c)/^ 
b' - 4 ac 


For what values of x will the following equation allow of being solved by pos- 
sible values ofy ? 

atf + bxy + cx^ + di/+ex+/=o 


Show by solving the equation on the 
supposition that y is to be found, that 
this question reduces itself to the pre- 
ceding. 

Show that the roots ofax* + 2 6x-t- 
c = 0 arc 

What are the roots of 


— A i — a e _ 
a 

As this form often occurs it should be 
remembered. Compare it with that 
for the roots of ax* + Ax + c =0, and 
explain the difference. 


(1 + a) X* - 2 (1 -t- 2 a) X + 1 + 3 a ? 


Ans. I and 


1 + 3 a 
1 + a ' 


For what values of a is the second 
root negative? Find this out from the 
expression, without looking at the root ; 
and from the root without looking at 
the expression. 

Ans. When a lies between — j and 

- 1 . 


Question. If the difference of the two 
roots of a X* + A X -f c = 0 be D, what 
are the roots, and what equation must 
exist between u, A, c, and D ? 


Ans. 

R — ~ ^ ^ D 

‘ 2 a 



A’ — a* D* '= 4 a c. 

Prove this in two different ways. 

Question. There are two numbers 
whose sum is p, and the sum of their 
squares is q : what are the numbers ? 


Ans. 

p -*• '^2 q — 
2 


and 


Show that X + i- 
X 

than 2, or that 

X + - = 2 a 
X 

has no possible roots. 



2 

cannot l>e less * 


(a < 1) 


If the sum of two numbers be p, and 
the sum of their cubes q, then those 
two numbers are the roots of the ex- 
pression 


p X + 


r - 1 

3p 


If the roots of o .r* + Ax + c be Ri 
aud R^ what is the expression whose 
roots are Ri + A and R^ -t- A ? 

Ans. ax* + (A-2aA;x + aA*- 
A A + c. 
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Wh»f is the expression where roots 
are m Ri ami m K,? . 

Ant. a x' mb X + m' c. 


1 + 




+ 4 u 


What number is that which exceeds 
its square root by a? Let v be the 
square root, and v* the nuiubi.r; then 


I - ''l + 4a 


pi = 


I + 2 a + 


+ 4u 


+ 2 a - ^ 


1 + 4 <i 


verity and explain both cases. Show numher, which added to its square root 
that p and r* are rational when a is a is equal to a, and show that the square 
number or fraction added to its square, root of p* which does not satisfy one 
and that only one square root of r* will question, satisfies the other, 
satisfy the condi'ion. Find also the 

What aro the roots ofaar< + 6x’ -l-c? 

Ant. ± /J and ± y/ T* -,^- 4 00 

Point out the c. ses in which two Show that there cannot be ‘one or 
roots only are possible, and in which all three possible, and the others or other 
are possible or none possible. impossible. 

What are the roots of a x*" + A x“ + c ? 

Am. °/ - A + - 4 ^ '/ -b - 

^ ia 2a 

whose squares is m times their product, 
and the difierence of whose squares is 
n times their product. Examine the 
equations and prove that these twocon^ 
ditions are contradictory unless m* — 
n* = 4. Thence prove that they are 
never true when m is a whole number, 
unless m = 2 n = 0, and never true 
when n is a whole number. Show, as 
in page 77, that when 

J. ' s > 

m = * + - n = A , 

A A 

any values of x and y which satisfy the 
first of the equations also satisfy the 
second. 

Solve the equations 
x’ + y* = m (x'+ y) x + y = n (x - y). 


which may be taken with either sign if 
n be even. We do not here enter on 
the impossible roots. 

What two numbers are there whose 
sum is m times their difference, and 
whose product is n times Iheir sum ? 

It X and y be the numbers, then we 
have the equations 

x-f-y = >n - y) xy=n(x + y) 
From the first, y = ”* , 1 x, 

which substituted in the second, gives 

2mn 2mn 

and thence y = . 

m - 1 m+ I 

What numbers are there, the sum of 


X = 


From the second. 


n — t 


X, 


' n + 1 

which, substituted in the first, gives, after reduction, 

2 (n’ + 1 ) X* = 2 m n (n + I ) X. 

Ant. Either x = 0 y = 0 ; 

n + 1 n — 1 

or X = m H — y = m n -j-- . 

»’ + 1 n* + t 


Solve the equations 

X’ - y' = rn X y . . . .(A) x ~ y - n x y , 
First deduce x + y = — • • . . (C). 

ft 


(R). 
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Substitute y obtained from tliis in bolti of the first equations, and show that 
they produce different results, namely, 

n' (2 + m) X* + m tHi — m) X - tn* = 0 . . . . (D) 

n x' (2 — m) n X — m = 0 .... (E) 

the roots of either of these are values of x, which with y = — — x, solve the 

n 

- m ('2 - m) ± m ^\2 + 

2 n (2 + m) 

— (2 — m) CT db (2 — m)* + 4 m n _ 


equation ; namely, 

(D) 

(E) 


The truth is, that by the artifice of 
division, which producedithe equation 
(C), we have obtained equations of the 
second degree ; whereas, had we simply 
substituted in (A) the value of y from 
(B), namely, 

X 


we should, after reduction, have ob- 
tained an equation of thc/o«r//i degree, 
which may have four possible roots. 

We must here remind the student 
that there is a degree of connexion be- 
tween algebraical equations, more than 
is actually and logically contained in 
the forms of speech by which they are 
connected. Let us take the following 
assertions : 

(A) All right angles arc equal. 

(B) P and Q are right angles. 

(G) P and Q arc equal angles. 

If (A) and (B) be both true, (C) must 
be true ; but if (A) and (C) be both 
true, it does not necessarily follow that 
(B) must be true, as will easily be seen. 
But take for (A) (B) and (C) three 
algebraical equations, of which (C) 
necessarily follows, or is true, when (A) 
and (B) are true ; for instance, 

(A) X + y = 7 

(B) X - y = 3 

(C) X* - y» = .35, 

of which (C) must be true when (.“V) 
and (B) are true. It follows that when 
(A) and (C) are true, either (B) is true, 
or (B) is one of two equations in this 
case (it might be three, four, &c., in 
problems of a higher degree) one of 
which must be true. Assume equations 
(A) and (C) or 

X -I- y = 7 x> - y* = 35. 

If we divide the second by the first, 
we have x — y ^ 5, which it appears 
at first must follow absolutely ; and this 
is true, finite numbers only being con- 
sidered. But we have {Study of Ma- 


thematics, p. 41) to consider the possi- 
bility of an infinite solution, or of this 
problem being one particular case of a 
general problem, which admits of more 
solutions than one, in general, but of 
which solutions one or other increases 
without limit, as the general problem is 
made to approach to the particular case 
in question. We have seen that a 
problem of the second degree must 
generally have two solutions, but this 
seems to have only one ; for since 
equals divided by equals must give 
ccpials, it follows that </ x -I- y =J, 
and X* — y* = 33, we must have x — 
y = 5, and x -1- y = 7, together with 
X — y = 5, give X = 6 y = 1, and 
nothing else whatsoever. The question 
is, what is become of the second solu- 
tion which the general problem ax -J- 
by = m p — q y' =n will be found 
to have ? To solve this queslion, we 
must first see whether we really have 
only one solution. Instead of dividing 
the second equation by the first, sub- 
stitute in the second the value of y 
from the^first, which gives 

X* — (7 — X)* = 33, 
an equation of the second degree at 
first sight, and therefore with two roots 
or none. But on looking further, we 
see that this equation is no more of the 
second degree, than x = 1 is of the 
hundredth degree (being x -f x™ = 
1 + x"*), as the terms of the second 
degree destroy each other, and leave 
14 X — 49 = 33 X = B. 

But let us now alter the problem by 
proposing 

X + y = 7 (1 -I- A) X* — y' = 35. 

We here present a problem which 
may be made as near ns we please to 
the former, by taking k sufficiently 
small, and which absolutely becomes 
the Ibrmer, when A = 0. Now substi- 
tute as before, and we have 
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(I + A) X* - (7 - x)« = 35, or 
A X* + 1 4 ® = 84 

- 14 ± + 336 A 

•X = 

2 A 

- 7 + ^^49 + 84 A — 7 - '^4lT.^rA 

1 . or f 


(p. 83) 


_84 

'''49 + 84 A + 7 


If we now suppose A to diminish 
continually, the first root ap|iroaches 
continually to 


84 

+ 7 


or 6, 


while the second is always negative, 
and has a denominator which dimi- 
nishes without limit ; that is, the root 
increases numerically without limit. 
When A is small, the first expression 
tor the second root shuns that it is 


- 7 - 


A 




nearly ; 


so'that if A were , the root would 

1000 

be nearly - 14000. 

I^t us suppose A to be very small, 
and let the great and negative value 
of X be taken. Then x -f y = 7 shows 
that y or 7 — X is a liltie greater and 
positive. We now ask, what is the 
substitute for the equation x — y = 5, 
which is necessarily true in the first 
problem? Is it nearly true in the se- 
cond problem? To investigate this, 
• take the second equation in the form 
(x* - y*) -t- Ax’ = 35, 
divide the three terms by the equals 
^ -f- 7, and 7, which gives 

P -I- Q = - ^ . (1) 


or — 


84 

^ 49 ^ -t- 84 A - 7 



= 5. 


This equation will be true, as might 
be proved by actual substitution: but 
it will not be true, because x - y = 5 
nearly, but because x — y is a negative 
quantity, and ) A x* is a positive quan- 
tity greater by 5. And though A may 
be small, x is so large that A x’ is con- 
siderable. With respect to x = 6, 
which will give y = 1 very nearly, 
which is one solution of tlie second 
problem when A is small, we may say 
that 

X — y-fiAx*»S 
7 

means x — y = 5 very nearly, be- 
cause the term rejected is only about 
36 sevenths of A, and is small : but we 
may not call the latter equation nearly 
true of the larger rout. 

Quetlion. If ax*-l-Ax-t-c, and 
o' x’ + A' X + o' have a root in com- 
mon, what equation must exist between 
o. A, c, d,U,d "i 

I,et P be the common root, and let 
Q be the other root ef the first, and Q' 
the other root of the second. Then we 
have 


P Q = - . . . (3) 
a 


p + Q' ^ . (2) P Q' = ^ , 

From these equations deduce the following: 

O' - O = * ~ Q! _ ?_£' 

no' Q ~ o' c’ 

from which deduce Q = - ^ ** . ~ 

o ac — vf c 


(4) 


Now, from (1) and (3) deduce 

oQ'-f-AQ-I-c =0, 
and thence (from the preceding) 

c (A o' — A' o)‘ -|- A (A o' - fa) (a d — o' c) + a (a d — a' c)’ = 0, 
which show to be the same as 

(o o' — o' c)* = (e A' — (/ A) (A o' - A' u) . . , , (5). 
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Now deduce the same as follows : — 
since P is a root of both, we have 

oP* + 4P + c= 0 
a'P* + 6'P + c' = 0 
Hence, deduce 

(a o' — o' c) P* — (c V — cf b) P = 0 
and also 

(6 o' - y a) P — (a o' — o' c) =0, 
and from the two last deduce (S). 

Question. Given the values of a and 
c ; required I he method of finding such 
values o( b as will make the roots of 
o a:* + 4 X + c rational. Show, from 
the method explained in page 77, that 
4* — 4 a c is a square when 

4 = a m + — , 
m 

m being any number or fraction what- 
soever. Show that the roots in this 
case are 

— m and — — 
a m 

Question. In how many different 
ways can whole and positive rational 
roots be given to the expression 
3x* + 4x -f 30? 

Show, from the preceding, that m 
must be either — 1, - 2, — 3, — 4, 


— 6, or - 12, and that the values of 4 
are - 39, - 24, — 21, - 21, - 24 
and — 39. Explain the recurience of 
the values of 4. 

Miscellaneous questions. Deduce 
from the general equation, the roots of 
a X* -(- c = 0, and of a x* -t- 4x = 0. 
On what does it depend whether the 
roots of the first arc possible or not? 
Show that when 4 is very small com- 
pared with a and c, the roots (if any, 
on what does this depend?) are one 
positive and the other negative, but 
numerically very nearly equal. Show 
that when c is very small compared 
with a and 4, that one of the roots must 
be very small, but not the other, neces- 
sarily. What arc the necessary con- 
ditions that t)oth the roots must be very 
small? If c and a be equal, what re- 
lation must exist between the roots? 
Show that if the sum of the squares of 
the roots be unity, we must have — 
2 0 0 = a’. In what relation do the 
roots of a .x* -b m b x m' c stand to 
those of a X* + b x + c. Show from 
the method already given, that if ax*-!- 
b X + e and o' x* 4' x + o' have a 
common root, 

(a -b p a') x’ -b (h + pb‘) x + c + p c' 
has Ihe same for all values of p. 


Sbction 21. On Equations of the first degrect with more unknoten quantities 

than one. 


As few cases of these will occur in 
the future reading of the student, which 
present any very complicated opera- 
tions, we shall here only describe Ihe 
best method of proceeding when only 
one of the unknown quantities (three in 
number) is wanted. 

Suppose the equations to be 
2x + 3y-b4ar = 20 
3x — 2y — 2x = 4 
4 X - y -b z = 12. 

Suppose the value of z is required. 
Multiply the second equation liy p, and 
the third liy q, then add the three to- 
gether, and suppose p and q to be such 
that 

2- b3p + 4q = 0 

3— 2p— q = 0. 

Show that we mast then have 

z = 20 + 4p -b 12 q 
4 — 2 p + q 


that from the preceding equations, 

/> = —?= — r. whence z = 0. 

a 5 

Again, suppose the value of x is 
wanted in 


nx-b4y — cz = l 
4x-bcy — az = 1 
cx-bay — 4z = 1 . 
Show that if 

4-bcp-bnq = 0 
c-bop-b4q=o 


then X 
and that 


_I+ f’_+ 9. 

a bp + cq 


l^ — ac _ (f — ab 

^ a* - 4c ^ ~ 

_ u*“b4*-bc* — ab ~ b c ~ c a 
u’ + 4*-bc’ — 3 o4c 
Determine Ihe values of x and y by a 
similar method. 
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Section 22. On Erponenlt. 

Explain the following expressions : 

L L J _ J * 

X* , X~*, X* , X *, x‘ , X *, r* 

|(x+l/}> 

x" X x" = x" x" X x' ' = x" “ " 

X X = X , X X = X 

X~“ X x" “ = x~"”" = x”*"'*’"’ 

' X-" ^ X- = x--’= x"'"'” 

( *" )’ = x"", ( X ■ " ) = x” " ( X* “ ) = x" ■ 


I a *4 -<a,«>4i 

XXXXX =X XXX 

What is the value of p in the following equations ? 

x' X X* = X* X x"', X*' X x'" = x‘* . 


Reduce the following expressions to fractional exponents and find the results : 
Vx X Vx = Vx» Vx* X Vx* = ■i/x*’+*‘ 

\/ X* Vx” = Vx* 


\/ X Vx — )^x* 

(a*X (o*Xa*-)*)’ = a " >/ x 'V^ '= 


Vx 


r The gth root of the pth power of x 
having been taken, the reciprocal of the 
result is raised lo the rlh power, and its 
sth root is taken: this result having 
been first multiplied by the pth root of 
the qth power of x, it squaied, and 


the result being then multiplied by the 
cube of X, the fourth toot of the whole 
is taken. What is the algebraical me- 
thod of slating this process, and what 
power of X is the result ?. 


Exp„..io,, {^(j(^-f)T)’)' 

‘r t‘4- tt*» - ti>'r 

Result, X 


or. 


X X X 


( a’ + b^') = 0 + 2 a* If + b 

I L L\* 1 L L !. 

\ II* + 4* ) = 0 + 3 n* 4* + 3 o^ 4^ + f 

Co* + 4* ) C“* - 4* ) =0-4 

( n tM m«* T«i 

o' + 4“ "j - o“ + 2 o" 6'" + b~ 
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a + 6 = a* ( a" + a * a) = a* ( + o ’ fr) 

= o^(a^ + a^i)=a6 (a + o b )= a b (uA + Aa) 
= a"(o~^+ a~'b) = a- A" c'(o-‘--‘> A*’c-' + o-"A-'*~‘> c'' ) 
a' - b' = al. a * - a~ ‘ AV = a* V - a A V 

a" : a' :: a' : o’’+'-" J ::J ; a' 

Multiply togetlier the two scries 

0 + a' X + o" .T* + o'" X* + a" X* + 


and A + A' X” ' + A" X * + A'" x~ ’ + A" x~ * + . . . 
and give the terms of the product which involve 

X*, X-*, x", and x~". 

Answers. 

(Ao"' + A'a" + A"a» + ( A o'"' + A' o'" x" 

(o A'" + o' Aw + a" Av + . . . .) X ” (o A'"> + o' A'"*"'’ + . . . .) x ” 

o - A = (o* - A*) (o* + A^) 

= („5_A>)GUJAUan5+AO 


V;; 


■vr 


L ■ — » 

a* A * 


n - 1 I 

« “ i*- 


o ’ A * 

o" A'’+‘ 




Section 23. Miscellaneous Questions. 


How much time elapses between 
two consecutive conjunctions of the 
minute hand and hour hand of a watch? 

Ans. 1 hour, 5 minutes, 27 seconds, 
and of a second. 

If one hand revolved in a hours, and 
the other in A hours, what time would 
elapse between two conjunctions ? 

Ans. If A be greater than a, 
hours. 

In the last question, how long will 
it be before the quicker hand has gained 


^ of a whole revolution upon the other? 

4 P 1 

Ans. - hours. 

q b — a 

In - — I — - determine a and A so 

I + X 

that if in the expression the expression 
it.sel(be substituted forx, the result will 
be — X. 

Atu. a may have any value, pro- 
vided A — — 1, or the expression must 


be 


a — X 
1 -i- x' 
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Show that in the series 


1 + « + n 


a-’ + n 


Ji — 1 n — 2 


+. 


the same result is produced by writing ceding series when n=l n=2 n=3 
n + 1 instead o{ n, as would be pro- n = 4, and show that they are the same 
duced by multiplying the series by as 1 -t-x, (1 -t- x)*, (I + x)', and 
1 -t- X. Write the values of the pre- (I -t- x)*. 


Multiply together the two following series : 

X* , X* X* 

1 -b X -I- Y + 2.3 2.3.4 


&C. 


1 + y 


-I 


+ 


2.3 2.3.4 


+ 


&c. 


and show that the product is the expression obtained by writing x -I- y instead 
of X in the first. 

Multiply together the series 

a H- a' X -I- o’' x* + o'" x* -I- a'» x< . 

and 6 -t- t' X -t- 6" X* -b 6"' »• + 6" X* -t- . . . . 


What is the term of the product involving x" ? 

Ans. 

(a‘” h + -b + -b o'*'’-'’ + o )x* 

In the preceding question, let the second series be 

l + x-bx*-bx'-bx‘-b 

or let 6=1 6' = 1 6" = 1 &c. 

Find from the result an easy method of multiplying any series by the last men- 
tioned, and make use of it to find the first five terms of the fifti) power of 
l-bx-bx’-bx’-b &c. 

Am. 1 -b 5 X -b 15 x* -b 35 x» -b 70 X*. 


Show that in the product of the two series 

o -b of X -b a" X* -b o'" x“ -b o" x* + . . . . 
0 — a' X -b a" X* — o'" x“ -b a" x< - . . . . 


there can be no terms involving odd powers of x. 

Show that the following are all equal to each other and to 


1 -b 


X 

1 - X 


1 -b X -b 



1 -b X + x’ + 


.r® 

1 — X 


&c. 


Three men, A, B and C, could complete a work as follows : A and II in c days, 
B and C in a days, A and ,C in 6 days. In what time could each complete it, 
and in what time could they all do it together ? 

Am. A B and C could severally do it in 


i ah c 2 ah c 

ab+ac — bc ab+bc—ac 


2 abc 

be + ac — ab 


days. 


and all three together in 


2 ab c 

ab -b 6c -boa 


days. 


Explain the case in which a = 1, 6 = 4, and c = 6, and also that in which 
0=1, 6 = 2, c = 2. 

Every whole number is cither one of the series of powers of 2 contained in 
I, 2, 4, 8, 16, &C., or may be made by adding together termsof this series without 
repeating any term twice. And every whole number is either one of the series 
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of powers of 3 contained in 1, 3, 9, 27, 81, &c., or may be made by addition and 
subtraction of terms of this series without using any one twice. 

Prove the following formuls : 


n (n + 1) 
2 


+ n + 1 


n(n + 1) (2fi + I) 


+ (n + !)• 


^ (n + 1) (n+ 2) 

2 

(n + 1) (n + 2) (2 n + 3) 


+ D* 


+ (n + 1)> 


(n 


+ 1)» (n + 2)* 
4 ‘ 


and having proved these, deduce from 
them the following theorems : 1. That 
the sum of all whole numbers up to n 

is i n (n + I). 2. That the sum of 


the squares of all whole numbers up to 

n* is - n (n + 1) (2 n + IJ. 3. That 
6 

the sum of the cubes of all whole num- 
bers up to n*. is the square of the sum 
of all whole numbers up to n. 

From what immediately precedes, prove that the sum of n terms of the scries 

a, a + b a + 2 b . . , , isna-t-n ^ b 
that the sum of n terms of 
o’ (0 + 4/ ( 0 - 1-2 6)’., 


isno?-l-r>(n— l)o6-l--n(ri— 1) (2n — 1)6’ 
6 


and that the sum of n terms of of, (a -I- 6)’ &c., is 
n o’ -t- 2 n (n — 1) o’ 6 -h i n (n — 1) (2 n — 1) o 6’ -1- i n’ (n — 1)’ 6’ 


2 2 

What is the inverse operation to ad- 
ding one nth part of the whole, and 
subtracting one nth part of the whole? 

Atuiceri. The subtraction of the 
(n -t- l)th part, and the addition of the 
(n — l)th part. (The principal dif- 
ficulty is in the correct understanding 
of the words of the question.) 

There is a number to which I add its 
fourth part ; from the sum I take 3, 
and to the difference I add its fifth 
part. The result is 10. What was 
the number ? 

Ant, 9 

There is a number to which a is 
added, and the result is divided by 6. 
To the quotient o' is added, and the 
result divided by 6'. To the quotient 
a" is added, and the result divided by 
6". The result of the last process is 
found to be 6. What was the number ? 


Ant. hV b> b — a/' b' b — a' b — a. 

In the preceding, let the addition be 
changed into a subtraction, and the 
division into multiplication. What is 
the number ? 

Am. 

o' a" A 

6 66 ' 6 6 ' 6 "’ 

Multiply the expression Vo -I- V6 
-1- Vc by Vo -1- V6 — Vc. give the 
product the form P -t- VQ> mul- 
tiply by P — VQ. What is the result? 

Ant. a*+b> + c?— 2ab — 2bc — 
2 CO. 

How many different cases are there 
of ± o ± 6, and what is the product of 
all? 


Ant. 


(a’ - 6’)* 


How many different cases are there 
of ± o ± 6 dbc, and what is the pro- 
duct of all ? 


Am. (,a* + b* + c* — 2o' 6’ 
' Show that one of the three, a — b, 
b—c, c — a, must be negative, and one 
must be positive ; and that of + b'+ c’ 
always exceeds o 6 -I- bc + ca. 

If m be a given number, then x can 
always be taken so great that (t -I- m)* 
shall exceed x’ as much as we please ; 


— 2 6« o’ - 2 c’ o*)* • 

and at the same time by as small a 

fraction of x as we please. 

Show that the number of different 
ways (counting different orders as dif- 
ferent ways) in which p numbers, no 
one of which exceeds m, can be put 
together so as to make q, must be the 
00 -efficient of x* in the development of 
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(x+ X* + X* + x")'. 

What are the roots of the following equation 

a(px*+9x + r)* + 6(px’ + qx + r) + c= 0? 

/iiit. The four cases of 

- V i ^ag' — 4apr — 2 ip ±2p ^i’ — 4 a c. 

2 “^a. p 

2 7 

Show that the sum of these four roots is - — . 

P 

Prove the following formula by verification : 

^^2 Vc = *■'<1 + >Ja' — b* c ± - Vo' - 6* c. 

For what numbers or fractions is x* - c y* a square ? 

Ans. m, n, and p, being any whole numbers or fractions, let 
X = p (c m' + r.*) y = 2pmn. 

How must m, n. and p, be taken, so that c being a fraction, x* — cy* may be 
a square whole number ? 

Assuming the following notation 

V. = 1, 2V. =x+i. 2V. = x* + ^, 2V. = x> + i, , &c. 

show that V,^, + V, _ , = 2V, V,. 

Let p be a given whole number, and show that the following equation is 
satisfied by one value of n and m, and by one only ; 

m2’ + ‘ + 2* - 1 = 2p + 1. 

Form a series of terms Ireginning with 1, and such that each term exceeds 
the preceding by the cube of the units figure in the sum of all the preceding. 
Am. 1. 2, 29. .37, 766, 891, &c. 

Show that the following equation, x* = o x + 6 is verified by 

’/* 7^ ^ a’/* * ^ 

^=V5 + VT -27+ V2- VT "27 

a 

and show that the product of the two terms in the value of x just given is 

Find a value of P from the equations P = Q + x" P = 1 + Q x, and show 
how this may be applied to deduce the following equation : 


1 - X* 


= l+x + x* + x’ + 


+ y' 


1 — X 

from which deduce the following 
y" — x" _ 
y — X 

Detect the mistake in the following 
process : 

Let 0 = 6; then o* = o6, or o’ — 
o 6 = 0, and o’ = 6* or o’ — 6’ = 0, 
thence o’ — o6 = o’ — 6*, or o (o— 6) 
= (o -f- 6) (0 — 6), or o = o + 6. 

But 6 = 0, then o = o + o= 2o. 

If o and 6 be very nearly equal, then 

Vo — V6 1 1 

— ; — = T- very nearly. 

0-6 2 V« 


+ x"- 


+ y*-> X* + .... + X* . 

In the equations ox + 6y = o 6* 
x*+ y’ = c’, what relation must exist 
between o. 6, and c, in order that the 
resulting values of x may be equal? 
o 6 

An*, c 

vV + 6* 

Two circles may cut each other in 
two points ; two straight lines in one 
point, and a straight line and circle in 
two points. How many different points 
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of inicrseclion may there be where 
there are 12 circles and 10 straight 
lines ? 

Ana. 427. 

What is the answer to the preceding, 
when there are m circles, and k straight 
lines ? 

Ans. (m + n)s — m — 7i — 

Prove that the preceding expression 


is always positive when m and n are 
not less than 1. 

There are three species of curves, 
marked A, B, and C. Two of the sort 
A may cut each other in a points, and 
two of the sorts B and C in i and c 
points. Again, A may cut B in o' 
points, B may cut C in o' points, and 
C may cut A in b' points. There are 
»t, n, and p curves of the three sorts : 
how many points of intersection may 
there be in the figure ? 


Arts. 

wi* + An* + + 2 a' tip + 1V pm + 2d mn — am - bn —cp 

Verify the following equations : 

1 = (j; + 1) — X 
1.2 = (X + 2)* - 2(x + D* + x’ 

1.2.3 = (X + 3)* - 3 (X + 2P + 3 (X + IP - X> 

1.2.3.4 = (X + 4)< - 4 (X + 3)« + 6 (x+ 2)' - 4(X+ Ip + X* 
And also the following, 

0 = (X + 2) - 2 (X + 1) + X 
0 = (X + 3)* - 3 (X + 2)* + 3 (X + Ip - X* 

0 = (X + 4)’ - 4 (X + 3)* + 6 (X+ 2)* - 4 (X + IP + .T» 

0 = (X + 4)* - 4 (X+ 3P+G (X+ 2P -4 (X + 1)*+ .x=. 

And also the following: 

X — 1 

X* = X + 2 X — - — 


a4 = 


X + 6 X 



4- 6 X 



X — 2 
~3 


X* = X + 14 X- 


X — 1 X — 2 , 

36 X — — + 24 X 

2 3 


X — 1 X — 2 X —'3 
__ _ 


If there be a series of teiins a + a'x + a"x* + &c., of which the co- 
efficients a, o', a" &c. follow this law, namely, that each one, after the second, is 
the sum of the two preceding, then if V represent the sum of the series ad 
infinitum, we must have 

„ o + (o' - o) X 
' 1 - X - x« ' 


and if V, represent the sum of the series as far as x” inclusive, we must 
have 


V, 


a A' it-' — a) X — o'" + ‘1 x*+‘ — x" + ’ 
1 — X — x' 


Show that a — b+c — e + .... must be less than o, and greater than 
a - 6, if o. A, c, 8tc., he a series of decreasing positive quantities. 

Reduce the binomial theorem 


■ ”-l.. »— In-2,. 

(1 + X) = 1 -f- « X -t- n ~ — ,1^ + n — ^ ^ — X* 4- .... 

to the following form : 

(1 4 ox)* = 1 4 x4- ^ (I -«)4- n - «) d - 2 oi 4 .... 

> i 'Z • <5 
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AVhat expressions are those, which, substituted instead of x in the following, 


I. 


1 — X 


2. ax + X* 


1 +x 

will reduce them severally to x. 
Ansicen. 

I.K-! 


1 +x 


X — .r’ 
1 + X 


+ X 


4. a (X + m) - m 


1 — .r ± 1 - a x+ x' 


4. - (a: + m) — m. 
a 


(I h JT C 

What expression must be substituted for x in ; — in order that 

t) + X 


it may become 6 + x ? 

Am. 


x± ''^x‘+4iox— 4c(« — fr") 
' ■ 2 


I + a + a* 


If the serie^a + a'x + a" x* + . , . . be reducerl to the form a (1 + px + 
pqx* + pqrx’+ ....), what arc p, q, r, &c. ? 

If the expression x’ + xy + y' change from 2 to 10 when x changes from 
1 to 2, what arc the changes of y ? 

What is the least numlwr or fraction by which 7 more than a square number 
or fraction can exceed 5 times the number or fraction itself? 

Am. 

4 

Find the sum of the squares of the roots of .r* - (1 + a) x + 

without finding the roots. Ant. a. 

Verify the last by finding and squaring the roots. What is the expression 
which has for its roots the squares of the roots of a x' + Ax + c? 

Ant. a' X + (2ac — 4*) x + c*. 

Divide the number a into two such parts, that the first shall be the square of 
the second. 

, 2 a + 1 - -^r+Ta , VJ 4 rt _ 1 

Ans. and . 

2 2 

Show that if a be a whole square number, the answer of the last must be 
irrational, and also that the answer cannot be rational unless a be of the 
form A (A + I) where A is rational. 

Divide the number a into two parts, the product of which shall be a square. 

, m* a , n' a 

Ans. — r and 


' m* + n* 


m* +n« 


where m and n are any whole numbers. Show that these jrarts cannot be whole 
numbers unless a or one of its factors be the sum of two square numbers. 

Divide the number a into two such parts that the sum of their squares 
shall be a square. 

(n* — m*) a 2 m na 

Anf. „t ^ 2ni7i - mt n* + 2 m n - 

where m and n arc any numbers, n being the greater. Show that these parts 
may be made whole numbers when a is a whole number, itself or one of its fac- 
tors being the difference between one square number and the double of another. 
Solve the equations 



and explain the solution when a -f A = c. 
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There are n numbers, the sum of all but the first is a,, of all but the seconJ, 
Oj, &c. &c„ and of all but the last, a,. What are the numbers? 

Am. The first is 

— — — (oi + 0, + a, + , . . . -j- a.) — ai the second is 

« — 1 

^ (oi + Oj + 0, + , , , . + 0.) — nj, and so on. 

If there be three whole numbers, the product of every two of which is a 
square, then the numbers themselves must be squares. 

Required the least number, which, divided by 4, 6, or 9, leaves a remainder 3, 
and by 15, a remainder 12. Am. 147. 

Of the four numbers, x xy xy* x in continued proportion, the sum 
of the first and last is b, of the second and third a. Required x and y. 


Am. y 


a + 6 ± + 2 a 6 — 3 ci* 

2 a 


4 o’ 


(o + 6±'^6’ + 2 uA - 3a') (Sa + i± '^b'+2ab— 3a' 

The upper or lower sign being used throughout. Explain the two solutions, 
show that of the two values of y, each is unity divided by the other. Show that 
the preceding results are rsitional when, m and » being any whole numirers. 


b = 


3 n* + 


n(n ~ m) 2 

In X, ry, xy', xy', let the sum of the first and third be p, and that of the 
second and fourth q. Required x and y. 


Let x= 


Ans. 


X - ^ 

p' + 9*' 


a 


c 

e 


*+p 

p = 

d~-f~q 

TT'r 

r 


h' 


Required the value ofx, so that p, q, and r shall not appear in it. 
a (t//A + + «A) a 


Am. 


* + d-+4 


bdfh + bdg + beh + c fk -\r c g 




Explain this in the case where dfh-\-dg-\-eh =0. 

Show tliat the following equations may all be satisfied by a value of x which 
is less than unity. 

(o + A)* = a’ + 2(0 + x).A 
(a + AP = o' + 3 (o + x)*,A 
(a + A)* = (C + 3 o’ A + 3 (0 + x) A* 

(a+A)< = a* + 3 (a -h x)’.A 


'a + A 


r i_A_ 


■''(a-[-A)*4- 1 =, ''a'+l + 


0 + 2 ; 


A. 




rrinicd by William Clowxi 


V(o + x>« + 1 

j. 


1 t 5 ' 

Aa ^}(t, a«mford ttreiC2 C> •' f -l * 
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